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A B S T R A C T

Sandpiles are threshold-activated interacting-particle systems, which are driven far from

equilibrium, break time-reversal symmetry and cannot be described by the Boltzmann-Gibbs

distribution. They were proposed nearly three decades ago as a mechanism to dynamically

generate long-range spatial and temporal correlations in systems found in nature. Indeed,

unlike the equilibrium systems near criticality, which is achieved at particular values of con-

trol parameters, these systems remain critical apparently without the need for any tuning

of parameters and are ubiquitous in nature, e.g., current fluctuations in resistors, stability in

large-scale ecological systems, intensity fluctuations in solar flares, and electrical activities

in the brain, among others. Many of them remain on the verge of criticality in the time do-

main, as the temporal fluctuations exhibit long-range correlations in the form of 1/ f ψ power

spectrum (simply known as “1/ f ” noise) with 0 < ψ < 2. These particular phenomena

were thought of as the consequence of self-organized criticality - the theoretical concept, which

was developed by Bak, Tang, and Wisenfeld (BTW) and was the primary motivation behind

introducing sandpile models. However, due to the time-reversible symmetry breaking and

thus the violation of detailed balance, the steady-state weights of microscopic configurations

are a-priori unknown and a good theoretical understanding of sandpiles, especially their

dynamical properties, is still lacking.

In this thesis, we explore the time-dependent properties of a broad class of conserved

stochastic sandpiles by developing a theoretical framework for calculating various time-

dependent correlations involving current and mass, as well as the associated power spectra.

We studied several variants of one-dimensional sandpiles: (i) the conserved Manna sandpiles

with a two-particle and one-particle transfer rules, (ii) the model of activated random walkers,

and (iii) the Oslo ricepile model. One usually categorizes the first three models as members

of the so-called “Manna (universality) class” due to the stochasticity in the particle transfer

rule and the presence of a single conserved quantity. For this class of models, we show that,

in the thermodynamic limit, the variance of the cumulative bond current up to time T grows

subdiffusively as T1/2−µ with the exponent µ ≥ 0 depending on the density regimes consid-

ered; similarly, the power spectra of current and mass at low frequency f vary as f 1/2+µ and

f−3/2+µ, respectively. Our theory predicts that, far from criticality, µ = 0 and near critical-

ity, µ = (β + 1)/2ν⊥z > 0 with β, ν⊥ and z being the order parameter, correlation length,

and dynamic exponents, respectively. Notably, the values of the exponent µ estimated for

all three variants of the Manna sandpiles are different; it worth mentioning here that, in
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the Manna variant with one particle transfer, the exponent µ = 0 is zero throughout. The

anomalous suppression of near-critical fluctuations signifies a “dynamic hyperuniformity”,

characterized by a set of fluctuation relations, in which current, mass and tagged-particle dis-

placement fluctuations are shown to have a precise quantitative relationship. In particular,

the relation between the self-diffusion coefficient Ds(ρ), the activity, and density, explains a

previous simulation observation [Eur. Phys. J. B 72, 441 (2009)] that, near criticality, the self-

diffusion coefficient in the Manna sandpile has the same scaling behaviour as the activity

itself.

Furthermore, in the Oslo model, the critical height for threshold activity is defined as

stochastic instead of the particle transfer rule, and it also involves two conserved quantities:

density and centre of mass. As a result, the fluctuation properties in this model become quite

different from those of the others. We find that the variance of the cumulative bond current

up to time T grows subdiffusively as Tα, with α ≈ 1/3 near criticality. Correspondingly,

the power spectra of current and mass at low frequencies f vary as f ψJ and f−ψM , with

ψJ ≈ 2/3 and ψM ≈ 4/3. Unlike the Manna sandpiles, the fluctuations away from critical-

ity are further suppressed with values of ψJ = 3/2 and ψM = 1/2 which were obtained

theoretically. Our study demonstrates that the additional conserved quantity manifests itself

through the appearance of hyperuniformity near criticality and even stronger (in fact, the

strongest possible) hyperuniformity away from criticality. However, the relation between the

self-diffusion coefficient, activity, and density in the Oslo model remains the same as in the

Manna model with the two-particle transfer rule, despite having a vanishing total current

fluctuation in the system.
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L I S T O F F I G U R E S

Figure 2.1 Scaled fluctuations of cumulative (time-integrated) bond-current up

to time T, obtained from simulations (solid lines), is plotted as a func-

tion of scaled time T/L2 for different densities ρ̄ = 2.0 (red), ρ̄ = 1.5

(blue), ρ̄ = 1.2 (green), ρ̄ = 1.0 (purple), ρ̄ = 0.97 (orange), and for

system size L = 1000, where the arrow accross the solid lines denotes

the increasing order of ρ̄; theory as in eq.(2.48) with r = 0, t = t′ = T

(black dashed line) is in an excellent agreement with simulation for

ρ̄ = 2.0. Three guiding dot-dashed lines signify the initial-time subd-

iffusive growth
〈

Q2(T)
〉
∼ T1/2 [as in the first part of eq.(2.49)] and

the late-time diffusive growth
〈

Q2(T)
〉
∼ T [as in the second part of

eq.(2.49)] away from criticality, and the initial-time anomalously sup-

pressed subdiffusive growth
〈

Q2(T)
〉
∼ T1/2−µ [as in eq.(2.51)] near

criticality. 45

Figure 2.2 The scaled variance T−α
〈
Q2(T)

〉
of time-integrated bond current Q(T)

up to time T, obtained from simulations, is plotted as a function of

scaled time T/Lz for system size L = 100 (solid magenta line), L = 200

(green dashed line) and L = 500 (blue dotted line) and for (near-

critical) density ρ̄ = 0.95, where, to achieve the scaling collapse, we

use α ≈ 0.297 and z ≈ 1.66. The value of α ≈ 0.297 obtained from sim-

ulations is not far from α ≈ 0.26 obtained from theory as in eqs.(2.50)

and (2.51) with β ≈ 0.42, ν⊥ ≈ 1.81 [63]. 47
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Figure 2.3 Top panel: The scaled variance ⟨[Q( f l)
l (T)]2⟩/lT of space-time-integrated

fluctuating current Q( f l)
l (T) up to time T [as defined in eq.(2.65)], ob-

tained from simulations, is plotted as a function of relative density ∆

for different subsystem sizes l = 1 (solid red line), l = 2 (solid blue

line), l = 5 (solid green line), l = 10 (solid purple line) and the arrow

accross the solid line denotes the increasing order of the subsystem

size l; we have used system size L = 1000 and final time T = 1000.

The theoretical prediction as in eq.(2.66) with l = 1 (black dashed line)

is in an excellent agreement with the corresponding simulation; also,

one can see that the variance for large l converges quite rapidly to the

theoretically predicted value 2a(ρ̄) [i.e., eq.(2.66) for l ≫ 1] (brown

dot-dashed line). Bottom panel: A scaling collapse of the scaled vari-

ance of space-time-integrated fluctuating current minus the asymp-

totic value 2a(ρ̄) for different subsystem sizes is observed, when plot-

ted as a function of relative density ∆, and it is in excellent agreement

with theory in eq.(2.66). 50

Figure 2.4 Scaled space-time-integrated current fluctuations as a function of rel-

ative density. The simulation data for subsystem size l = 2500 and

T = 100 is plotted on top in solid sky-blue line and data for l = 100

and T = 105 is plotted at bottom in solid magenta line. We compared

the analytical result eq.(2.69) (corresponding dashed black lines) with

the simulation, which is in excellent agreement. Simulation data have

been taken for L = 5000 in both cases. We note that the result for

the larger subsystem size l and smaller T (upper solid line) almost

coincide with twice of local activity, 2a(∆), as a function of ∆ (red

dot-dashed line). In the inset we compared the scaled total current

fluctuation and twice of activity 2a(ρ̄) as a function of ∆. 54
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Figure 2.5 Power spectrum of instantaneous current, computed from simulations

is plotted in solid lines as a function of frequency f for various den-

sities ρ = 2.0 (red line), ρ = 1.5 (blue line), ρ = 1.5 (green line),

ρ = 1.0 (purple line), ρ = 0.97 (orange line) and for system size

L = 1000. The arrow accross the solid lines signifies the incremen-

tal order of the density ρ̄. The top and bottom dashed guiding lines

represent the asymptotic behaviors, the f 1/2 (far from criticality) and

f 1/2+µ (near criticality) scaling, respectively, with µ ≈ 0.24, obtained

by using β ≈ 0.42, ν⊥ ≈ 1.81 and z ≈ 1.66 in eq. (2.51). The dashed

black line represents the theoretical result eq.(2.74) for ρ = 2.0 and

is in excellent agreement with the correponding simulation (top red

solid line). 57

Figure 2.6 In the top panel, we display the typical space-time trajectories for

three tagged particles corresponding to the densities ρ = 0.97 (violet

square points), 1.5 (green circular points), 2.0 (blue triangular points)

respectively with the scaled time axis. In the bottom panel, we plot the

mean-square fluctuation of tagged particle displacement up to time T

(solid red line) as a function of relative density ∆, where the dou-

ble angular braces
〈〈

X2(T)
〉〉

= ∑α

〈
X2

α(T)
〉

/N denote the average

over trajectories as well as particles. Simulations (solid red line) show

excellent agreement with the theoretically obtained self-diffusion co-

efficient Ds(ρ̄) (dashed black line) as in eq.(2.88). In the same panel,

we also plot the bulk-diffusion coefficient D(ρ̄) = a′(ρ̄) as a function

of ∆ = ρ̄ − ρc (dot-dashed blue line), using eq.(2.10) from simulation,

which has a contrasting behavior as compared to the self-diffusion

coefficient Ds(ρ̄). 59

Figure 2.7 Power spectrum of subsystem mass fluctuations are plotted for L =

1000 and l = 500. The solid lines represent the simulation data for

the densities ρ̄ = 2.0 (red), 1.5 (blue), 1.2 (green), 1.0 (purple), 0.97

(orange) respectively. The top-most guiding line represents the f−3/2

(away from criticality) behavior [eq. (2.107)], whereas the bottom-most

guiding line represents f−ψM (near criticality) behavior [eq.(2.108)]

where ψM = 3/2 − µ ≈ 1.26. The dashed black line represents the

theoretical result eq.(2.106) for ρ = 2.0. The arrow across the solid

lines signifies the ascending order of densities ρ̄. 64
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Figure 2.8 The driven-diffusive evolution of an initial density profile as a func-

tion of scaled space is plotted for F̃ = 10. The profile is created by dis-

tributing particles using a Gaussian random number generator with a

mean of L/2 and a variance of L/10, while the background density is

set to ρ = 0.95. At τ = 0, the initial profile is represented by circular

data points, followed by triangular points at τ = 10−2 and pentagonal

points at τ = 10−1. The solid lines depict the solution obtained from

Eq. (2.118). All data are taken for L = 1000. 67

Figure 3.1 Left panel: Current fluctuation, scaled by 2χL, is plotted as a function

of scaled time T/L2 for a system size of L = 1000 and for different

densities. Simulation data are plotted in solid lines, and the analyti-

cal solution for ρ̄ = 4 obtained from Eq. (3.61) is plotted in a black

dotted line. Three guiding lines demonstrate the linear growth in the

initial time (Eq. (3.63)), the subdiffusive growth in the intermediate

time (Eq. (3.68)), and again the diffusive growth at the late time (Eq.

(3.69)). Right panel: Scaled current fluctuation D(ρ̄)
〈
Q2(T)

〉
/2χ(ρ̄)L

is plotted as a function of scaled time DT/L2 for the same densities

as in the left panel, for two different system sizes L = 500 and 1000.

Simulation data are plotted in solid lines, which scale nicely on top of

each other. The scaling function G obtained from Eq. (3.65) is plotted

in a black dotted line and captures the collapse nicely. 86

Figure 3.2 In the left panel, we present the plot of the relative power spectrum

SJ ( f )− SJ (0) with respect to density for a system size of L = 1000.

The simulation data are depicted as solid lines for densities 1.002 (vi-

olet), 1.004 (green), 1.05 (blue), 1.5 (orange), 2 (yellow), and 4 (dark

blue). To complement this, we include the corresponding theoreti-

cal line obtained using Eq. (3.76) for ρ̄ = 4, which exhibits excellent

agreement with the simulation data and the guiding line f 1/2 follows

Eq. (3.81). In the right panel, we illustrate the scaled power spectrum

LSJ ( f )/2χ − 1 as a function of the scaled frequency f L2/D for two

system sizes, L = 1000 and 500. The simulation data are plotted for the

same density values as in the left panel, and they exhibit a remarkable

collapse. Additionally, we include our shifted scaling function S − 1,

given in Eq. (3.78), as a dashed red line, which captures the observed

collapse. 90
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Figure 3.3 The scaled space-time-integrated current fluctuations are presented as

a function of relative density. The simulation data for subsystem size

l = 2500 and T = 100 is represented by the solid blue line, while

the data for l = 100 and T = 105 is shown as the solid violet line.

To assess the agreement between simulation and theory, we compare

the analytical result given by equation (3.86) (depicted by the corre-

sponding dashed black lines) with the simulation data, which exhibits

excellent agreement. The simulations were conducted for a system

size of L = 5000 in both cases. In the inset, we further obtained an

excellent agreement between the scaled total current fluctuation and

twice the activity, or (ρ̄ − 1)/ρ̄, as a function of ∆ as predicted in Eq.

(3.91). 92

Figure 3.4 We plot the mean-square fluctuation of the displacement of tagged

particles up to time T (represented by the solid red line) as a function

of the relative density ∆. Here, the double angular braces
〈〈

X2(T)
〉〉

=

∑α

〈
X2

α(T)
〉

/N indicate the average over trajectories and particles.

The simulations (solid red line) demonstrate excellent agreement with

the theoretically derived self-diffusion coefficient Ds(ρ̄) (depicted by

the dashed black line) as shown in equation (3.95). Additionally, in the

same graph, we plot the bulk diffusion coefficient D(ρ̄) = 1/2ρ̄2 as a

function of ∆ = ρ̄ − 1 (represented by the dot-dot-dashed blue line),

which exhibits a contrasting behaviour compared to the self-diffusion

coefficient Ds(ρ̄). 94
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Figure 3.5 The left panel displays the power spectrum of the mass as a function of

frequency for a system size of L = 1000 and a subsystem size of l =

L/2. The simulation data are represented by solid lines for densities

ρ̄ = 1.002 (violet), 1.004 (green), 1.05 (blue), 1.5 (orange), 2 (yellow),

and 4 (dark blue). Additionally, the theoretical formula, Eq. (3.107), for

ρ̄ = 4, is plotted as the dashed black line, showing excellent agreement

with the simulation data and the guiding line f−3/2 is obtained from

Eq. (3.111). In the right panel, we plot the scaled power spectrum of

the mass, D(ρ̄)2SMl ( f )/2χ(ρ̄)L3, as a function of the scaled frequency

f L2/D, considering the same density values and two system sizes,

L = 500 and 1000, with the subsystem size l = L/2. The simulation

data are depicted as solid lines, and they collapse remarkably well

on top of each other for both system sizes. The collapsed function,

represented by the thick dashed red line, is precisely described by

the scaling function KM(y), given in Eq. (3.109). The scaling function

is obtained using the system size L = 1000, which accounts for the

excellent agreement observed in the collapsed data. 98

Figure 3.6 The driven-diffusive evolution of an initial density profile as a func-

tion of scaled space is plotted for F̃ = 10. The profile is created by dis-

tributing particles using a Gaussian random number generator with

a mean of L/2 and a variance of L/10, while the background density

is set to ρ = 1. At τ = 0, the initial profile is represented by circular

data points, followed by triangular points at τ = 10−2 and pentagonal

points at τ = 10−1. The solid lines depict the solution obtained from

Eq. (3.114). All data is taken for L = 1000. 100

Figure 4.1 The density relaxation profiles are plotted for different sleeping rates

λ and various hydrodynamic times τ, starting from an initial Gaussian

distribution. The background densities are near critical, 0.7, 0.93, and

0.972 for different λ = 1/3 (left-most panel), 1 (middle panel), and 1.5

(right-most panel), respectively. On top of each background density,

we distribute ρL particles, where ρ = 1, using a Gaussian distribution

with a mean of L/2 and a variance of L/10, to prepare the initial

conditions for system sizes L = 500 and 1000. In all three panels, the

red solid line on top represents the hydrodynamic initial profile and

the subsequent solid lines represent the numerical solutions of Eq.

(4.7) for τ = 10−2 (blue line) and τ = 10−1 (green line), while the

corresponding points denote simulation data for the corresponding

hydrodynamic times. 106
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Figure 4.2 The scaled density relaxation profile is plotted for different sleeping

rates λ and various hydrodynamic times τ, starting from an initial

step density profile. The background densities are near critical for dif-

ferent λ, with corresponding values of 0.7, 0.93, and 0.972 for λ = 1/3

(left-most panel), 1 (middle panel), and 1.5 (right-most panel), respec-

tively. On top of each background density, we distribute ρL particles,

where ρ = 1, uniformly in the region 0 ≤ i < L/2. The red solid line

on top represents the hydrodynamic initial profile, while the corre-

sponding points denote simulation data. The subsequent solid lines

represent the numerical solutions of Eq. (4.7) for τ = 10−2 (blue line)

and τ = 10−1 (green line). Similarly, the points correspond to simu-

lation data for the corresponding times for system sizes L = 500 and

1000. 107

Figure 4.3 Left panel: Current fluctuation scaled by 2χL is plotted as a function of

scaled time T/L2 for λ = 1.5 (top figure), 1 (middle figure), and 1/3

(bottom figure) with L = 1000. Simulation data are plotted in solid

lines for both near-critical and away-from-critical densities, where the

critical density values ρc ≈ 0.9715 (for λ = 1.5), 0.929 (for λ = 1),

and 0.6995 (for λ = 1/3) correspond to the top, middle, and bot-

tom figures, respectively. Theoretical lines are plotted using Eq. (4.43)

for ρ̄ = 4 in all three figures, which are in excellent agreement with

the simulations. Near criticality at initial time, the current fluctuation

grows as Tα with α ≈ 0.4, signifying the dynamical hyperuniformity,

whereas away from criticality the growth is given by α = 1/2 as ob-

tained in Eq. (4.48). Both for near and away from critical densities, the

diffusive or linear growth is given by Eq. (4.51) when time is much

larger than the unit hydrodynamic time scale (L2). Right panel: The

scaled current fluctuation
〈
Q2(τ)

〉
D/2χL is plotted as a function of

DT/L2, which, away from criticality, collapses nicely on top of each

other, and is well captured by the scaling function G(y) (plotted with

a red dashed line and given in Eq. (3.65)). Deviation from this scaling

function corresponds to the emergence of dynamical hyperuniformity

near criticality. 117
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Figure 4.4 Left panel: Power spectrum of current is plotted as a function of fre-

quency f for λ = 1.5 (top figure), 1 (middle figure), and 1/3 (bottom

figure) with L = 1000. Simulation data are plotted in solid lines for

both near-critical and away-from-critical densities, where the critical

density values ρc ≈ 0.9715 (for λ = 1.5), 0.929 (for λ = 1), and 0.6995

(for λ = 1/3) correspond to the top, middle, and bottom figures,

respectively. Theoretical lines are plotted using Eq. (4.53) for ρ̄ = 4

in all three figures, which are in excellent agreement with the sim-

ulations. Near criticality, the current power spectrum decays as f ψJ

with ψJ ≈ 0.6 as f → 0, signifying the dynamical hyperuniformity.

Away from criticality, the decay of the power spectrum is given by

Eq. (4.55), using which we draw guiding lines for SJ ( f ) ∼ f 1/2. Right

panel: The scaled current power spectrum SJ ( f )L/2χ(ρ̄)− 1 is plotted

as a function of rescaled frequency f L2/D, which, away from critical-

ity, collapses nicely on top of each other, and is well captured by the

scaling function S − 1 (plotted with a black dashed line). Deviation

from this scaling function corresponds to the emergence of dynamical

hyperuniformity near criticality. 120

Figure 4.5 We plot the quantity liml→∞ limT→∞
〈

Q̄2(l, T)
〉

/lT against the relative

density ∆ = ρ̄− ρc in three separate panels. The respective values of ρc

are 0.9715 (for λ = 1.5) in the left panel, 0.929 (for λ = 1) in the middle

panel, and 0.6995 (for λ = 1/3) in the right panel for the system size

L = 5000. For each panel, we plot fluctuations for two subsystem

size and time limits. The upper curve in each panel represents the

simulation data for l = 2500 and T = 100 (solid blue line), while

the lower curve corresponds to the simulation data for l = 100 and

T = 104 (solid violet). To compare with theory, we also include two

sets of theoretical lines obtained using Eq. (4.59) represented as black

dashed lines. Additionally, we plot twice the mobility 2χ(ρ̄) using Eq.

(4.62) as a dot-dashed red line which remarkably coincides with the

data for l = 2500 and T = 100, demonstrating the accuracy of the

limit defined in Eq. (4.62). 122
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Figure 4.6 In Fig. 4.6, we plot and compare the self-diffusivity Ds(ρ̄) and bulk

diffusivity D(ρ̄) with respect to the relative density ∆. Using simu-

lations, we calculate the scaled fluctuation of
〈〈

X2(T)
〉〉

/2T, where

the double angular bracket denotes the average over trajectories and

particles, and represent it as the solid red line. Remarkably, the cor-

responding theoretical value of Ds(ρ̄), obtained from Eq. (4.65) and

plotted as a dashed black line, shows excellent agreement with the

simulation data. To further examine its relationship with the bulk dif-

fusivity, we use Eq. (4.8) to plot D(ρ) and plot it as a dot-dashed blue

line. Near criticality, D(ρ) diverges, but in the high-density limit, it

converges to the self-diffusivity Ds(ρ̄). The three panels, from left to

right, correspond to different values of the parameter λ, specifically

λ = 1.5, 1, and 1/3, respectively. 123

Figure 4.7 Left panel: Power spectrum of mass of subsystem size l is plotted as

a function of frequency f for λ = 1.5 (top figure), 1 (middle figure),

and 1/3 (bottom figure) with L = 1000 and l = 500. Simulation data

are plotted in solid lines for both near-critical and away-from-critical

densities, where the critical density values ρc ≈ 0.9715 (for λ = 1.5),

0.929 (for λ = 1), and 0.6995 (for λ = 1/3) correspond to the top,

middle, and bottom figures, respectively. Theoretical lines are plot-

ted using Eq. (4.73) for ρ̄ = 4 in all three figures, which are in nice

agreement with the simulations. Near criticality, the power spectrum

decays as f−ψM with ψM ≈ 1.4 (Eq. (4.76)), slower than the f−3/2 decay

(given in Eq. (4.75)), signifying the dynamical hyperuniformity. Right

panel: The scaled current power spectrum D2SMl ( f )/2χL3 is plotted

as a function of rescaled frequency f L2/D, which, away from criti-

cality, collapses nicely on top of each other, and is well captured by

the scaling function KM (plotted with a red dashed line). Deviation

from this scaling function corresponds to the emergence of dynamical

hyperuniformity near criticality. 127

Figure 4.8 Simulation data is shown for density relaxation from a Gaussian initial

profile with variance 1/10 and mean 1/2. The data are presented for

different values of λ (1.5, 1, and 1/3 respectively from left to right)

and plotted against the scaled space x. Hydrodynamic times τ = 0,

10−2, and 10−1 are indicated by circular, triangular, and pentagonal

points, respectively. A bias F̃ = 10 is applied in the x̂ direction. Solid

lines represent solutions obtained from Eq.(4.80). All data are taken

for L = 1000. 129
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Figure 5.1 Left panel: Relative integrated bond current fluctuation is plotted for

different densities as a function of time for system size L = 1000.

Simulation data are plotted in a solid line for densities ρ̄ = 2 (red

line), ρ̄ = 3 (blue line), ρ̄ = 4 (green line). The y-axis denotes the

relative value of
〈

Q2(T)
〉

subtracted from its steady state value at

large times, i.e., limT≫1
〈

Q2(T)
〉
−
〈

Q2(T)
〉
, which decays as T−1/2,

as predicted by Eq.(5.41). The theoretical values of the same quantity

are plotted using Eq.(5.39) in the dot-dot-dashed line for ρ̄ = 2.0 and

in the dot-dashed line for ρ̄ = 3.0, and in the dotted line for ρ̄ =

4.0. Right panel: Integrated bond current fluctuation is plotted as a

function of time near criticality (ρc ≈ 1.732) for system size L = 5000.

The simulation data are plotted in solid lines for densities ρ̄ = 1.7344

(red line), 1.736 (blue line), and 1.738 (green line). The guiding dotted

line demonstrates the growth of bond current fluctuation as T1/3 near

critical densities. Notably, in both away and near criticality the current

fluctuation saturates at large time limit, signifying zero mobility in the

system. 140

Figure 5.2 The negative instantaneous bond current correlation −CJ J
0 (t) is plot-

ted as a function of time for different away from criticality densities.

The simulation data are plotted in solid lines for ρ̄ = 2 (red line),

ρ̄ = 3 (blue line), ρ̄ = 4 (green line). The corresponding theoretical

curves are plotted using the Eq.(5.43) for r = 0 for ρ̄ = 2 (black dotted

line), ρ̄ = 3 (black dot-dashed line), ρ̄ = 4 (black dot-dot-dashed line).

All data is taken for system size L = 1000. The guiding line denotes

the t−5/2 decay of the correlation function as predicted by our theory

in Eq. (5.44). 142

Figure 5.3 Intensive fluctuation of the excess bond current is shown as a function

of relative density ∆ = ρ̄− ρc (ρc ≈ 1.732) for a system size of L = 1000

and T = 100, represented by the solid blue line. Additionally, we plot

twice the activity 2a as a function of ∆ in the same plot, represented

by the dotted black line, which exhibits an excellent match with the

intensive excess current fluctuation as described by Eq. (5.53). 144
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Figure 5.4 The power spectrum of the bond current is plotted as a function of

frequency. Left panel: This corresponds to the density regime away

from criticality (ρc ≈ 1.732). Simulation data, taken with L = 1000,

are plotted as solid lines for ρ̄ = 2 (red), ρ̄ = 3 (blue), and ρ̄ = 4

(green). Theoretical lines, obtained from Eq.(5.54), are represented by

dotted, dot-dashed, and dot-dot-dashed lines for the same densities,

respectively. The guiding line denotes the f ψJ , with ψJ = 3/2 de-

cay of the power spectrum as f → 0, as predicted by Eq. (5.56). Right

panel: This corresponds to the power spectrum of current to the den-

sity regime near criticality. Simulation data, taken with L = 5000, are

plotted as solid lines for densities ρ̄ = 1.738 (red), 1.736 (blue), and

1.7344 (green). The guiding lines demonstrate the power spectrum

initially decays linearly, followed by f 2/3 decay as the frequency ap-

proaches the minimum value. 147

Figure 5.5 We plot the mean-square fluctuation of tagged particle displacement

up to time T (solid red line) as a function of relative density ∆, where

the double angular braces
〈〈

X2(T)
〉〉

= ∑α

〈
X2

α(T)
〉

/N denote the

average over trajectories as well as particles. Simulations (solid red

line) show excellent agreement with the theoretically obtained self-

diffusion coefficient Ds(ρ̄) (dashed black line) as in Eq.(5.66). We also

plot the bulk-diffusion coefficient D(ρ̄) = a′(ρ̄) as a function of ∆ =

ρ̄ − ρc (dot-dashed blue line), using Eq.(5.5) from simulation, which

has a contrasting behaviour as compared to the self-diffusion coeffi-

cient Ds(ρ̄). 149
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Figure 5.6 Left panel: Comparison of bond current fluctuation
〈
Q2(T)

〉
for T ≫ 1

and σ2
Ml
(ρ̄) is plotted as a function of relative density ∆ = ρ̄ − ρc.

Simulation data for current fluctuation is shown in a solid violet line

for L = 1000. Corresponding simulation data for σ2(Ml) is shown in

a dashed green line for L = 1000 and l = 500, which shows excel-

lent agreement with the bond current fluctuation, confirming our the-

oretical prediction of Eq. (5.79). Right panel: Scaled mass fluctuation,

σ2
Ml
(ρ̄)/l, as a function of subsystem size, l, is plotted. Simulation data

for ρ̄ = 4 (violet line), 2 (green line), and 1.74 (blue line) are shown

for L = 5000, whereas ρ̄ = 1.735 (orange line) and 1.734 (red line)

are plotted for L = 10000. Away from criticality, it indicates l−1 de-

cay of the scaled fluctuation of maximal hyperuniformity as given in

Eq. (5.78). Near criticality, the decay becomes much slower, approxi-

mately l−0.6, as obtained from simulations, indicating hyperuniform

fluctuations. 152

Figure 5.7 The power spectrum of the subsystem mass is plotted against fre-

quency. Left panel: Simulation data of the power spectrum for sub-

system size l = 500 and system size L = 1000 are plotted for den-

sity values away from criticality, namely ρ̄ = 2 (red), 3 (blue), and

4 (green) as solid lines. The corresponding theoretical lines, obtained

using Eq. (5.80), are plotted for densities ρ̄ = 2 (dot-dot-dashed line),

ρ̄ = 3 (dot-dashed line), and ρ̄ = 4 (dotted line), confirming that

away from criticality, the mass power spectrum decays as f−1/2 at

low frequency in accordance with our analytical prediction given in

Eq. (5.81). Right panel: The same data, obtained from simulation for

system size L = 5000 and subsystem size l = 2500, are plotted for

near-critical density values ρ̄ = 1.7344 (green line), 1.736 (blue line)

and 1.738 (red line). As the density approaches the critical value, the

decay of the power spectrum tends to a power law of f−4/3 in the

low frequency regime, as shown by the guiding line indicating the

hyperuniformity of the system. 154
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Table 6.1 List of critical exponents related to dynamical fluctuations for differ-

ent models that we studied in this thesis. In particular, Manna model

- 1 refers to the Manna model with two particle transfer, whereas

Manna model - 2 refers to the Manna model with one particle trans-

fer. 161
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1
I N T R O D U C T I O N

Equilibrium thermodynamics was pioneered several centuries ago by Sadi Carnot, Lord

Kelvin, and Rudolf Clausius with a systematic theoretical formulation of heat, mechani-

cal work, entropy, etc. This classic branch of physics deals with the macroscopic laws of

reversible processes. Later on, near the end of the 19th and the beginning of the 20th century,

James Maxwell, Ludwig Boltzmann, J. Willard Gibbs, Max Planck, and Satyendra Nath Bose

developed the theory of statistical mechanics, which, for the first time, connected the micro-

scopic laws of physics (involving Newtonian dynamics) to the macroscopic thermodynamic

laws. Indeed, according to the celebrated Boltzmann–Gibbs theory, the statistical description

of an equilibrium system, which is kept in contact with a heat bath having temperature T,

can be characterized by a probability P(C) of finding the system in a certain microscopic

configuration C,

P(C) =
1
Z

exp
[
−E(C)

kBT

]
, (1.1)

where E(C) is the internal energy of the configuration C, Z is the partition function, and

kB is the Boltzmann constant. The purpose of equilibrium statistical mechanics is to derive

the macroscopic properties/laws (equations of states, phase diagrams, various fluctuation

properties, static fluctuation-response relations, and so on) by starting with the fundamental

equation (1.1). The Boltzmann-Gibbs formula as in Eq.(1.1) has the advantage of not being

dependent on the details of the dynamical trajectories of microscopic constituents and the

precise nature of the coupling of the system to the heat bath; the only requirement is that,

the coupling is “weak” with respect to the energy scale of the system.

Notably, the equilibrium processes or the reversible transformations that occur at an in-

finitesimally slow (quasi-static) rate - much slower compared to the equilibration rate, are

just the limiting case of the more general nonequilibrium (or irreversible) processes, which

are abundantly observed in nature. Indeed, unlike the equilibrium processes, nonequilibrium

processes, such as various biological processes and matter or particle flow in the presence

of a bulk or boundary drive, are usually characterized by rapid changes in matter. For ex-
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ample, when a system is connected to more than one heat bath, with unequal temperatures,

one would expect heat flow to occur from the higher temperature to the lower one. Per-

haps the closest counterpart to the equilibrium state in such a situation is a nonequilibrium

steady state, which the system approaches after a sufficiently long time. Even in this sim-

plest of nonequilibrium settings, the probability of a microscopic configuration C is a-priori

not known and one would like to ask,

Pnoneq(C) =? (1.2)

In fact, there is no general answer to the above question yet. This is because the steady-state

measure Pnoneq(C) of a system driven far from equilibrium must be determined from the

explicit knowledge of the microscopic dynamical rules governing the system as well as the

heat baths.

In the past, several formulations, especially the original one by Onsager and Machlup (dis-

cussed later), were developed to describe linear irreversible processes, mostly based on the

“near-equilibrium” phenomenological laws connecting forces and currents in a system [1–4].

These near-equilibrium “linear-response” theories start with the premise that the changes

or responses in a system are linear with respect to the external perturbations, which drive

the system slightly away from an equilibrium state. Of course, such a formulation is appro-

priate when the strength of the perturbations is only small. Later, a microscopic dynamical

formulation of the so-called linear-response theory was put forward by Green and Kubo [5–8],

where a set of fluctuation-response relations or the “fluctuation-dissipation theorem” (origi-

nally discovered by Johnson and Nyquist) can be derived from the underlying microscopic

dynamical laws (classical or quantum mechanical) of motion. In this way, one can relate

various transport coefficients, which characterize the response of a system to an external

perturbation, to the microscopic time-dependent correlation functions calculated in equi-

librium (e.g., the conductivity is related to the equilibrium current fluctuation). Indeed, this

approach is successful because the averages of relevant observables, required to calculate the

transport coefficients, are, in fact, calculated in equilibrium. This stems from the assumption

that the nonequilibrium steady-state locally gives rise to an equilibrium state (“local equi-

librium hypothesis”), conforming to the local thermodynamic variables (temperature and

pressure, etc.). However, in the absence of explicit knowledge of the nonequilibrium steady

state in driven systems, the Green-Kubo linear-response theory cannot be straightforwardly

extended to the calculation of transport coefficients for driven systems in general.

In this scenario, to develop a general nonequilibrium theory, it is imperative that one

considers driven systems on a case-by-case basis, revisits the basic principles of symme-

tries and conservation laws, and then attempts to calculate the transport coefficients, and

importantly their precise relationship to the corresponding dynamic correlations in the
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unperturbed nonequilibrium steady states. Interestingly, recently a hydrodynamic theory

- called macroscopic fluctuation theory, albeit applicable for a particular class of models with

a “gradient property” [9, 10], has been developed by generalizing the Onsager-Machlup

near-equilibrium theory to systems out of equilibrium. Indeed, the basic ingredients of the

theory are only transport coefficients. Despite the expectation that the macroscopic fluc-

tuation theory may be applicable to a much broader class of systems, called “driven dif-

fusive systems", rigorous proofs are only available for the models having a product mea-

sure [11] and thus having vanishing spatial correlations. Of course, developing a fluctu-

ating hydrodynamic formalism for interacting-particle systems that are diffusive yet have

nontrivial spatio-temporal correlations, would be quite interesting. Indeed, starting with a

microscopic dynamical approach to analytically calculate the transport coefficients in sys-

tems with nonzero spatial correlations remains a challenge. In this thesis, we have made

some theoretical progress in analytically calculating dynamical correlation functions a broad

class of nonequilibrium interacting-particle systems - conserved stochastic sandpiles. Indeed,

sandpiles present unique challenges, as obtaining the microscopic steady-state measures are

difficult to obtain and often are not explicitly known. Despite these obstacles, we believe

to have advanced our theoretical understanding of the large-scale hydrodynamic properties

of various sandpile models and characterized their time-dependent properties concerning

current and mass fluctuations and the associated power spectra.

Before delving into a more detailed discussion of the problem and related concepts, it is

essential to grasp the concept of nonequilibrium steady states and explore what is known

about the dynamical characterization of equilibrium or near-equilibrium systems. By doing

so, we can establish a foundation for our research and contextualize the significance of our

findings in the broader field of nonequilibrium phenomena.

1.1 markov processes

The goal of statistical mechanics is to understand the macroscopic behaviour of observable

systems based on their underlying microscopic dynamics, such as Newtonian mechanics

or quantum mechanics. However, dealing with many-body systems presents extreme chal-

lenges due to the immense number of variables involved. In addition, Newtonian or quan-

tum dynamics pose another hurdle due to limited understanding of the properties of the

time-evolution operator involved. To address this, various simpler realizations of dynamical

rules, such that involving stochastic processes, and related techniques, have been developed;

one of which is the modelling of many-particle systems through stochastic Markovian dy-

namics [12, 13]. Stochastic processes provide a framework to model the interactions among

observable particles probabilistically, effectively capturing the effects of noise in the system.
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Indeed, even in the deterministic dynamical framework (such as the Newtonian one), noise

can arise due to the lack of information for several (fast) degrees of freedom, and the slow

variables (e.g., conserved densities) could be thought of as essentially evolving through a

random or stochastic process only.

Stochastic techniques have contributed to a more diverse range of models and come along-

side powerful computational methods. Among the essential types of stochastic processes are

Markov processes, which possess no memory. This means that the system’s time evolution

depends solely on its present state and not its history. These evolutions are familiar to us,

as they are represented by first-order differential equations commonly used in mechanics

to describe the autonomous evolution of a state, such as positions and momenta. However,

Markov processes introduce randomness to these descriptions, making the updates partially

stochastic rather than fully deterministic. As a result, they give rise to a unique set of proba-

bility distributions for possible trajectories.

A discrete-time stochastic process can be described as a sequence defined over a state

space, denoted as K. The set of possible paths for this process is represented as Ω, comprising

elements ω = (x0, x1, . . . , xn, . . .), where the state at time n, denoted as xn, belongs to the state

space K. To fully characterize the stochastic process, two key components are considered:

(I) The initial distribution or the law, denoted as µ, which governs the probabilities of

obtaining different initial states, represented by x0.

(II) The updating rules or conditional probabilities that determine the likelihood of transi-

tioning to a state xn given that the process was in state xn−1 at the time n − 1.

A stochastic process is classified as Markovian if the update rule to reach state xn solely

depends on the preceding state xn−1 and does not rely on any historical information before

time n − 1.

If the state space K is finite, the update rules aforementioned can be expressed through

transition probabilities from a state x to another state y denoted by non-negative numbers

p(x, y), which satisfy the normalization condition ∑y p(x, y) = 1. These transition probabili-

ties, represented by elements of the transition matrix P, define the specific Markov process.

When a Markov process starts with the initial distribution µ and evolves with a transition

matrix P, the probability of a trajectory (a0, a1, . . . , an) ∈ Kn+1 can be defined as

Probµ [x0 = a0, x1 = a1, . . . , xn−1 = an−1, xn = an] = µ(a0) · p(a0, a1)p(a1, a2) . . . p(an−1, an).

(1.3)

µn is called the probability distribution of state configurations at the time n, given as

µn(x) = Probµ [xn = x] = ∑
a∈K

µn−1(a)p(a, x). (1.4)
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The difference equation of the above probability at two time steps now can be written using

the above equation as

µn(x)− µn−1(x) = ∑
a∈K

[µn−1(a)p(a, x)− µn−1(x)p(x, a)] , (1.5)

which is called the master equation of Markov chains.

The most significant aspect that describes the long-term evolution of a process is the sta-

tionary distribution, denoted as ρ. It can be defined as an invariant state of the transition

matrix operator P. The stationary distribution implies that µn(x) = ρ(x) for any value of n

when n is greater than a certain cutoff point. This condition changes Eq. (1.5) as

0 = ∑
a∈K

[ρ(a)p(a, x)− ρ(x)p(x, a)] , (1.6)

which we call the stationarity condition of Markov processes. Equilibrium is a special station-

ary distribution that implies ρ(a)p(a, x) = ρ(x)p(x, a), also known as the detailed balance

condition. Otherwise, the stationary states that satisfy Eq.(1.6) are known as nonequilibrium

steady states, particularly in which we are interested.

An example of a stationary distribution is the equilibrium Gibbs-Boltzmann distribution,

which provides the distribution of a state a, denoted by µ(a), in terms of the energy function

of that state, E(a). It can be expressed as µ(a) = Z−1 exp{−E(a)/kT}, where Z is the par-

tition function, and T is the temperature of the reservoir [14]. When using this distribution,

the detailed balance condition is modified to

exp
{
−E(a)

kT

}
p(a, x) = exp

{
−E(x)

kT

}
p(x, a). (1.7)

So, if the system jumps from a state a to another state a′ after receiving some energy ϵ from

the heat bath at temperature T, we can write the above detail balance condition as

pϵ(a, a′) = exp
{
− ϵ

kT

}
p−ϵ(a′, a). (1.8)

One of the implications of having such a relationship among transition rates is that a process

can be considered an equilibrium process if the probability of any given trajectory is the

same as the probability of that trajectory being reversed in time. On the other hand, if this

condition is not met, the process is classified as nonequilibrium [15].

One of the important questions one could ask is about the fluctuation properties of the ob-

servables generated by the stochasticity of Markov processes. For example, there are many

instances of Markov systems that can be driven towards nonequilibrium steady states by

external forces, such as boundary-driven symmetric simple exclusion processes (SSEP) or sym-
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metric zero-range processes (ZRP). Additionally, there are systems, such as asymmetric simple

exclusion processes (ASEP) and sandpiles, which inherently violate the detailed balance and

remain in nonequilibrium stationary states. Before delving into a discussion about sandpiles,

which are the main focus of this thesis, we will first explore some known results in the

context of exclusion and zero-range processes.

Furthermore, it is essential to consider that the models mentioned above involve many-

body interacting particle systems. As a result, a (underdamped-)Langevin dynamics ap-

proach is not suitable for characterizing the states of these processes or systems. Instead,

hydrodynamical descriptions are commonly employed to address such problems. In these

descriptions, the state of the systems is characterized by coarse-grained density observables

at each spatial point, and the evolution of the conserved dynamics is governed by continuity

equations.

1.2 onsager-machlup theory

The dynamic characterization of of a state slightly (or, linearly) perturbed from an equilib-

rium one is developed mainly by Lars Onsager through a series of works in first half of

20th century [1, 2, 4]. Let us first describe the path integral method to calculate the action

or Onsager-Machlup functional for a single particle in a nonequilibrium steady state by bal-

ancing between an external force and thermal fluctuations. The dynamical equation of the

position x of the particle can be written as [16]

∂x
∂t

= f (x) + g(x)η(t), (1.9)

where

f (x) = −Γ(x)
∂H
∂x

+ f1(x); (1.10)

Γ(x)∂H/∂x is the force term that is pushing the particle towards equilibrium, f1(x) is space-

dependent external force and η is Gaussian white noise. The probability of a path x0 = x(t0),

x1 = x(t1), . . ., xn−1 = x(tn−1) and xn = x(tn) traversed by the particle at different discrete

time t0 < t1 < . . . tn−1 < tn, starting from an initial position x0 at the time t0 is given by

P (xn, tn; . . . ; x1, t1|x0, t0) = ⟨δ(xn − ϕ(tn; xn−1, tn−1)) . . . δ(x1 − ϕ(t1; x0, t0))⟩ , (1.11)
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where the average is taken w.r.t. noise and ϕ(ti; x0, t0) is the solution of Eq.(1.9) at ti. Since,

the noise η is Gaussian white noise, Eq.(1.11) can further be written as

P (xn, tn; . . . ; x1, t1|x0, t0) =
n

∏
i=1

⟨δ(xi − ϕ(ti; xi−1, ti−1))⟩ . (1.12)

Due to the assumption of the Markov property of the noise, ⟨δ(xi − ϕ(ti; xi−1, ti−1))⟩ has a

simple interpretation as the probability of observing the particle at position xi at time ti,

given that it was at xi−1 at the previous time ti−1. Consequently, the probability of finding a

particle at x f at time t f , given that it was at position x0 at time t0, can be expressed in terms

of a path integral by integrating over all the intermediate positions of the particle as

P(x f , t f ; x0, t0) =
∫

dxn−1 . . .
∫

dx1
〈
δ(x f − ϕ(t f ; xn−1, tn−1))

〉
× . . . × ⟨δ(x1 − ϕ(t1; x0, t0))⟩ .

(1.13)

The above path integral can be written using the difference variable h(xi, xi−1) that can be

obtained by discretization of Eq.(1.9) as

h(xi, xi−1) =
xi − xi−1 − ∆t fi

gi
−
∫ ti

ti−1

dt′η(t′), (1.14)

where using the property of delta functions we can write δ (xi − ϕ(ti)) as

δ[h(xi, xi−1)] =

∣∣∣∣ ∂h
∂xi

∣∣∣∣−1

xi=ϕ(ti)

δ (xi − ϕ(ti)) . (1.15)

Now the probability P(xi, ti; xi−1, ti−1) can be written in terms of h [16] as

P(xi, ti; xi−1, ti−1) =

∣∣∣∣∂h(xi, xi−1)

∂xi

∣∣∣∣ ⟨δ [h(xi, xi−1)]⟩ , (1.16)

with

∂h(xi, xi−1)

∂xi
=

1
gi

[
1 − α∆t f ′i − α

g′i
gi

[xi − xi−1 − ∆t fi]

]
, (1.17)

where α = 0 and 1 represents Ito and Stratonovich calculus respectively. Finally, using

Eq.(1.16) one could write the probability P(x f , t f ; x0, t0) as

P(x f , t f ; x0, t0) =
∫ dx1√

2π∆tg1
. . .
∫ dxn−1√

2π∆tgn−1

dxn√
2π∆tgn

× exp

{
−∑

i

∆t
2g2

i

(
xi − xi−1

∆t
− fi + αg′i gi

)2

− ∑
i

α∆t f ′i

}
, (1.18)
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and in the continuum limit by taking n → ∞ and ∆t → 0 the probability could be written as

an action principle,

P(x f , t f ; x0, t0) =
∫ x f

x0

Dxe−S , (1.19)

where Dx = ∏n
i=1 dxi/

√
2π∆tgi and the Onsager-Machlup action S is given by [16]

S =
∫ t f

t0

dt
[

1
2g(x)2

(
∂tx − f (x) + αg(x)g′(x)

)2
+ α f ′(x)

]
. (1.20)

The action S is also considered as the entropy function in the nonequilibrium states.

Since the unperturbed state of the system is described by the equilibrium Boltzmann-Gibbs

measure, one can calculate the strength of the noise g(x) using the fluctuation-dissipation

theorem and can also justify the assumption of Gaussian white noise property. Moreover,

this formalism can be extended to fields or systems with infinite degrees of freedom. A brief

review of this concept is provided below.

Onsager-Machlup theory [4] actually allows one to perform the variational formalism to

solve nonlinear Langevin type equations. Let us consider coupled dynamic Langevin-type

equations of motion for the coarse-grained field variables, ψα(x, t) as

∂ψα(x, t)
∂t

= Fα[ψ](x, t) + ζα(x, t). (1.21)

Fα[ψ] are the systematic forces that contain both irreversible relaxation terms such as Eq.(1.28)

and reversible mode couplings between ψ fields. The noise ζα is defined as follows:

⟨ζα(x, t)ζβ(x′, t′)⟩ = 2Lαδ(x − x′)δ(t − t′)δαβ, (1.22)

where Lα is an operator. For example, for a conserved quantity ψα, it takes the form Lα =

−Dα∇2, which describes diffusive relaxation. Basically, the property of noise encompasses

everything that we need to know, and its distribution function can be written as

W [ζ] ∝ exp

[
−1

4

∫
ddx

∫
dt ∑

α

ζα(x, t)
(
(Lα)−1ζα(x, t)

)]
. (1.23)

Eq.(1.21) is crucial to tell us that how the noise is related to the relaxation process of the

system, and by replacing ζα[ψ] = ∂ψα/∂t − Fα[ψ] in Eq.(1.23) we obtain the probability

distribution P[ψ] for the set of variables ψα and using the variable transformation,

W [ζ]D[ζ] = P [ψ]D[ψ] ∝ e−G[ψ]D[ψ] (1.24)
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one can obtain the Onsager-Machlup functional G[ψ] as

G[ψ] = 1
4

∫
ddx

∫
dt ∑

α

(
∂ψα

∂t
− Fα[ψ](x, t)

)
×
[
(Lα)−1

(
∂ψα

∂t
− Fα[ψ](x, t)

)]
. (1.25)

This functional actually gives us the probability of space-time trajectories traversed by the system

during the relaxation process and thus potentially solves the desired dynamic correlation functions.

However, the generalization of this procedure to nonequilibrium processes lies in the iden-

tification of the operator Lα or the noise strength. In equilibrium, the fluctuation-dissipation

theorems, such as the Einstein relation, actually solve the issue. For nonequilibrium pro-

cesses, we will now discuss the mathematical framework of Markov processes and large

deviation theory, which allows one to properly understand the generalization of the Onsager-

Machlup functional that has been done for nonequilibrium diffusive processes in the frame-

work of MFT.

1.3 dynamic critical phenomena

The Onsager-Machlup action derived in Eq. (1.19) for a single particle or the action functional

for fields given in Eq. (1.25) give a probability of a particular trajectory. The corresponding

equilibrium free energy functional can be derived from the path probabilities in the slow or

quasi-static driving limit of the system.

Many of a system’s properties exhibit singular behaviour when it reaches a critical phase

transition, such as the gas-liquid critical point, where the density difference between liquid

and gas disappears, or the Curie point of a ferromagnet, where spontaneous magnetiza-

tion disappears. The equal-time correlation functions determine static properties in classical

statistical mechanics. Critical singularities in time, on the other hand, occur in dynamic prop-

erties such as multi-time correlation functions, responses to time-dependent perturbations,

and transport coefficients and for this purpose, the theory of dynamical critical phenomena

has been used to compute such correlation functions [17].

In this thesis, we focus solely on the dynamical theory with a conserved order parameter,

known as Model B, which includes systems like the Ising model with Kawasaki dynamics. In

Model B, the total magnetization is conserved, and the dynamics follow the detailed balance

condition. We base our discussion on the framework presented in Ref. [18].
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In Model B, any deviation from thermal equilibrium should relax back to it. The evolution

of the order parameter S(x, t) follows a continuity equation, which can be expressed as

follows:

∂S(x, t)
∂t

+∇ · J⃗(x, t) = 0, (1.26)

J⃗(x, t) = −D∇ δH[S]
δS(x, t)

+ η⃗(x, t), (1.27)

where the strength of the noise follows a fluctuation-dissipation theorem to drive the per-

turbed state back to thermal equilibrium. So, the corresponding stochastic equation of mo-

tion can be written by combining Eqs.(1.26) and (1.27) as

∂S(x, t)
∂t

= D∇2 δH[S]
δS(x, t)

+ ζ(x, t), (1.28)

where ζ = −∇ · η⃗(x, t). Upon inserting the Landau-Ginzburg-Wilson Hamiltonian,

H[S] =
∫

ddx
[

r
2

S(x)2 +
1
2
[∆S(x)]2 +

u
4!

S(x)4 − h(x)S(x)
]

, (1.29)

into Eq. (1.28) and performing the Gaussian approximation of the Hamiltonian, it becomes

possible to calculate the temporal correlations and the corresponding transport coefficients.

This approach allows us to study the dynamic behaviour of the system and gain insight into

its nonequilibrium properties.

1.3.1 Static characterization of stationary states - density large deviation function

As mentioned earlier, the instantaneous state of a many-body system can be characterized

by some local coarse-grained density. Regardless of whether the system is in an equilibrium

state or a nonequilibrium steady state, the probability Pv(n) of finding n particles inside a

subvolume v, centred around position r⃗, can be expressed in terms of a large deviation rate

function a⃗r(n/v) [14] as

Pv(n) ≃ exp
[
−va⃗r

(n
v

)]
. (1.30)

The shape of a⃗r is strictly convex and has a minimum at the average density ρ̄. Using the

distribution Pv(n), we can also derive the distribution of a density profile by incorporating

the idea of spatial additivity, where we divide the total volume Ld, which is the volume of

a d-dimensional box with length scale L, into smaller parts of length scale l and assume
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the statistical independence of these n = Ld/ld boxes. For large enough L and l such that

l/L ≪ 1 we may write the probability of having a state (ρ1, ρ2, . . . , ρn) as

Prob [(ρ1, ρ2, . . . , ρn)] ≃ exp
[
−LdF (ρ1, ρ2, . . . , ρn)

]
, (1.31)

where F is a large deviation function, which can be obtained from a⃗r [14]. In the continuum

limit, as L → ∞ and l → ∞ with l ≪ L, and by defining r⃗ = Lx⃗, Eq. (1.32) can be generalized

to

Prob [{ρ(x⃗)}] ≃ exp
[
−LdF (ρ(x⃗))

]
. (1.32)

For equilibrium systems, it can be shown that the rate function of subvolume density

distribution a⃗r(ρ) and F (ρ(x⃗)) is and can be written in terms of free energy functional f (ρ)

as

a⃗r(ρ) = a(ρ) =
f (ρ)− f (ρ̄)− (ρ − ρ̄) f ′(ρ̄)

kT
(1.33)

F (ρ(x⃗)) =
1

kT

∫
dx⃗ [ f (ρ(x⃗))− f (ρ̄)] , (1.34)

where f (ρ) can be calculated by taking the logarithm of the grand canonical partition func-

tion. SSEP is one of the stochastic equilibrium systems, where the above results are applica-

ble.

On the other hand, for nonequilibrium systems, the large deviation functions F (ρ(x⃗)) can

be very complicated. For example, the density large deviation function of a one-dimensional

SSEP [19] connected with two density reservoirs of different densities ρa and ρb at both sides

is given by

lim
L→∞

log PL [{ρ(x)}]
L

=−F [{ρ}]

F [{ρ}] =
∫ 1

0
dx
{

ρ(x) log
ρ(x)
F(x)

+ (1 − ρ(x)) log
(1 − ρ(x))
(1 − F(x))

+ log
F′(x)

ρb − ρa

}
,

(1.35)

where F(x) is an auxiliary function that can be obtained from the solution of

ρ(x) = F(x) +
F(x)(1 − F(x))F′′(x)

F′(x)2 , (1.36)

with the boundary conditions F(0) = ρa and F(1) = ρb. The existence of the auxiliary

function makes the large deviation function non-local, leading to the emergence of long-range

density correlations in this simple 1d model. Additionally, in the case of the asymmetric
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exclusion process (ASEP) in 1d, along with this non-locality, the large deviation function of

density becomes non-convex near the phase transition [20, 21].

Next, we will discuss the dynamic large deviation function, which holds significance due

to the temporal asymmetry of relaxations in nonequilibrium steady states.

1.3.2 Dynamic characterization of nonequilibrium steady states - current large deviation function

In this thesis, we only consider systems with particle conservation dynamics. Consequently,

the evolution of the local mass should be described in terms of the microscopic continuity

equation,

d
dt

mi(t) = Ji−1(t)−Ji(t), (1.37)

Here, mi(t) represents the local mass, and Ji is the instantaneous current across a bond

(i, i + 1) of a lattice. Whenever the system transitions from a state C ′ to C, it generates some

current across different bonds. Now, if we define a quantity called the integrated bond cur-

rent Qi(t) or the net cumulative current across the bond (i, i + 1) within a time interval [0, t],

its statistical properties will depend on the path on which the system evolved within this

temporal interval. In other words, Prob(Qi(t) = Q) will depend on different trajectories

starting from an initial state up to time t.

It can be shown that if the dynamics has finite relaxation time, in the long time limit the

distribution of cumulative current can be written in terms of a large deviation function G [14]

as

Prob
(

Q(t)
t

= j
)
≃ exp [−tG(j)] , (1.38)

we dropped the spatial index i as the probability would not depend on the position, as well as

not on the initial condition of the system. In most studies, rather than directly calculating the

probability Prob(Qt), the focus is on its cumulative generating function µ(λ). This function

is defined in the large time limit as

⟨exp [λQt]⟩ ≃ exp [µ(λ)t] , (1.39)

where ⟨·⟩ denotes the trajectory average. µ(λ) is related to the large deviation function G(j)

via a Legendre transformation,

µ(λ) = max
j

[λj − G(j)] . (1.40)
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The cumulant generating function µ(λ) is the largest eigenvalue of an exponentially tilted

or conditioned Markov generator [22, 23]. However, determining this eigenvalue can be

challenging for most systems. Only for a few systems, particularly those with a known

steady-state measure, such as SSEP, can this eigenvalue be found, at least perturbatively [24].

Using µ(λ), we can obtain the cumulants of the current ⟨Qk
t ⟩c = ⟨Qk

t ⟩ − ⟨Qt⟩k, from the

following definition,

lim
t→∞

⟨Qk
t ⟩c

t
=

dkµ(λ)

dλk

∣∣∣∣
λ=0

. (1.41)

The cumulants of ⟨Qk
t ⟩c provide us not only with the complete statistics of Qt, but also, as we

shall see later, the relevant transport coefficients that govern the hydrodynamic fluctuations

of the system.

Interestingly, similar to the spatial additivity principle in the context of the static large

deviation function, a related additivity principle has been postulated to calculate the moment

generating function of the current [25] in stochastic systems governed by some diffusive

dynamics. In this regard, let us first define two transport coefficients, bulk diffusivity D and

mobility χ, which are required to describe this additivity principle. For a large system size

L, it can be observed that the entire distribution of fluctuations in Qt depends solely on two

macroscopic parameters, namely D and χ. Assuming that for ρa = ρ + ∆ρ and ρb = ρ with

∆ρ being small, we know that in the steady state, Fick’s law holds, which relates the average

current to the bulk diffusivity as

lim
t→∞

⟨Qt⟩
t

= D(ρ)
∆ρ

L
. (1.42)

Furthermore, assuming ρa = ρb = ρ (resulting in ⟨Qt⟩ = 0), and for large t, the variance of

current can be written as

lim
t→∞

⟨Q2
t ⟩

t
=

2χ(ρ)

L
. (1.43)

In Ref. [25], it has been demonstrated in one dimension that for a large system of size L

connected with two reservoirs ρa and ρb at both ends, where |ρa − ρb| is finite, dividing the

system into n number of small subsystems of size l in such a way that l ≫ 1 and L ≫ 1

but l/L ≪ 1, allows the large deviation function GL(j, ρa, ρb) for the entire system to be

expressed as

GL(j, ρa, ρb) ≃ min
ρ1,...,ρn−1

{
n−1

∑
i=0

GL/n(j, ρi, ρi+1)

}
. (1.44)
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In this expression GL/n(j, ρi, ρi+1) corresponds to the large deviation function for each of the

small subsystems. Minimization of ρ1, . . . , ρn−1 accounts for the different configurations of

the subsystems to obtain the large deviation function for the entire system. If the density

profile of the subsystem is smooth enough and monotonic, in the large n limit, we can

assume that GL/n(j, ρi, ρi+1) would simply be

GL/n(j, ρi, ρi+1) ≃
[j − {D(ρi) (ρi − ρi+1) /l}]2

4χ(ρi)/l
. (1.45)

Taking n → ∞ but keeping l = L/n large enough, so that Eqs.(1.42) and (1.43) are still valid,

we can write Eq.(1.44) using Eq.(1.45) as

GL(j, ρa, ρb) ≃
1
L

min
{ρ(x)}

[jL + D(ρ)ρ′(x)]2

4χ(x)
. (1.46)

Now, the problem of finding the dynamic large deviation function of current reduces to an

optimization problem, and it has been shown [25, 26] that the optimal density profile to

sustain certain current j is given by,

ρ′(x)2 =
(Lj)2 [1 + 4Kχ(ρ(x))]

D2(ρ(x)
, (1.47)

where K can be fixed from the boundary condition ρ(0) = ρa and ρ(1) = ρb. In simulation,

this additivity principle has been tested quite rigorously [27, 28].

Although the derivation of Eq. (1.46) was originally proposed for driven diffusive systems;

the same equation remains valid in diffusive systems with periodic boundary conditions. In

a homogeneous diffusive system with ring geometry, the steady-state profile is flat. However,

the optimal profile transforms into a travelling wave form to maintain a certain value of j

above some threshold [29–33]. Such transitions are termed as dynamic phase transitions.

But still all of these analyses are practical only for those systems for which the first two

cumulants of current fluctuation are known, finding which is a difficult task in itself for

stochastic systems for which steady-state measures are not known, such as sandpiles which

are the main object of study in this thesis.

1.4 macroscopic fluctuation theory

Recently, there has been notable progress in the study of nonequilibrium diffusive systems

through a general approach called macroscopic fluctuation theory (MFT) [9, 11, 14]. MFT

has proven effective in dealing with far-from-equilibrium processes and surpassing the lim-

itations of near-equilibrium linear approximations. This framework draws heavily from re-
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search on stochastic interacting particle systems and large deviation theory. However, this

framework has only been successfully applied to stochastic systems where the steady-state

measures are known, enabling the calculation of steady-state temporal correlation functions,

which form a crucial component of this theory.

The macroscopic fluctuating theory (MFT) has been developed over the last couple of decades

to describe diffusive systems characterized by continuum density fields that evolve through

a Langevin equation. These systems may locally conserve or not conserve the field. It can be

understood as an encapsulating framework that generalizes the large-scale hydrodynamic

behavior generated by various Markov processes, regardless of whether they satisfy the

detailed balance condition or not.

MFT has three main ingredients [9, 34]:

(I) At the macroscopic level, the system must be described by coarse grained local density

ρ(x, τ) and local currents j(x, τ) and they should be related by the continuity equation,

∂τρ + ∂x j(t) = 0, (1.48)

where x and τ are defined in the diffusive limit.

(II) The macroscopic behaviour of the system should be diffusive, and the existence of

gradient property in the microscopic evolution of local conserved quantities is required.

Correspondingly, the macroscopic diffusive current on average should follow Fick’s

law.

(III) The instantaneous microscopic current should be divided into a diffusive and fluctuat-

ing part, and importantly, the temporal correlation of the fluctuating part needs to be

short-ranged compared to the hydrodynamic time scaled of the system under study.

Upon satisfying all three conditions, MFT provides a Langevin-type equation [11] for the

evolution of a hydrodynamic system with an infinite number of degrees of freedom, which

can be written as

∂

∂τ
ρ = − ∂

∂x

[
j(d)(x, τ) + η(x, τ)

]
= − ∂

∂x
j, (1.49)

where the diffusive current j(d) = −D(ρ) ∂
∂x ρ is the diffusive current and the noise η is

defined as

⟨η(x, τ)η(x′, τ′)⟩ = 2χ(ρ)

L
δ(x − x′)δ(τ − τ′). (1.50)

The two transport coefficients, D and χ, appearing in the above equations are the same as

defined in Eqs. (1.42) and (1.43). But the transport coefficients D and χ are not arbitrary. In
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fact, in the steady state the existence of local equilibrium implies that they satisfy the local

Einstein relation

χ(ρ)

D(ρ)
=

1
f ′′(ρ)

, (1.51)

where f (ρ) is the equilibrium free energy per unit volume. Using the idea of spatial addi-

tivity, one could show that the second derivative f (ρ) is related to the intensive subsystem

mass fluctuation σ2(ρ) as σ2(ρ) = 1/ f ′′(ρ)[35–38]. Using this relation, one can actually check

the validity of the local Einstein relation and, consequently, the validity of MFT in the corre-

sponding "equilibrium" or "periodic boundary" version of the nonequilibrium system under

discussion. As a matter of fact, it has been shown in Ref.[35–38] that the periodic bound-

ary version of the nonequilibrium processes does not need to satisfy the detailed balance

condition. In other words, the microscopic configurations do not need to describe the Gibbs-

Boltzmann measure in the periodic boundary case.

Using the Langevin description given above, one can immediately write the probability

distribution of the macroscopic space-time volume of the system (without knowing what the

actual microscopic dynamics is) within a temporal interval [0, τ] as

Prob [{ρ(x, τ), j(x, τ)} ; τ ∈ [τ1, τ2]] ≃ exp

[
−L

∫ τ2

τ1

dτ
∫ 1

0
dx

(j + D(ρ)∂xρ)2

4χ(ρ)

]
. (1.52)

Knowing the path probability of the system immediately generalizes both the static and

dynamic large-deviation functions of density and current that we discussed earlier. For exam-

ple, to obtain the probability of observing a density profile ρ(x, τ) currently at τ, one needs

to maximize the probability Prob (ρ(x, τ′), j(x, τ′); τ′ ∈ [−∞, τ]) over infinite history with

the constraint of continuity (Eq. (1.48)), which leads us to write the density large deviation

function for large L as

F {ρ(x)} = min
{ρ,j}

∫ τ

−∞
dτ′

∫ 1

0
dx exp

[
−L

∫ τ2

τ1

dτ
∫ 1

0
dx

(j + D(ρ)∂xρ)2

4χ(ρ)

]
. (1.53)

Consequently, it can be shown [9, 11] that, F {ρ(x)} satisfy the following Hamilton-Jacobi

equation,

∫ 1

0
dx
[

∂

∂x

(
δF
δρ

)]2

χ(ρ)−
∫ 1

0
dx
(

δF
δρ

)
∂j(d)

∂x
= 0. (1.54)

The conserved Manna sandpile on a periodic boundary is one of the examples in which the

above-mentioned density large deviation function can be calculated in a coarse-grained limit,

shown to be related to subsystem mass fluctuation or compressibility [38].
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One of the dynamical quantities that can be studied using the MFT is the net particle

current, or the total number of particles flowing across the system for an interval [0, τH ] as

q(τH) =
1

τH

1∫
0

dx
τH∫
0

j(x, τ)dτ, (1.55)

whose statistics obey a large deviation principle P(q) ≃ exp(−τH LΦ(j)) [39] and has been

studied extensively in the past [40–44] for various diffusive systems, both with boundary

driven and periodic boundary conditions. Either the cumulant generating function of q can

be written with the distribution of trajectories Prob (ρ(x, τ), j(x, τ)); and by imposing the

continuity equation as a constraint, the optimization problem reduces to solving two Hamil-

tonian equations, which leads to the expression of the cumulant generating function of the

current. Alternatively, one may use the idea of the additivity principle [25] with some con-

straints on the transport coefficients D and χ. This reduces the optimization problem to a

saddle point approximation, which can be solved using the Lagrangian method, directly

leading to the expression of Φ(j).

The framework of MFT, gives us a set of rules to calculate the large deviation functions,

all of these calculations are only applicable to those systems where the transport coefficients

D and χ are known. Although bulk diffusivity can be identified (not derived) from the dif-

fusive limit of the local microscopic density evolution equation, it is very difficult to find the

mobility χ, which can only be obtained from the fluctuations of the microscopic current in

the nonequilibrium steady states. Similarly to equilibrium systems, where mobility has the

meaning of a proportionality constant between an external drive and the resulting drift cur-

rent, MFT also prescribes an operational linear response method in the nonequilibrium steady

states to calculate mobility by suitably biasing the microscopic Markov process rates [9, 11],

which we now discuss briefly.

In a one-dimensional periodic boundary lattice (since we need to calculate mobility in the

corresponding local equilibrium of the process), we can apply a small force F⃗ = Fx̂ is the

positive direction of the x axis, in such a way that it should be coupled with the mass transfer

rates ci→j from site i to j. The biased mass transfer rates can now be written as

cF
i→j = ci→jψ(∆ei), (1.56)

where ψ(∆ei) is a positive function of ∆ei = ∆mi→j(F⃗ · δx⃗ij). ∆ei is the additional cost of

moving the mass ∆m from site i to j and δx⃗i→j = (j − i)ax⃗ is the displacement vector, where
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a is the lattice constant. In the limit |F| → 0, we should have ψ(∆e) = 1. Thus, we can write

the Taylor expansion of ψ(∆e) as for

ψ(∆ei) ≃ 1 +
[

dψ(∆e)
d∆e

]
∆e=0

∆ei = 1 +
1
2

∆mi→j(F⃗ · δx⃗ij) ≃ exp
[

∆ei

2

]
. (1.57)

The definition of ψ(∆ei) in the exponential form, given in the above equation, introduces

an equilibrium-like detailed balance condition in the ratio of the probability of forward and

reverse movement of the mass with respect to the direction of the force.

Biasing the system in the above-mentioned manner generates a drift part in the hydrody-

namic current j along with the diffusive current j(d) as

j = −D(ρ)
∂ρ

∂x
+ χ(ρ)F̃, (1.58)

where the force F needs to be rescaled as F = F̃/L to balance the diffusive current. In this

way, one can identify the mobility χ from the hydrodynamic equation. However, the crucial

assumption underlying this analysis is the validity of linear response in the nonequilibrium

steady state, which inherently violates time-reversal symmetry, and consequently the de-

tailed balance condition. These two conditions are the main requirements to prove a linear

response theory in equilibrium systems. Therefore, it becomes important to calculate the

current fluctuations using the dynamic equations, which not only directly provide us with

the mobility but also verify the applicability of linear response in the nonequilibrium steady

states.

1.5 self organized criticality, 1/ f noise , and sandpiles

In systems displaying critical phenomena in equilibrium, precise parameter tuning is neces-

sary to reach the critical state. For instance, in the Ising model, achieving a phase transition

requires fine-tuning the temperature and external magnetic field to their respective critical

values. If the system is initially prepared with values of temperature and magnetic field far

from their critical points, the response to external perturbations will not exhibit any critical

behaviour. It is generally reasonable to assume that critical phenomena can only be trig-

gered when all relevant parameters are precisely tuned to specific values in most systems

that undergo phase transitions.

In 1987, Bak, Tang, and Wiesenfeld (BTW) introduced the concept of "self-organized criti-

cality" (SOC) [45] to explain the origin of spatio-temporal scale invariance in natural systems

[46, 47]. The unique aspect of SOC is that it does not require precise fine-tuning of any

control parameters to reach a critical state. Instead, the system inherently organizes itself

to a critical state through internal mechanisms. In this scenario, the critical state acts as an
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attractor in the configuration space of microstates, resulting from the threshold-activated dy-

namics within the system and the cascading avalanches that follow when a perturbation is

triggered.

The primary motivation for the BTW model [45, 48] was to capture the long-range tempo-

ral correlations that are ubiquitous in nature [49]. These correlations often manifest as the

so-called "1/ f " or flicker noise, characterized by low-frequency power spectra with a power-

law form 1/ f ψ, where 0 < ψ < 2, spanning a wide range of frequencies f . The occurrence

of 1/ f noise has been observed in various seemingly unrelated systems.

For example, considering ecology on a large scale as a system with many degrees of

freedom, forest fires can be seen as active phenomena that can dramatically alter ecology. It

has been observed that the size and frequency of the regions affected by fires follow power

laws [50].

Another example is the temporal correlation between neural activities in the brain [51, 52],

which serves as a mechanism of cognition. The Integrate and Fire model [53, 54] is a funda-

mental mathematical model in neuroscience, representing neurons as electrical circuits. The

model integrates the incoming synaptic currents, leading to a gradual increase in membrane

potential over time. Once the membrane potential crosses a threshold, the neuron fires an

action potential. Due to its non-linearity, the model exhibits long-range temporal correlation

among synaptic firings.

Among other examples are solar flares [55, 56], stock market fluctuations [57], water flow

in rivers [49], and resistance fluctuations in conductors [58]. For more details, see the re-

views [46, 59]. Despite its widespread occurrence, a general theory that explains the relative

abundance of 1/ f noise in nature remains elusive.

1.5.1 Experiments with actual sandpiles

After introducing sandpile models, a natural question arose: Does a real pile of sand or

any other granular material exhibit self-organized criticality (SOC)? This question was ad-

dressed by Jaeger et al. in an experiment [60] that involved a pile of granular materials (glass

beads and aluminium oxide grains) driven in a slowly rotating drum, causing avalanches of

grains to flow down the slope of the pile. The researchers measured the outflux of grains

(i.e., particle current at the boundary) over time and calculated the power spectrum of the

corresponding time signal by monitoring the change in capacitance, which is related to the

particle flow rate through a parallel plate capacitor.

The observed power spectrum showed a broadened peak with a subsequent 1/ f 3 decay

for large frequencies. The peak in the power spectrum represented the average interval be-

tween two successive avalanches, and the large-frequency power-law decay was mainly due
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to short-time correlations in the particle currents. In other words, the characteristic 1/ f ψ

behaviour, with 0 ≤ ψ < 2, as seen in real sandpile models, was not observed in this experi-

ment with real granular materials.

As it is reasonable to assume that the geometrical shapes of the sand particles could in-

troduce inertial effects in the experiment, leading to a reduction in the long-range temporal

correlations present in the system, another experiment was conducted in the Norwegian city

of Oslo, using rice grains [61]. The rod-like structure of the rice grains introduced sufficient

anisotropy into the system to minimize inertial effects. In this experiment, self-organized

criticality (SOC) was observed in the avalanche statistics, where the avalanche sizes followed

a power-law distribution, suggesting events occurring at all length scales and indicating

criticality. This experiment highlighted the fact that SOC is not universal for all threshold-

activated systems, and that the specific geometry and anisotropy of the system play a signif-

icant role.

1.5.2 Different models

Sandpiles are spatially extended and threshold-activated systems in which dynamical activi-

ties spread through cascades of toppling events (initiated when a local threshold is crossed),

resulting in “avalanche”-like dynamical activities and long-ranged correlations in the sys-

tems. In these models, in most cases, detailed balance or time-reversal symmetry is bro-

ken. As a result, the probability of the steady-state configurations cannot be described by

the Gibbs-Boltzmann distributions, and generally, the exact measures of the corresponding

nonequilibrium steady states, generated by these systems are unknown. They were envis-

aged as model systems driven by slow addition of “energy”, or grains, with local energy

conservation in bulk and dissipation at the boundary. Due to an intriguing interplay between

drive and dissipation, the system evolves, apparently without fine-tuning of any parameters,

towards a nonequilibrium steady state characterized through avalanches at all scales, i.e.,

a scale-invariant critical state with power-law distributions concerning various observables.

Several sandpile models have been extensively studied in the past. Some of these models are

described below.

The BTW model. Bak, Tang, and Wisenfeld (BTW) introduced sandpiles as representative

models that illustrate "self-organized criticality" (SOC), which offers a general mechanism

for long-range correlations in natural systems, including 1/ f noise [45, 48]. The BTW model

is specifically defined on a two-dimensional square lattice. At each site (x, y) and at a time

t, there exists a height variable h(x, y, t) that represents the number of grains at that site.
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When h(x, y, t) ≥ hc = 2d (where d = 2 for two dimensions), an excess of 2d grains topples,

distributing one grain to each of the neighbouring sites in two dimension as follows:

h(x, y, t + 1) = h(x, y, t)− 4,

h(x ± 1, y, t + 1) = h(x ± 1, y, t) + 1,

h(x, y ± 1, t + 1) = h(x, y ± 1, t) + 1. (1.59)

The model updates all sites simultaneously and dissipation is considered through the bound-

aries, where h(x, y, t) = 0 is maintained for all time t at the edges. In particular, the total

number of grains remains conserved within the bulk, since grains are only dissipated at the

boundary.

The Manna model. Another stochastic variant of the sandpile called the Manna model [62]

can be defined similarly. In contrast to BTW, here the threshold height hc does not depend on

the dimension of the model, it is simply hc = 2 for all dimensions. Upon toppling, it vacates

the toppled site with unit rate by distributing each particle of the toppled site independently

with probability 1/2d to the nearest neighbours. In the original definition of this model, all

sites are updated parallelly and dissipation is considered through the boundaries, where

h(x, y, t) = 0 is maintained for all time t at the edges. In this thesis, we particularly study the

conserved or fixed energy variant of this model, introduced by Dickman et al. [63].

The Oslo ricepile model. Motivated by the Oslo ricepile experiment, discussed in Sec. 1.5.1,

where the phenomenon of self-organized criticality was observed, Christensen et al. introduced

a theoretical model [64] called the Oslo model. The main objective of this model was to repro-

duce the scaling laws observed in the actual experiment. In the Oslo model, a 1-dimensional

lattice contains ni elongated particles at each site i. These particles topple deterministically

to 2 nearest neighbours at a unit rate [65]. The critical height nc associated with each site is

determined stochastically and can be either 2 or 3, with equal probability. Whenever a site’s

particle count ni exceeds or equals the critical height nc, the site becomes unstable, leading

to two particles moving deterministically to their nearest neighbours in opposite directions.

Following the toppling of an active site, the critical height of that site is reset stochastically.

Model of activated random walkers. Motivated by the Manna sandpile model, a random walk

version of a stochastic sandpile has also been proposed, known as activated random walk

(ARW) [66]. In the 1-dimensional lattice, a site i can contain ni particles, where ni ≥ 0. The

particles can be in either an active or a sleepy state. The active particles hop randomly to

the nearest neighbours with a unit rate. Upon coming in contact with an active particle, a

sleeping particle becomes active. An active particle becomes inactive or sleepy at a rate λ.

Depending on the sleeping rate and global density ρ, the system can be in an active state for

ρ ≥ ρc or in a sleeping state for ρ < ρc with no active particles present, where ρc is a function

of λ. The calculation of the steady-state measure is the main motivation for studying this
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simplified model [66] of stochastic sandpiles. In particular, it has been possible to calculate

ρc exactly in the completely asymmetric version of this model [67].

Fixed energy or conserved version of sandpile models. To gain a more detailed understanding

of self-organized criticality using the tools available for known equilibrium critical phenom-

ena, sandpile models with periodic boundary conditions have been proposed, known as

conserved or "fixed energy" sandpiles [68]. In these variants, there is no dissipation of en-

ergy, and the total number of grains (or total energy) remains conserved. This conservation

property allows the system to reach a critical state by tuning the global density. In this sce-

nario, when the mass density exceeds a certain threshold, the system achieves a stable state

with continuous activity, known as the active phase [69]. On the other hand, when the global

density of conserved quantity, is small, the system tends to relax and settle into a frozen

configuration, indicating the absorbing phase. These nonequilibrium phase transitions are

known as active absorbing phase transitions [70].

However, whether the critical state of such a system is equivalent to the SOC version of

the same model is still a subject of debate. For example, in the case of the BTW model,

the critical density below which activity goes to zero globally for the fixed energy model is

different from its SOC version, as studied by Fey et al. [71]. On the other hand, for stochastic

systems such as the Manna sandpile and the Oslo ricepile model, it is assumed that both

types of criticality are the same, as observed in studies by Dickman et al. and Grassberger et

al. [65, 72].

In this thesis, our main focus is the study of the dynamic correlations of current and mass,

particularly in the fixed energy version of stochastic sandpile models, where the criticality of

the fixed energy version and self-organized criticality (SOC) version are believed to be the

same.

Numerous studies of sandpiles have been performed, and significant progress has been

made in characterizing the static and dynamic properties of both critical and off-critical

states of the systems. However, apart from some exact [73–76] and mathematically rigorous

[71, 77, 78] results, the majority of the studies have been carried out using simulations [63, 68,

79] and phenomenological field-theoretical descriptions [80–82]. This is primarily due to the

fact that the steady-state measure of a driven interacting-particle system such as sandpiles

is in most cases a-priori unknown and, as a result, analytic calculations, beginning with a

microscopic dynamical description, prove to be quite challenging [81, 83, 84].

Perhaps not surprisingly, despite the fact that an explanation of 1/ f noise was the main

motivation for BTW’s introduction of sandpile models, a good theoretical understanding

of their time-dependent properties, particularly the exact hydrodynamics and the related

transport coefficients governing the large-scale relaxations, remains lacking [72, 85–88].
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1.5.3 Do sandpiles actually possess 1/ f power spectra?

Historically, the time-dependent properties of sandpiles have been studied in terms of power

spectra of dynamical activity, such as instantaneous toppling events in systems [89, 90]. Stud-

ies in the original slowly driven version of BTW sandpile reported the 1/ f ψ power law be-

haviour of the power spectrum for the activity, with the exponent ψ < 2 [45], although their

claim was refuted as several simulation studies later found the exponent ψ = 2 [89, 91]. Sub-

sequently, a more careful scaling analysis of simulation data, however, revealed non-trivial

power spectra with the exponent ψ < 2 [90]. They also provided a clear argument, when one

can expect ψ < 2 in the time series analysis of V(t) or local toppling events at a time t. An

avalanche is defined as a connected sequence of non-zero values of V(t). If the average size

(i.e. the total number of topplings) of such avalanches of duration T scales as s(T) ∼ Tγst and

the dynamics is self-similar, then the average shape of the avalanche V(T, t) T should follow

V(T, t) = Tγst−1 fshape(t/T), where fshape is a scaling function [90]. Considering the correla-

tion function C(θ, s) =
∫

dtV(t, s)V(t + θ, s) of avalanches of a given size s, averaged over all

such avalanches, one can define the power spectrum by simply taking the Fourier transform

of this quantity as P( f , s) =
∫ ∞

0 dθC(θ, s) cos f θ ≃ s2gP( f γst s), where gP(x) is another scaling

function. Finally, P( f ) =
∫

dsD(s)P( f , s) = f−γst(3−τ)
∫ s∗ f γst

x2−τgP(x)dx, where D(s) ∼ s−τ

is the size distribution of the avalanche and s∗ is the upper cut-off of the avalanche size. By

demanding the convergence of P( f ), ψ = γst(3 − τ) can finally be obtained. Now, as can be

seen, ψ is crucially dependent on the expression of the scaling function gP(x). Kertesz and

Kiss [89] obtained ψ = 2 assuming gP(x) ∝ 1/(1 + x2/γst). Jensen et al. also yield ψ = 2 [91]

by assuming gp(x) ∝ (1 − cos x1/γst)/x2/γst . Therefore, the resolution of this problem can

only be achieved through the derivation of the shape function fshape of the avalanche pulses,

which remains pending to date. In Ref. [90], the authors obtained this function numerically

and found that the original BTW model in two dimensions and the Manna model in one,

two and three dimensions exhibit a power spectrum of the form f−ψ with ψ < 2.

1.5.4 Theoretical analysis of 1/ f spectra in sandpiles

On the theoretical front, a dynamic renormalization group analysis of phenomenological

field-theoretical equations describing a “running” sandpile (driven with a finite grain addi-

tion rate) allowed an analytical calculation of exponents ψ[92], involving activity and output

current, where 1/ f type noise was observed, with ψ = −1; quite interestingly, temporal

correlations in the long-time regime were found to be anti-correlated, with ψ = −1 < 0. In

Ref.[92] Hwa and Kardar claimed that 1/f noise could appear in the system if individual

avalanches created at different space points are allowed to overlap and develop nontrivial

23



correlations in the process. This scenario is only possible if the system is driven at a fixed rate,

rather than the slow driving limit proposed in SOC theory. They considered one-dimensional

critical slope-type sandpiles (toppling condition depends on slope threshold value), where

grains are added at a site i with a probability p = Jin/L that changes the local height h(i, t)

by 1 as h(i, t + 1) = h(i, t) + 1, with Jin as average deposition rate and system size L [87,

92]. Local topplings occur only when the local slope h(i, t)− h(i + 1, t) > ∆ crosses a certain

threshold value ∆, which triggers a transfer of mass n f from site i to i + 1 as

h(i, t + 1) = h(i, t)− n f ,

h(i + 1, t + 1) = h(i + 1, t) + n f ; (1.60)

in simulation n f = 2 and ∆ = 8. The left boundary is closed, that is, h(0, t) = h(1, t) and

the right boundary dissipates grains, that is, h(L + 1, t) = 0. Two quantities studied are the

power spectrum SJ( f ) ∼ JψJ of the instantaneous current or the outflux at the boundary site

J(t) and SE( f ) ∼ f−ψE , the power spectrum of the total number of topplings E(t) that occur

in time t. They proposed a continuum drift-diffusion equation for the height variable h(x⃗, t)

based on symmetries and conserved quantities of the system as

∂h(x⃗, t)
∂t

= D∥∂2
∥h + D⊥∂2

⊥h − λ

2
∂∥(h

2) + η(x⃗, t), (1.61)

where x⃗ ⊥ and x⃗ ∥ are defined using the transport direction vector n̂ as x⃗ ∥= (x⃗ · n̂)n̂ and

x⃗ ⊥= x⃗ − x⃗∥. Noise η in d dimensions defined as〈
η(x⃗, t)η(x⃗′, t′)

〉
= 2Γδd(x⃗ − x⃗′)δ(t − t′), (1.62)

and physically indicates the random addition of grains. Although it is not clear whether

quadratic terms in h should be allowed or not, as they can break the translation symmetry

in h, it has been shown that it is possible to generate such terms in the hydrodynamic

equation using symmetry arguments [93]. The dynamic renormalization group analysis of

Eq. (1.61) shows that by suitably rescaling length and time variables as x∥ → bx∥, x⃗⊥ →
bζ x⃗⊥, and t → bzt, the variable h scales as h → bχh. This rescaling provides us with the

critical exponents χ, ζ, and z. Furthermore, using the dimensional arguments, one can obtain

the dynamical correlation of current and energy as CJ(t) = ⟨J(t)J(0)⟩ − ⟨J(t)⟩ ⟨J(0)⟩ ∼
t[4χ+(d−1)ζ]/z and CE(t) = ⟨E(t)E(0)⟩− ⟨E(t)⟩ ⟨J(0)⟩ ∼ t[4χ+(d−1)ζ+1]/z and the corresponding

power spectra SJ( f ) ∼ f−ψJ with ψJ = 1/z and SE( f ) ∼ f−ψE with ψE = 2/z. In two

dimensions, with the dynamical exponent z = 6/5, one finally obtains the numerical values

of ψJ and ψE as ≈ 0.83 and ≈ 1.67 respectively, demonstrating the 1/ f noise spectrum.

Despite a successful theoretical derivation of 1/ f noise (up to the validity of field-theoretic arguments),
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their framework cannot capture the dynamical instabilities, i.e., the intermittent bursts of activity,

which are the signature of sandpiles.

Hwa and Kardar’s result could well be the earliest signature of “dynamic hyperuniformity”

in sandpiles. Recently, this particular aspect of dynamic hyperuniformity, i.e., hyperunifor-

mity in the temporal domain, was also analysed in a variant of the slowly-driven sandpiles,

called the Oslo ricepile [94]. Similar low-frequency behaviour of the activity power spectrum

with ψ = −1 (i.e., anti-correlated) was observed in Ref. [95] for a directed deterministic

sandpile on a ladder with a finite driving rate; in the slow-driving limit though, Maslov et

al. [96] previously showed the model to exhibit 1/ f ψ power spectrum, with ψ = 1, for the

total mass fluctuation. In a slightly different study [97] of a driven sandpile, albeit on a pe-

riodic domain, the power-spectrum of activity had been found to be 1/ f ψ with ψ = 1. In a

conserved deterministic lattice gas in two dimensions [98], subsystem mass fluctuation was

found to exhibit the power spectrum SM( f ) ∼ f−ψM , where ψ = 1.5 away from criticality

and ψ ≈ 1.8 near criticality.

1.5.5 Singularity in hydrodynamic transport equations

Actually, in a variant of the two-state sandpile model, Carlson et al. [99–101] first argued

that the hydrodynamics of the sandpile models should be governed by a nonlinear diffusion

equation with a singular bulk diffusion coefficient. Their argument can be summarized in a

simple two-state one-dimensional lattice model on periodic boundary conditions, where a

site can either be vacant or contain just a single particle. The dynamics is governed by the

hopping of particles with unit rate to the nearest vacant sites (unlike SSEP, these do not

necessarily have to be the nearest neighbours). This dynamics satisfies the detailed balance

condition with w.r.t. the Bernoulli product measure where a site can be either occupied with

probability ρ or vacant with probability 1 − ρ, with ρ being the conserved global density,

ρ = N/L. The local microscopic current across a bond (i, i + 1) can then simply be written in

terms of a r point correlation function [87], Ar(i) = ⟨∏r
r′=1 ηi+r′−r⟩ (which is the probability

of having consecutive r numbers of sites to be occupied to the left of site i) as

J(i, i + 1) = ∑
r
[Ar(i)−Ar(i + r)] , (1.63)

which satisfy the following local continuity equation,

∂ ⟨ηi⟩
∂t

= J(i − 1, i)− J(i, i + 1). (1.64)
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In the hydrodynamic limit, i → x = i/L and t → τ = t/L2, the above continuity equation

takes the form of a nonlinear diffusion equation [87], given by

∂ρ

∂τ
=

∂

∂x

[
D(ρ)

∂ρ

∂x

]
, (1.65)

where bulk-diffusivity has the singular form D(ρ) = 1+ρ
(1−ρ)3 . This result can suitably be

generalized to open boundaries as well. Though it is nice to derive the transport coefficients

from microscopic dynamics, it is very difficult to obtain them for interacting particle systems,

which violate detailed balance and consequently the time-reversal symmetry. Particularly in

the case of sandpile models, where in most of the time, the stationary steady-state measure

is a-priori unknown.

All the sandpile models, such as the deterministic BTW model and the stochastic Manna

sandpile, Oslo ricepile, and ARW model described in Sec.1.5.2, are examples of interacting

particle systems. Recently, a new hydrodynamic theory has been proposed in Ref.[38, 102],

based on local equilibrium assumptions for the ’fixed energy’ stochastic sandpile models.

This theory allows us to identify the bulk diffusivity in these systems, which exhibits a sin-

gular behaviour near criticality. In a variant of Manna sandpile [63], it has been shown that

the hydrodynamic density evolution equation follows Eq.(1.65), where D(ρ) ∼ 1/(ρ− ρc)1−β,

with β defined by a(ρ) ∼ (ρ − ρc)β and β < 1. This relation tells us how the activity a(ρ)

or order parameter scales with density near the active absorbing phase transition. Here, ρc

is the critical density, and the activity goes to zero when the global density becomes less

than critical density, ρ < ρc, while the system stays in an active state with a(ρ) ̸= 0 when

ρ ≥ ρc. Moreover, using the biasing technique given by the Macroscopic fluctuation theory,

the mobility χ(ρ) has been identified as the activity a(ρ) itself. Ref.[38] has nicely verified the

equilibrium-like Einstein relation given in Eq.(1.51). In Ref.[102], this hydrodynamic theory

has been further developed to characterize the near-critical large-scale density relaxation in

conserved Manna sandpile and found that near criticality, the width of the density perturba-

tion grows anomalously with time as tω, where ω = 1/(β + 1).

1.5.6 Residence time distribution

The residence time of a tagged particle in a sandpile is an interesting time-dependent prop-

erty to study. Since the particle transports in the sandpiles are governed by active site top-

pling events, the dynamic properties of the sandpiles are expected to be related to the res-

idence time of a tagged particle inside the system. Residence time is measured as the time

interval between the insertion and exit of a tagged particle. Surprisingly, the residence-time

distribution is independent of the avalanche exponents, despite being influenced by local

26



toppling activities and capable of displaying power-law tails. However, these distributions

are not universal because they can vary depending on the particle addition details and top-

pling (or particle-transfer) rules within the systems. Dhar and Pradhan [103–105] extensively

studied this quantity and derived the distribution time analytically in the Oslo model.

In the Oslo ricepile experiment [61], the distribution of the residence time T of a tagged

particle P(T, L) was measured for the size of the system L. In the actual experiment, it was

observed that the distribution actually follows a power law of T−γ where γ ≈ 2.4 was

observed. The mean residence time was found to scale with the size of the system, L as

⟨T⟩ ∼ Lν with ν ≈ 1.5. Motivated by this experiment, Christensen et al. proposed the Oslo ri-

cepile model [64] and it was argued later in Ref.[106], that the power law distribution should

be dominated by those tagged particles that spend a long time in the system as they are

buried deep in the pile by the dynamics. Thus, it can be shown that the residence time is

related to the height fluctuation of the sandpile. In fact, it was found that the trapping time

is related to the height fluctuation, and the residence time Tres has an exponential cutoff

Tres ∼ exp
(
κL3) [105] and the mean residence time ⟨Tres⟩ ∼ L2. The cumulative distribu-

tion of residence time was found to be Prob.(T ≥ t) ∼ Lω/
[
t {ln(t/Lω)}δ

]
, where ω and

δ are model-dependent exponents that appeared as logarithmic corrections. Thus, it gives

P(T, L) ∼ T−2, that is, γ = 2, and the discrepancy with the observed value in simulation can

be accounted for by the neglected logarithmic corrections.

Due to the anisotropy, present in the sandpile models, one can write the space-dependent

diffusion equation for the probability distribution of a tagged particle as

∂P(x, t)
∂t

=
1
2
∇2 [Ds(x)P(x, t)] , (1.66)

where Ds(x) is the self diffusion coefficient and proportional to the average number of top-

pling at position x. The initial condition can be specified as P(x, t = 0) = r(x) where r(x) is

the addition rate at site x [107]. da Cunha et al. [84] also studied the self diffusion coefficient

in the context of stochastic sandpile model and found its scaling property same as activity

near the criticality. But, as we shall see later, this quantity can be calculated exactly from the

simple argument of random walkers and can be obtained exactly in the steady state as the

activity divided by the global density [108].

1.5.7 Hyperuniformity

Another fascinating aspect of sandpiles that has only recently been discovered is that the

critical state of the sandpiles can be hyperuniform [65, 109, 110], meaning that the static fluc-

tuations of subsystem mass scale with subsystem size in an anomalously slow manner [111,
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112]. For a system in d dimensions, one can characterize particle number (Ml) fluctuations

in a region of volume v = ld by

σ2(ρ) =
σ2(Ml)

ld =

〈
M2

l

〉
− ⟨Ml⟩2

ld ∝ l−λ. (1.67)

The exponent λ can vary between 0 and 1. A value of λ = 0 corresponds to a completely

random state of the system, such as σ2(Ml) ∼ ld following the central limit theorem. On

the other hand, a value of λ = 1 corresponds to σ2(Ml) ∼ ld−1, representing fluctuations of

particle numbers in a subvolume of a completely crystalline state of matter. Any value of λ

that meets 0 < λ < 1 denotes hyperuniform fluctuations of particle number or hyperunifor-

mity. As discussed in Ref. [111], hyperuniform states typically exhibit long-range negative

spatial correlations of density, which has also been reported for stochastic sandpile models

near criticality [65, 109, 110]. This is contrary to what is known in equilibrium critical states,

where one would usually expect positive long-range and divergent fluctuations.

However, we currently have limited knowledge of hyperuniform states of matter, and one

can only speculate as to how such a state emerges dynamically in the first place [113]. In fact,

except for a few exact results concerning static properties of the hyperuniform state [114,

115], there has been little theoretical progress in this direction, and a systematic approach

to identifying the precise microscopic dynamical origin of anomalous fluctuations remains

elusive. In this scenario, a closer examination of the underlying dynamical mechanism that

results in such a state is desirable.

In this thesis, we address the above issues in the context of conserved stochastic sandpiles

and specifically focus on a continuous-time variant of the celebrated Manna sandpile [62,

63], activated random walk (ARW) [66], Oslo ricepile model [65] that has drawn a lot of

attention in the past. Moreover, our results concerning the dynamical observables have also

been presented for a single particle transfer Manna model, which happens to satisfy the

detailed balance condition. Stochastic sandpiles are a paradigm for systems, exhibiting a

nonequilibrium absorbing phase transition from a dynamically active state to an absorbing

one having no activities, upon tuning the global density. As we have already mentioned,

through several simulation studies in the recent past, it is known that the critical state of the

stochastic sandpiles is indeed hyperuniform [65, 109]. In addition, in recent studies, it has

been shown that the (near-)critical state of stochastic sandpiles, particularly in the Manna

model, is characterized by singular transport coefficients such as bulk diffusivity, leading to

anomalous relaxation and particle transport in the system [38, 102].

As a next step, one may ask the long-standing question ’how could one calculate the dynamic

correlations in sandpile models using this framework?’ In this thesis, we have tried to answer

this question and have obtained some beautiful results, which only highlight the richness of
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sandpile models. In the next section, we will give a brief review of the results obtained in

this thesis.

1.6 plan of the thesis

In this thesis, we study four variants of stochastic sandpile models, namely, the conserved

version of the Manna sandpile with two-particle transfer (Chapter 2) and one-particle transfer

(Chapter 3), the model of activated random walkers (ARW, Chapter 4), and the Oslo ricepile

model (Chapter 5), in one dimension with periodic boundary conditions. The main observ-

ables of interest in our study are the current in the system and the mass. While the total

mass is conserved due to the periodic boundary conditions of the system, the mass of a

subsystem is a fluctuating quantity. This fluctuation of mass in the subsystem is governed

by a microscopic continuity equation, which relates the fluctuation of mass to the current.

We present the proof of an equilibrium-like Einstein relation that quantitatively connects

these two fluctuation relations. This relation allows us to write the fluctuation properties of

the subsystem mass, which is a static quantity, to the fluctuation properties of the current,

which is a dynamic quantity.

To obtain this result, we have developed a theoretical framework to calculate the dynamic

correlations of both mass and current. Using these correlation functions, we computed the

fluctuation properties of the spacetime-integrated current and demonstrated the subtlety of

its convergence in the infinite volume limit.

By carefully taking the proper limit, we prove that the intensive spacetime-integrated cur-

rent fluctuation is indeed identical to the macroscopic transport coefficient known as mobility.

This mobility relates an external bias to the corresponding drift current in the system. In a

sense, we have established a Green-Kubo-like relation in nonequilibrium steady states.

The chapter-wise main results are as follows.

(1) Chapter 2

We theoretically investigate the time-dependent correlations for current and mass in the

(quasi-)steady state of the one-dimensional conserved Manna sandpile. We begin with

a microscopic dynamical description of the model and then introduce a new, albeit ap-

proximate, closure scheme that allows us to analytically calculate the time-dependent

correlation functions for current and mass, as well as the corresponding power spec-

tra. We establish a direct quantitative relationship between various static and dynamic

fluctuation properties in terms of the density-dependent activity - the system’s "order

parameter", and its derivative.

In sec.2.2.2, we present our calculation method, where we introduce an approximate

truncation scheme, helping us to calculate the dynamic correlations. Then in sec.2.2.3,
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we study the dynamic properties of bond current fluctuations. We show that, in the

thermodynamic limit, with system size L → ∞ and density ρ̄ fixed, the variance of the

local (bond) current Q(T) up to time T grows subdiffusively with time. That is, we have〈
Q2(T)

〉
∼ Tα, where, away from criticality (in the time regime T ≪ L2), the exponent

α = 1/2, and near criticality (in the regime T ≪ Lz), the current fluctuation is further

suppressed with the exponent α = 1/2 − µ, where µ = (β + 1)/2ν⊥z > 0, and β, ν⊥,

and z are the activity, correlation-length, and dynamic exponents, respectively. Thus, the

anomalous suppression of the current fluctuation near criticality serves as the dynamic

precursor to the hyperuniform state formed at the critical point.

In sec.2.2.4.1, we calculated the corresponding power spectrum. We then proceed to cal-

culate the variance of the cumulative subsystem (i.e., space-time integrated) current and

elucidate its relationship with the particle mobility in sec.2.2.4.3. We find that the time-

dependent (two-point) correlation function for the instantaneous current is long-ranged

(power-law) and negative, resulting in the low-frequency behavior of the corresponding

power spectrum SJ ( f ) ∼ f ψJ , which vanishes at low frequency, where ψJ = 1/2 away

from criticality (strictly speaking, in the time regime 1/L2 ≪ f ≪ 1 for finite L) and

ψJ = 1/2 + µ near criticality (in the time regime 1/Lz ≪ f ≪ 1).

In sec. 2.2.6, we show that the power spectrum SM( f ) for subsystem-mass fluctuation, on

the other hand, diverges SM( f ) ∼ f−ψM at low frequency, where ψM = 3/2 away from

criticality (1/L2 ≪ f ≪ 1) and ψM = 3/2 − µ near criticality (1/Lz ≪ f ≪ 1). However,

these two exponents are not independent and are connected by a scaling relation ψM =

2 − ψJ .

We study the self-diffusion coefficient of tagged particles in sec. 2.2.5. We theoretically

show that the self-diffusion coefficient Ds(ρ̄) is identically equal to the ratio, a(ρ̄)/ρ̄, of

the activity to the global number density of the system, i.e., Ds(ρ̄) = a(ρ̄)/ρ̄, a fluc-

tuation relation that connects the (scaled) fluctuation of the displacement of the tagged

particles to the density-dependent activity. This relation immediately explains a previous

simulation observation of Ref. [84] that, upon approaching criticality, the self-diffusion

coefficient in the conserved Manna sandpile vanishes in the same fashion as the activity.

Furthermore, we derive the equilibrium-like fluctuation relation, also known as the Ein-

stein relation, which connects the scaled fluctuation of the subsystem mass, denoted as

σ2(ρ̄) = ⟨M2
l ⟩ − ⟨Ml⟩2 (where Ml represents the mass in a subsystem of size l), with the

scaled fluctuation of the subsystem current. This relation involves the density-dependent

bulk diffusion coefficient D(ρ̄) and is expressed as σ2(ρ̄) = σ2
Q(ρ̄)/2D(ρ̄).

Finally, in Sec. 2.2.7, we studied the driven hydrodynamics of the Manna sandpile, which

was earlier developed in [38]. We showed that the intensive spacetime-integrated current

30



fluctuation is indeed exactly equal to the mobility, which serves as the proportionality

constant between the external drive and the drift current.

(2) Chapter 3

In this chapter, we focus on investigating the time-dependent correlations for current

and mass in the steady state of the Manna sandpile with a one-particle transfer rule.

The microscopic configurations of this model satisfy the detailed balance condition in

the active state of the system. As a result, we found that the fluctuation properties of

this system remain the same both near- and far-from-criticality. Consequently, dynamic

hyperuniformity does not emerge near criticality in this model. In sec.3.3.2, we show that〈
Q2(T)

〉
follows a power law with an exponent of 1/2. Next, in sec. 3.3.3, we demonstrate

that the current power spectrum SJ ( f ) at a low frequency decays as f ψJ , with ψJ = 1/2

as f approaches the zero frequency.

We compute the variance of the cumulative subsystem current at sec. 3.3.4, which corre-

sponds to the integration of current over space and time, and examine its connection with

particle mobility in sec. 3.4 by studying the driven hydrodynamic of this model. Then,

we analyze the power spectrum of the subsystem mass fluctuation in Section 3.3.6. SM( f )

exhibits a divergence at low frequencies, following a power law f−ψM , where ψM = 3/2.

ψM and ψJ are related by equation ψM = 2 − ψJ , as in the previous model. The values

of the exponents are the same near-criticality as they are away from criticality.

In section 3.3.5, we studied the mean square displacements of tagged particles in the

steady state, which provide insight into the self-diffusion coefficient of individual parti-

cles. We confirm that the self-diffusion coefficient, denoted Ds(ρ̄), is equal to the ratio of

activity to the global number density of the system, specifically Ds(ρ̄) = a(ρ̄)/2ρ̄.

(3) Chapter 4

In Sec. 4.2.1, we explore the hydrodynamic equation of density relaxation in the ARW

model, which captures the large-scale relaxation properties of this model. We also iden-

tify the operator-level expression for the microscopic diffusive current. Importantly, the

detailed balance is broken in this model, both in the active and in the absorbing states. In

the subsequent section, Sec. 4.2.2.2, we derive the expression of
〈
Q2(T)

〉
, which exhibits

a growth behaviour of Tα, where α = 1/2 away from criticality and α ≈ 1.4 near critical-

ity. The near-critical exponent has been obtained from simulations. The decrease in the

growth exponent α indicates the emergence of dynamic hyperuniformity near criticality.

In Sec. 4.2.3 and 4.2.6, we conducted a study of the power spectra SJ ( f ) and SM( f ),

respectively. For the current power spectrum, we found that the corresponding exponent

is ψJ = 1/2 + µ, where we derived µ = 0 away from criticality and obtained µ ≈ 0.1

near criticality from simulation. Furthermore, we observed that ψM satisfies the relation
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ψM = 2 − ψJ . Similarly to our investigation in previous models, we also studied the

space-time integrated current in Sec. 4.2.4 and described its relationship with mobility

using the driven hydrodynamics formalism in Sec. 4.3.

In Sec. 4.2.5, we proved that the self-diffusivity of the activated random walker model

(ARW) is given by the ratio of the active particle density to the global density of the sys-

tem. The expression for self-diffusivity is Ds(ρ̄) = u(ρ̄)/2(1+ λ)ρ̄, where u(ρ̄) represents

the global active particle density. Compared to the previous two models, the definition

of Ds(ρ̄) in the ARW model includes the active particle density instead of the active

site density. This difference results in a distinct hydrodynamic structure of the model

compared to the model in Chap. 2, although the gradient property is still present in the

microscopic equation.

(4) Chapter 5

In this chapter, we study the Oslo model and the fundamental structure of fluctuations

of the Oslo model is very different from those we studied in the earlier chapters, is

the addition of centre of mass conservation by the microscopic dynamics along with

the density conservation in this model. The introduction of two conserved quantities

generates maximal dynamic hyperuniformity.

In Sec. 5.2.1, we analyze the fluctuation of the time-integrated current, finding it to follow

a power law behaviour as
〈
Q2(T)

〉
∼ Tα. Near criticality, from simulations, we determine

α ≈ 1/3. Conversely, away from criticality, we observe a nice power-law decay when

plotting the relative current fluctuation limT→∞
〈
Q2(T)

〉
−
〈
Q2(T)

〉
as a function of time,

which decays as T−1/2 in line with the theoretical derivation. Both near and away from

criticality, after the initial growth of dynamic current fluctuation, it eventually saturates

at a value dependent on the global density. Remarkably, away from criticality, this satu-

ration value is approached much faster than near criticality, suggesting that away from

criticality, current fluctuations exhibit more hyperuniformity compared to near-critical

fluctuations.

In Sec. 5.2.2.2 and 5.2.4, we investigate the current and mass power spectra. From both

theoretical analysis and simulations, we find ψJ = 3/2 and ψM = 1/2. However, near

criticality, the simulations suggest different values of 2/3 and 4/3 for ψJ and ψM, respec-

tively. These results indicate a considerably more suppression of fluctuations away from

criticality than near criticality, with fluctuations being more strongly suppressed away

from criticality.

In Sec. 5.2.3, we present the calculation of the tagged particle diffusion coefficient, de-

noted as Ds = a(ρ̄)/ρ̄, which interestingly turns out to be the same as the one we found

in the Manna model with a two-particle transfer rule. This result holds true both far
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and near criticality of the system. The presence of similar diffusive motion for a tagged

particle is an intriguing feature that we discovered in the Oslo model, as well as in the

three earlier models.

33



2
T H E M A N N A S A N D P I L E W I T H T W O PA RT I C L E T R A N S F E R R U L E

2.1 introduction

The stochastic two-state sandpile model was introduced by S. Manna in [62]. The original

model was studied on a two-dimensional square lattice with open boundary conditions,

where each site can only be occupied with either 0 or 1 particle, and the threshold height

is set to zc = 2. The system is updated in parallel by toppling the sites that have a particle

number greater than or equal to zc, with the toppled particles randomly distributed to the

nearest neighbours. In this model, the cluster size (s) probability distribution D(s, L) and

the probability distribution of avalanche time t, D(t, L) follow power law and satisfy the

following the scaling relation(s) for a system of size L as

D (s, L) = Lβs f1

( s
Lνs

)
, (2.1)

D (t, L) = Lβt f2

(
t

Lνt

)
, (2.2)

where the expected behaviour of the scaling functions f1 and f2 are given by f1(x) ∼ x−τ+1

and f2(x) ∼ x−y+1 for 0 ≪ x ≪ 1. τ and y are the cluster size exponent and the avalanche

lifetime exponent, and are related to the exponents βs, βt and νs, νt as τ = (βs + νs)/νs,

y = (βt + νt)/νt. Critical exponents were found to be βs ≈ 0.82, νs ≈ 2.75 and βt ≈ 0.78,

νt ≈ 1.55 [62].

In this chapter, we study a specific variant of the Manna sandpile model, introduced by

Dickman et al., on a one-dimensional periodic boundary condition. We refer to this model as

the one-dimensional fixed-energy stochastic sandpile. They studied the model with continuous-

time dynamics with the same threshold height zc as in the original model. Each active site

updated with unit rate where exactly two particles leave the site and distributed among

two nearest neighbours randomly. The fixed energy model was particularly introduced to

characterize the active-absorbing phase transition in the sandpile model with global density

as the tuning parameter. Above a critical density, ρc ≈ 0.94885 the system stays in an active
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state with a finite amount of active site density for an infinitely long time. On the contrary,

below the critical density the system is in the absorbing state with activity or active site

density as zero. Near the critical density, the activity (a(ρ)) follows a power law [63],

a(∆) = L−β/ν⊥R(∆L1/ν⊥), (2.3)

where ∆ = ρ− ρc is the relative density from criticality and the critical exponents were found

to be β ≈ 0.42, ν⊥ ≈ 1.81. The autocorrelation function C(t) of activity increases with system

size near criticality as Lz, where z is the dynamical exponent of value z ≈ 1.61.

In particular, an important time-dependent property, the diffusion of a tagged particle, has

been studied in this model by da Cunha et al. [84], where the self-diffusion coefficient, Ds,

was reported proportional to activity near criticality in the steady state, which we calculated

exactly in sec.2.2.5 and obtained the relation among self-diffusivity, activity and density as

Ds = a(ρ̄)/ρ̄, where ρ̄ is the global-conserved density.

Recently, a hydrodynamic theory of density relaxation in the fixed energy model was

developed [38, 102], where the bulk diffusivity D(ρ̄) has been identified as D(ρ̄) ∼ ∆β−1

which is singular as ρ̄ approaches the critical density ρc and the mobility χ was found to be

equal to the activity itself. In this chapter, we further develop the fluctuating hydrodynamics

of this theory and calculate the dynamical properties of current and mass fluctuations, which

have been shown to be related via an equilibrium-like Einstein relation in sec.A.2.5.

2.2 dynamic correlations in the steady state

2.2.1 Model and definitions

We consider the continuous-time variant [63] of the conserved (“fixed energy”) Manna sand-

pile [62] on a ring of L sites. Any site i, with i = 0, 1, . . ., L − 1, can have mi ≥ 0 number of

particles, with mi = 0, 1, . . ., N; the total number of particles

N =
L−1

∑
i=0

mi, (2.4)

remains conserved; in this paper we throughout denote the global density as ρ̄ = N/L. The

dynamical rules are as following: An active site - a site with mi > 1 - topples with rate 1

by randomly, and independently, transferring each of the two particles to one of its nearest

neighbours.

The sytem violates detailed balance and eventually reaches a nonequilibrium (quasi-)steady

state, which is not described by the familiar equilibrium Boltzmann-Gibbs distribution and

whose probability measure is apriori unknown. The steady state of the system is usually
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charactarized through a global order parameter, called the activity a(ρ̄), defined as the den-

sity of active sites,

a(ρ̄) =
⟨Na⟩

L
, (2.5)

where Na is the total number of active sites in the system and ⟨.⟩ denotes the steady-state

average. Interestingly the system has a nontrivial spatio-temporal structure and, upon tun-

ing the global density ρ̄, undergoes an absorbing phase transition. That is, above a critical

density ρc, there are dynamical activities in the system, but, below the critical density, the

dynamical activities in the steady state cease and consequently there are no movements of

particles in the system. The absorbing phase transition in the conserved Manna sandpile has

been intesively studied in the past and can be charactarized by the following critical expo-

nents - the order-parameter exponent β, the correlation-length exponent ν⊥ and the dynamic

exponent z: Up on approaching criticality from above, we have the following scaling behav-

ior of activity a(∆) ∼ ∆β, correlation length ξ ∼ ∆−ν⊥ , and the relaxation time τr ∼ Lz where

relative density ∆ = ρ̄ − ρc > 0 and we use the critical density ρc ≈ 0.94885, as estimated in

Ref. [63], throughout our paper.

One can write update rules in an infinitesimal time-interval between time t and t + dt as

given below,

mi(t + dt) =



mi(t) + 1 1
2 âi+1 dt

mi(t) + 1 1
2 âi−1 dt

mi(t) + 2 1
4 âi+1 dt

mi(t) + 2 1
4 âi−1 dt

mi(t)− 2 âi dt

mi(t) [1 − Σ dt],

(2.6)

where Σ = (3/4)(âi+1 + âi−1) + âi; here âi is an indicator function with âi = 1 if the site is

active and âi = 0 otherwise. Using the above update rules eq.(2.6), we can write the time

evolution equation of the first moment of local mass as

d
dt

⟨mi(t)⟩ = [⟨âi−1(t)− 2âi(t) + âi+1(t)⟩] . (2.7)

Denoting the local density ρi(t) = ⟨mi(t)⟩, we can alternatively write the above equation as

d
dt

ρi(t) = ∑
k

∆i,kak(t) (2.8)
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where ∆i,k is the discrete Laplacian and ak(t) = ⟨âk⟩ (t) is the average instantaneous activity.

On the large spatio-temporal scales and by taking the diffusive scaling limit i → x = i/L and

t → τ = t/L2, we can write the hydrodynamic time-evolution equation for the local density

field ρ(x, τ) as in eq.(2.8) [38, 102],

∂ρ(x, τ)

∂τ
=

∂2a(ρ)
∂x2 ≡ ∂

∂x

(
D(ρ)

∂ρ

∂x

)
, (2.9)

where D(ρ) is the density-dependent bulk-diffusion coefficient. It has been previously demon-

strated in Ref. [38, 102], the bulk-diffusion coefficient can be written in terms of the derivative

of the activity a(ρ) wrt density ρ,

D(ρ) =
da(ρ)

dρ
≡ a′(ρ). (2.10)

Indeed the relaxation processes occuring on a large (coarse-grained) scale are primarily gov-

erned by the bulk-diffusion coefficient - the fact that we later use to introduce a trunca-

tion scheme [see eq.(2.26)] for analytically calculating various time-dependendent correla-

tion functions, which would not have been possible otherwise in a system with nontrivial

correlations as in sandpiles. Notably, one can recast the density evolution equation (2.8) in a

microscopic form of the continuity equation,

d
dt

ρi(t) = ⟨Ji(t)−Ji+1(t)⟩ , (2.11)

where the microscopic instantaneous current Ji(t) is defined as the number of particles

crossing a bond (i, i + 1) in an infinitesimal time interval (t, t + dt). It is useful to define a re-

lated observable - the cumulative, or time-integrated, bond current Qi(t) upto time t, which

is used to calculate various other correlation functions, such as that involving mass and ac-

tivity, and is easily measured in simulations. At the microscopic level, the time-integrated

current Qi(t) is defined as the total number of particles transferred accross ith bond, con-

necting the nearest-neighbour pair of sites (i, i + 1), during a time interval [0, t]. That is, the

time-integrated current accross the ith bond during an infinitesimal time interval [t, t + dt] is

simply Ji(t)dt with

Ji(t) = lim
∆t→0

(Qi(t + ∆t)−Qi(t))
∆t

≡ dQi(t)
dt

, (2.12)

and

Qi(T) =
∫ T

0
dtJi(t). (2.13)
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On the average level, we therefore have

⟨Ji(t)⟩ =
〈

dQi(t)
dt

〉
=

d ⟨Qi(t)⟩
dt

. (2.14)

We now decompose the instantaneous current into two parts - a diffusive component J (d)
i (t)

and a fluctuating component J ( f l)
i (t),

Ji(t) = J (d)
i (t) + J ( f l)

i (t), (2.15)

where, motivated by eq.(2.7), we identify the diffusive current as

J (d)
i (t) = âi(t)− âi+1(t). (2.16)

Indeed, as we see later, in that case only the diffusive-current component possesses long-

ranged temporal correlations, varying slowly in time as a power law, and the fluctuating

component on the other hand is simply a delta-correlated one, explaining the motivation

behind the above decomposition. Note that, due to the fact ⟨Ji⟩ =
〈
J (d)

i

〉
= ⟨âi⟩ − ⟨âi+1⟩,

we must have
〈
J ( f l)

i

〉
= 0. Indeed the fluctuating current component can be related to the

(conserve) noise term in an appropriately coarse-grained fluctuating hydrodynamic theory,

which can be then used to study the large-scale fluctuation properties of the system [9, 116].

In the following sections, we study the fluctuation properties of various compenents of

currents, instantaneous and the fluctuating one as decomposed in eq.2.16. Throughout the

paper, we use the following notation for correlation function CAB
r (t, t′) involving any two

local observables Ai(t) and Bj(t′) with t ≥ t′,

CAB
r=|i−j|(t, t′) =

〈
Ai(t)Bj(t′)

〉
− ⟨Ai(t)⟩

〈
Bj(t′)

〉
, (2.17)

where r = |j − i| is the relative distance. Further, we denote the spatial Fourier transform of

the correlation function CAB
r (t, t′) as

C̃AB
q (t, t′) =

L−1

∑
r=0

CAB
r (t, t′)eiqr, (2.18)

where q = 2πk/L and k = 0, 1, . . ., L − 1 and the inverse Fourier transform as

CAB
r (t, t′) =

1
L ∑

q
C̃AB

q (t, t′)e−iqr. (2.19)
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By introducing a truncation scheme as discussed below, we can theoretically compute the

statistics of different combinations of various local currents Ji, J (d)
i , J ( f l)

i as well as mass mi,

essentially in terms of the following two correlation functions -
〈
Qi(t)Qj(t′)

〉
and

〈
mi(t)Qj(t′)

〉
.

2.2.2 Theory

For the conserved Manna sandpile, we write the stochastic update equation of the integrated

current Qi(t) in an infinitesimal time (continuous) interval [t, t + dt],

Qi(t + dt) =



events probabilities

Qi(t) + 1 1
2 âi(t)dt

Qi(t) + 2 1
4 âi(t)dt

Qi(t)− 1 1
2 âi+1(t)dt

Qi(t)− 2 1
4 âi+1(t)dt

Qi(t) 1 − Σ dt

(2.20)

where Σ = (âi(t)− âi+1(t)). Using the above update rules, the time-evolution equation for

the first moment of the time-integrated current Qi(t) can be written as

d
dt

⟨Qi(t)⟩ = ⟨âi(t)⟩ − ⟨âi+1(t)⟩ . (2.21)

Similarly, using eq.(2.20), we find the time-evolution equation for the second moment

⟨Qi(t)Qi+r(t′)⟩ = CQQ
r (t, t′) of the integrated current at two different times t and t′, for

t > t′, as given below (see appendix A.3.1 for details),

d
dt

CQQ
r (t, t′) =

(
CâQ

r (t, t′)− CâQ
r−1(t, t′)

)
. (2.22)

The above equation, which is central to our study, is however difficult to solve exactly due to

an infinite hierarchy of correlation functions involved and so we employ below an approxi-

mation scheme.

We note that the evolution of space and time dependendent activity-current correlation

function CâQ
r (t, t′) appearing in eq.(2.22) contains higher-order correlation functions, involv-

ing activity, current and some other observables. The calculations of the higher-order correla-

tions would eventually result in a rapidly growing complexity in the hierarchy of correlation
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functions, which do not constitute a closed set of equations. More specifically, one can start

with the infinitesimal time update equation for âi itself,

âi(t + dt) =



events probabilities

âi(t) + 1 1
2 âi+1(t) p̂i(t)δmi ,1 dt

âi(t) + 1 1
2 âi−1(t) p̂i(t)δmi ,1 dt

âi(t) + 1 1
4 âi+1(t) p̂i(t)dt

âi(t) + 1 1
4 âi−1(t) p̂i(t)dt

âi(t)− 1 âi(t)(δmi ,2 + δmi ,3)dt

âi(t) 1 − Σ dt ,

(2.23)

where p̂i(t) = (1 − âi(t)) and Σ = ( p̂i(t)/2)(δmi ,1 + 1/2)[âi+1 + âi−1] + âi(δmi ,2 + δmi ,3). From

this update equation, for t > t′, we can write the evolution equation for CaQ
r (t, t′) as

d
dt

CaQ
r (t, t′) ≡ d

dt
〈

â0(t)Qr(t′)
〉

c =

〈{
d
dt

â0(t)
}
Qr(t′)

〉
c

, (2.24)

where the observable inside the curly bracket evolves according to the equation,

d
dt

â0(t) = −â0(t)(δm0,2 + δm0,3)+

[ p̂0(t)(â1(t) + âL−1(t))]
(

1
2

δm0,1 +
1
4

)
. (2.25)

Clearly, to solve for CaQ
r (t, t′), one needs to calculate the correlation functions ⟨δm0,2 â0(t)Qr(t′)⟩

and ⟨δm0,1 â0(t)â1(t)Qr(t′)⟩, which would in turn involve another set of even higher-order

correlation functions; of course, in this way, one generates an infinite hierarchy of equations,

which is difficult to handle.

We bypass the difficulty by employing the following approximation scheme, which in fact

truncates the otherwise infinite hierarchy. To this end, we approximate the local diffusive

current, which is the gradient of the instantaneous local activity and written as

J (d)
i (t) = [âi(t)− âi+1(t)] ≡ D(ρ̄)[mi(t)− mi+1(t)], (2.26)

where the bulk-diffusion coefficient is given by D(ρ̄) = a′(ρ̄) as in eq.(2.10) and can be treated

as a constant. Essentially, we have assumed in the above truncation scheme that fluctuations

around the global density ρ̄ are small and the local current (the gradient of activity) relaxes

diffusively via the gradient of local mass. As demonstrated later, this approximation captures
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relevant correlations quite well on the large (hydrodynamic) time scales. More specifically,

to compute correlations between any observable A(t) (e.g., current or mass) and the current

observable J (d)
i (t), we replace the diffusive-current observable J (d)

i (t) by its truncated form

as given in the rhs of eq(2.26), to obtain the following equality (approximate),

⟨A(t)J (d)
i (t′)⟩ ≃ a′(ρ̄)

〈
A(t){mi(t′)− mi+1(t′)}

〉
. (2.27)

Now we can proceed further by first rewriting eq.(2.22) as

d
dt

CQQ
r (t, t′) = a′(ρ̄)

(
CmQ

r (t, t′)− CmQ
r−1(t, t′)

)
, (2.28)

and then expressing the time-evolution equation for the mass-current correlations CmQ
r (t, t′) =

⟨mi(t)Qi+r(t′)⟩ − ⟨mi(t)⟩⟨Qi+r(t′)⟩ as

d
dt

CmQ
r (t, t′) ≃ a′(ρ̄)∑

k
∆r,kCmQ

k (t, t′), (2.29)

where have used eq.(2.26) in the intermediate steps (see appendix sec. A.3.2). It is worth

noting that, in eq.(2.26) or in eqs.(2.28) and (2.29), the activity appears simply as a global

density-dependent constant prefactor a(ρ̄) and thus we obtain a closed set of equations, in-

volving only mass and current correlations; equations (2.28) and (2.29) can be solved, albeit in

terms of the activity a(ρ̄), which however remains undetermined in our theory. Interestingly,

it was previously possible to exactly calculate the dynamic correlation functions in simple

exclusion processes [116] because, in that case, one already gets a closed set of equations

for mass and current correlations and, furthermore, because the steady-state measure is a

product one, allowing one to calculate various static (time-independent) quantities, which

enter into the expression of the current and mass fluctuations. Without an explicit knowl-

edge of the steady state measure [117], the Manna sandpile, on the other hand, is nontrivial

due to the nonzero spatial correlations present in the system, making explicit calculations of

the static quantities, such as the density-dependent activity, quite difficult. Nevertheless, as

shown below, by extending the formalism developed in the context of simple exclusion pro-

cesses [116], one can calculate various dynamic correlations in terms of activity and obtain

fluctuation relations, which precisely quantify the underlying relationship between dynamic

and static fluctuations in the system.

At this stage, it is useful to introduce the Fourier representation of the respective cor-

relation functions as given in eq.(2.18), and we can then write eqs.(2.28) and (2.29) in the

respective Fourier modes,

d
dt

C̃QQ
q (t, t′) = a′(ρ̄)C̃mQ

q (t, t′)
[
1 − eiq

]
, (2.30)
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and

d
dt

C̃mQ
q (t, t′) = −a′(ρ̄)λqC̃mQ

q (t, t′), (2.31)

where

λq = 2[1 − cos q]. (2.32)

Now, eqs.(2.30) and (2.31), can be integrated to have

C̃QQ
q (t, t′) =

t∫
t′

dt′′ a′(ρ̄)C̃mQ
q (t′′, t′)

[
1 − eiq

]
+C̃QQ

q (t′, t′), (2.33)

and

C̃mQ
q (t, t′) = e−a′(ρ̄)λq(t−t′)C̃mQ

q (t′, t′). (2.34)

respectively. However, to fully solve for the unequal-time correlation functions C̃QQ
q (t, t′)

and C̃mQ
q (t, t′), we need to calculate their respective equal-time counterparts as well. First we

obtain the evolution equation for the equal-time mass-current correlation function CmQ
r (t′, t′)

and, then writing CmQ
r (t′, t′) in the Fourier space (using eq.(A.40); see appendix A.3.4 for

details), we get

d
dt′

C̃mQ
q (t′, t′) = −a′(ρ̄)λqC̃mQ

q (t′, t′) + f̃q(t′), (2.35)

where the Fourier transform of the source term f̃q(t′) in the steady state is given by

f̃q = C̃mâ
q

(
1 − e−iq

)
− 2a(ρ̄)

(
1 − e−iq

)[
1 +

λq

4

]
. (2.36)

Now eq.(2.35) can be directly integrated to obtain

C̃mQ
q (t′, t′) =

t′∫
0

dt′′ e−a′(ρ̄)λq(t′−t′′) f̃q(t′′), (2.37)
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substituting which into eq.(2.34), we get the unequal-time mass-current correlation function

in terms of f̃q,

C̃mQ
q (t, t′) =

t′∫
0

dt′′ e−a′(ρ̄)λq(t−t′′) f̃q(t′′). (2.38)

To calculate the above correlation, we need to calculate the activity-mass correlation as

in eq.(2.36). Importantly, as shown below, we can calculate the static (time-independent)

activity-mass correlation function exactly in the steady state (see appendix A.3.5). Using the

steady-state condition dCmm
r (t, t)/dt = 0, we obtain

d
dt

Cmm
r (t, t) =∑

k
2 ⟨m0∆rk âk⟩c + Br = 0, (2.39)

where Br is the source term having the form,

Br(ρ̄) = 7a(ρ̄)δ0,r − 4a(ρ̄)(δ0,r+1 + δ0,r−1) +
a(ρ̄)

2
(δ0,r+2 + δ0,r−2). (2.40)

Equation (2.39) can be solved by employing a generating function,

G(z) =
∞

∑
r=0

Cmâ
r zr, (2.41)

for the equal-time mass-activity correlation; see appendix.(A.3.5). Here we directly provide

the solution of the generating function in terms of the static density-dependent activity,

G(z) =
3a(ρ̄)

2
− a(ρ̄)

4
z, (2.42)

implying the mass-activity static correlation to be

Cmâ
r =


3a(ρ̄)

2 for r = 0,

− a(ρ̄)
4 for |r| = 1,

0 otherwise,

(2.43)

which is in fact exact. Then, by writing Fourier transform of the above equation, we have

C̃mâ
q = a(ρ̄) +

a(ρ̄)
4

λq, (2.44)
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and substituting the above in eq.(2.36), we straightforwardly obtain

f̃q = −a(ρ̄)
(

1 − e−iq
)(

1 +
λq

4

)
. (2.45)

2.2.3 Time-integrated current fluctuation

In this section, we calculate the time-integrated bond-current fluctuation, by using the theory

developed in the previous section. To this end, we substitute eq.(2.45) into eq.(2.38) and get

an explicit solution the first term on the rhs of eq.(2.33). Similarly, we can calculate the second

term on the rhs of eq.(2.33) as given below,

CQQ
r (t, t) ≃

t∫
0

dt′ Γr(t′) +
1
L

t∫
0

dt′ a′(ρ̄)
L−1

∑
q=0

C̃mQ
q (t′, t′)

[
1 − eiq

](
2 − λqr

)
, (2.46)

where λqr = 2[1 − cos(qr)]; see appendix sec A.3.3 for details. Here the quantity Γr(t) is the

strength of the steady-state correlation function for the fluctuating current
〈
J ( f l)

0 (t)J ( f l)
r (t′)

〉
=

Γr(t)δ(t − t′) as derived later in eq.(2.62). Since we are interested only in the steady-state

properties, the strength Γr is replaced by its steady-state value,

Γr(ρ̄) = 3a(ρ̄)δ0,r −
a(ρ̄)

2
(δ0,r+1 + δ0,r−1), (2.47)

which depends on global density ρ̄, through the density-dependent activity a(ρ̄); for the de-

tail calculation of the strength Γr, see section 2.2.4.1. Now the Fourier transform of eq.(2.46)

leads to the second term of rhs of eq.(2.33). By using the inverse Fourier transform of

eq.(2.33), we finally obtain the desired space- and time-dependent current correlation func-

tion in the steady-state,

CQQ
r (t, t′) =t′Γr − a′(ρ̄)a(ρ̄)

1
L ∑

q

t′∫
0

dt′′
t′′∫

0

dt′′′ e−a′(ρ̄)λq(t′′−t′′′)λq

(
1 +

λq

4

)
(2 − λqr)

− a′(ρ̄)a(ρ̄)
1
L ∑

q

t∫
t′

dt′′
t′∫

0

dt′′′ e−a′(ρ̄)λq(t′′−t′′′)λq

(
1 +

λq

4

)
e−iqr. (2.48)

The asymptotic behavior of the above equation can be straightforwardly obtained as given

below (see appendix A.2.1 for details),

〈
Q2(T)

〉
≃


2a(ρ̄)√
πa′(ρ̄)

T
1
2 for 1 ≪ T ≪ L2,

2a(ρ̄)
L T for T ≫ L2.

(2.49)
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In simulation, we verify a special case of eq.(2.48) by putting r = 0 and t = t′ ≡ T, i.e.,

the time-integrated bond current fluctuation
〈
Q2(T)

〉
≡ CQQ

0 (T, T) (here average current

⟨Q(T)⟩ = 0 for the steady-state measurement). In fig.2.1, we plot
〈

Q2(T)
〉
, obtained from

simulation (plotted in solid lines), for various densities ρ̄ = 2.0 (red), ρ̄ = 1.5 (blue), ρ̄ = 1.2

(green), ρ̄ = 1.0 (purple), ρ̄ = 0.97 (orange) as a function of T. The arrow accross the solid

lines in the fig.2.1 signifies the increasing order of global density ρ̄.
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Figure 2.1: Scaled fluctuations of cumulative (time-integrated) bond-current up to time T, obtained
from simulations (solid lines), is plotted as a function of scaled time T/L2 for different
densities ρ̄ = 2.0 (red), ρ̄ = 1.5 (blue), ρ̄ = 1.2 (green), ρ̄ = 1.0 (purple), ρ̄ = 0.97 (or-
ange), and for system size L = 1000, where the arrow accross the solid lines denotes
the increasing order of ρ̄; theory as in eq.(2.48) with r = 0, t = t′ = T (black dashed
line) is in an excellent agreement with simulation for ρ̄ = 2.0. Three guiding dot-dashed
lines signify the initial-time subdiffusive growth

〈
Q2(T)

〉
∼ T1/2 [as in the first part

of eq.(2.49)] and the late-time diffusive growth
〈

Q2(T)
〉
∼ T [as in the second part of

eq.(2.49)] away from criticality, and the initial-time anomalously suppressed subdiffusive
growth

〈
Q2(T)

〉
∼ T1/2−µ [as in eq.(2.51)] near criticality.

Indeed the dynamical behaviors as predicted by the asymptotics in eq.(2.49) are different

in two different time regimes: On smaller initial time scales 1 ≪ T ≪ L2, the time-integrated

current grows sub-diffusively as T1/2 and, on larger (hydrodynamic) time scales T ≫ L2,

grows linearly as T. We compare the simulation result with that obtained from our theory

eq.(2.48) with r = 0 and t = t′ = T, for ρ̄ = 2.0 (black dashed line) and for system size

L = 1000; one can see an excellent agreement between simulation and theory.

As mentioned previously, our theory is expected to be valid at hydrodynamic times (T ≫
Lz) and the small-time (T ≪ Lz) behavior of current fluctuation, especially near criticality,

is not quite well captured by eq.2.48). However the small-time behavior near criticality can

still be obtained qualitatively by using the following standard scaling analysis. Indeed, first

resorting to a simple dimensional analysis, we can see that the activity scales as a(∆) ∼
∆β ∼ T−β/ν⊥z, where the relative density ∆ = ρ̄ − ρc ≪ 1 and we use the following scaling
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relations: correlation length ξ ∼ T1/z the relative density ∆ ∼ ξ−1/ν⊥ ∼ T−1/ν⊥z, with z

being the dynamic exponent. Thus, by writing a(∆)/
√

a′(∆) ∼ T−µ, we straightforwardly

have, in the initial-time regime 1 ≪ T ≪ Lz, the scaling behavior of the current fluctuation〈
Q2(T)

〉
∼ (a/

√
a′)T1/2 ∼ Tα, where the exponents

α =
1
2
− µ (2.50)

and

µ =
β + 1
2ν⊥z

. (2.51)

More precisely, near criticality we expect the following scaling form for the time-integrated

bond-current fluctuation to hold,

〈
Q2(T)

〉
≃ LαzG

(
∆L1/ν⊥ ,

T
Lz

)
= TαF

(
∆L1/ν⊥ ,

T
Lz

)
, (2.52)

where G and F are two scaling functions. To determine the exponent α in eq.(2.52) from

simulations, we take density value such that ∆L1/ν⊥ → 0 and then we plot in Fig. 2.2 the

scaled variance of time-integrated bond current T−α
〈
Q2(T)

〉
as a function of the scaled

time T/Lz for rather quite smaller system sizes L = 100 (solid magenta line), L = 200

(green dashed line) and L = 500 (blue dotted line), respectively and for ρ̄ = 0.95. We get

a reasonably good scaling collapse of simulation data, with the exponent estimated to be

α ≈ 0.297; our theoretical prediction of the exponent α ≈ 0.26, computed from scaling

relations eqs.(2.50) and (2.51) by using β ≈ 0.42, z ≈ 1.66 and ν⊥ ≈ 1.81 [63], slightly

underestimates that obtained from simulation though.
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Figure 2.2: The scaled variance T−α
〈
Q2(T)

〉
of time-integrated bond current Q(T) up to time T,

obtained from simulations, is plotted as a function of scaled time T/Lz for system size
L = 100 (solid magenta line), L = 200 (green dashed line) and L = 500 (blue dotted line)
and for (near-critical) density ρ̄ = 0.95, where, to achieve the scaling collapse, we use
α ≈ 0.297 and z ≈ 1.66. The value of α ≈ 0.297 obtained from simulations is not far from
α ≈ 0.26 obtained from theory as in eqs.(2.50) and (2.51) with β ≈ 0.42, ν⊥ ≈ 1.81 [63].

The variance of time-integrated bond current is known to grow subdiffusively in the initial-

time regime in diffusive systems, such as symmetric simple exclusion processes [116, 118].

Now, away from criticality, the relaxation processes in sandpiles are diffusive [38, 102] and,

therefore not surprisingly, the current fluctuation exhibits a subdiffusive growth, as derived

in the first part of eq.(2.49). Near-critical relaxation processes in the Manna sandpile, on the

other hand, are anomalous and we observe nontrivial scaling behavior. When compared to

a normal diffusive system, the Manna sandpile near criticality exhibits strong suppression

of current fluctuations and much slower subdiffusive growth of temporal fluctuations due

to the lack of local activity, as described in eq.(2.52); we call it a “dynamic hyperuniformity”,

which is quite analogous to hyperuniformity studied in the spatial domain [109, 111] and is

reminiscent of that identified in the context of temporal statistics of avalanches in a particular

version sandpile, called the Oslo ricepile [94]. Of course, the dynamic hyperuniformity, or

the anomalously subdiffusive growth of temporal fluctuations, can be equivalently character-

ized in terms of the current and mass power spectra, or the respective dynamic correlation

functions, as discussed in the following sections.
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2.2.4 Current fluctuation and its power spectrum

2.2.4.1 Instantaneous current

In this section, we calculate in the steady-state the time-dependent (unequal-time) current-

current correlation function CJ J
r (t) ≡ CJ J

r (t, t′ = 0) of the instantaneous bond current by

taking time derivative of time-integrated bond current correlation as given below,

CJ J
r (t) =

[
d
dt

d
dt′

CQQ
r (t, t′)

]
t′=0

, (2.53)

where t ≥ t′. Now, after differentiating eq.(2.48), we can write the time-dependent current

correlation as

CJ J
r (t) = Γrδ(t)− a′(ρ̄)a(ρ̄)

[
1
L ∑

q
e−a′(ρ̄)λqtλq

(
1 +

λq

4

)
e−iqr

]
, (2.54)

where Γr is the strength of the fluctuating current J f l(t) and calculated below (see eq.(2.62)).

We note that, as λq ≥ 0 for any q, the current correlation function is negative CJ J
r (t) < 0 for

any t > 0. Moreover, provided that we first take the infinite-system-size limit L → ∞, the

time-integrated bond current correlation function CJ J
0 (t) over a large time interval [−T, T]

decays as a function of time T as given below,

T∫
−T

CJ J
0 (t)dt ≃ a(ρ̄)√

πa′(ρ̄)
T− 1

2 . (2.55)

Finally, by taking the limit T → ∞, we obtain the following identity,

∞∫
−∞

CJ J
0 (t)dt = 0; (2.56)

see appendix A.2.2 for details. Indeed, the above result is a direct consequence of the negative

current correlation present in the system and explains why the time-integrated bond current

fluctuation, as derived in eq.(2.49), grows subdiffusively in the initial-time regime, 1 ≪ t ≪
L2. The asymptotic form of the time-dependent instantaneous current correlation function,

for t > 0, in the thermodynamic limit can be written as

CJ J
0 (t) ≃ − a(ρ̄)

4
√

πa′(ρ̄)
t−

3
2 , (2.57)

where the density dependendent term a(ρ̄)/
√

a′(ρ̄) in the prefactor is the same as that in

eq.(2.49) (see appendix A.2.2). Again, by employing the dimensional scaling argument used

48



in the previous section to derive eq.(2.51), we obtain a modified power-law decay of the

instantaneous current correlation near criticality,

CJ J
0 (t) ∼ −t−(

3
2+µ). (2.58)

Clearly the decay is faster than that away from criticality. As discussed previously, the faster

decay of the near-critical current correlation function is due to the fact that the activity

is very small in the vicinity of criticality, thus resulting in the anomalous suppression of

fluctuations. Indeed the suppressed fluctuation is charactarized by the exponent µ > 0,

whereas µ = 0 signifies the subdiffusive growth of the time-integrated current, expected in

a normal diffusive systems.

2.2.4.2 Fluctuating current

Now we discuss the dynamic properties of the fluctuating part J ( f l)
i (t) in the instantaneous

bond current, which has already been defined in eq.(2.15) and whose strength appears in the

actual current correlation functions (e.g., see eqs.(2.55) and (2.53)). Here we derive the gen-

eral space and time dependence of the correlation function CJ ( f l)J ( f l)

r (t, t′) of the fluctuating

current J ( f l)
i (t), by using the relation [obtained from the definition in eq.(2.15)],

CJ ( f l)J ( f l)

r (t, 0) = CJ J
r (t, 0)− CJ J (d)

r (t, 0)− CJ (d)J
r (t, 0) + CJ (d)J (d)

r (t, 0), (2.59)

and a second relation

CJ J (d)

r (t, 0) ≡ d
dt

CQJ (d)

r (t, 0) = CJ (d)J (d)

r (t, 0). (2.60)

We see that the second and the fourth terms of eq.(2.59) cancel each other. Again, by using

the following relation, for t > t′,

CJ (d)J
r (t, t′) =

d
dt′

CJ (d)Q
r (t, t′) =

d
dt′

d
dt

CQQ
r (t, t′), (2.61)

in eq.(2.59) along with t′ = 0, we finally have the time-dependent correlation function for

the fluctuating current,

CJ ( f l)J ( f l)

r (t, t′ = 0) ≡ CJ ( f l)J ( f l)

r (t) = δ(t)Γr(ρ̄), (2.62)

where Γr(ρ̄) is the density-dependendent strength of the fluctuating current J ( f l).
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Figure 2.3: Top panel: The scaled variance ⟨[Q( f l)
l (T)]2⟩/lT of space-time-integrated fluctuating cur-

rent Q( f l)
l (T) up to time T [as defined in eq.(2.65)], obtained from simulations, is plotted

as a function of relative density ∆ for different subsystem sizes l = 1 (solid red line), l = 2
(solid blue line), l = 5 (solid green line), l = 10 (solid purple line) and the arrow accross
the solid line denotes the increasing order of the subsystem size l; we have used system
size L = 1000 and final time T = 1000. The theoretical prediction as in eq.(2.66) with
l = 1 (black dashed line) is in an excellent agreement with the corresponding simulation;
also, one can see that the variance for large l converges quite rapidly to the theoretically
predicted value 2a(ρ̄) [i.e., eq.(2.66) for l ≫ 1] (brown dot-dashed line). Bottom panel: A
scaling collapse of the scaled variance of space-time-integrated fluctuating current minus
the asymptotic value 2a(ρ̄) for different subsystem sizes is observed, when plotted as a
function of relative density ∆, and it is in excellent agreement with theory in eq.(2.66).

The analytical expression of the strength Γr as given in eq.(2.47) has some interesting

properties, which are due to the two-particle transfer rule in the Manna sandpile and are

noticeably different from that in the variant of sandpile with one-particle transfer [119] and
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symmetric simple exclusion processes studied in Ref. [116]. As in the simple exclusion pro-

cesses, the strength Γr for the sandpile with one-particle transfer rule can be shown to be

simply delta correlated in space, i.e., Γr = 2a(ρ̄)δr,0 [120]; this is because both the models

have a steady-state with a product measure and therefore do not have any spatial correla-

tions. But, in the case of the Manna sandpile, there are nonzero spatial correlations, leading

to the spatially correlated fluctuating current, i.e., Γr ̸= 0 for r ̸= 0, as shown in eq.(2.47).

Indeed, as our calculation shows (for details, see appendix sec. A.3.3), eq.(2.47) is exact in

the case of Manna sandpile and we have

Γ0 = 3a(ρ̄), (2.63)

being the strength of the fluctuating current J ( f l)
i accross a single bond (i, i + 1). Moreover,

we find that there exsists a sum-rule

∑
r

Γr = 2a(ρ̄), (2.64)

which, as shown later in eq.(2.72), is directly related to the scaled space-time integrated cur-

rent fluctuations and therefore related to another transport coefficient, called the mobility, or

equivalently, the conductivity, defined as the ratio between average current and an externally

applied small biasing force [9, 38]. It has been derived in Ref.[38] that the conductivity in

the Manna sandpile is nothing but the density-dependent activity a(ρ̄) itself. Remarkably, as

shown in the next section, here we show that one can indeed relate the conductivity directly

to the current fluctuation in the system.

To verify eq.(2.62) in simulation, let us first define a cumulative (space-time integrated)

fluctuating current across a subsystem of size l and up to time T,

Q( f l)
l (T) =

T∫
0

dt
l−1

∑
i=0

J ( f l)
i (t). (2.65)

Then, using eqs. (2.47) and(2.62) and after some algebraic manipulations, we obtain, for

l < L, a fluctuation relation, which immediately connects the scaled current fluctuation and

the density-dependent activity,

1
lT

〈(
Q( f l)

l (T)
)2
〉

= 2a(ρ̄)
(

1 +
1
2l

)
. (2.66)

In fig.2.3a, we plot the lhs of eq.(2.66) as a function of the relative density ∆ = ρ̄ − ρc

for different subsystem sizes l = 1 (solid red line), l = 2 (solid blue line), l = 5 (solid

green line), l = 10 (solid purple line); we take system size L = 1000 and final time T =

100. The arrow accross the solid lines denotes an increasing order of the subsystem size l.
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Note that the variance of subsystem fluctuating current for subsystem size l = 1 is actually

the strength Γ0 of the fluctuating bond current; the corresponding analytical result Γ0 =

3a(ρ̄) (dashed black line) as in eq.(2.63) shows an excellent agreement with simulations. For

comparison, in the same fig.2.3a, we also plot 2a(∆) as a function of ∆ (the brown dot-

dashed line), to demonstrate that, as subsystem size l increases, the scaled variance (lhs of

eq.(2.66)) indeed converges towards 2a(ρ̄), as predicted in eq.(2.66). To show this convergence

more quantitatively, in fig. 2.3b we plot the scaled quantity 2l
[〈(

Q( f l)
l

)2
〉
− 2a

]
for various

subsystem sizes l = 1 (red solid line), l = 2 (blue dashed line), l = 5 (green dotted line)

and l = 10 (purple dot-dashed line); we see that all the curves collapse excellently onto each

other and the collasped master curve match excellently with the analytically predicted value

2a(∆) derived in eq.(2.66).

2.2.4.3 Space-time integrated current

In this section we calculate the steady-state variance
〈

Q̄2(l, T)
〉
−
〈

Q̄(l, T)
〉2 of the cumula-

tive (space-time integrated) actual particle current Q̄(l, T) = ∑l−1
i=0 Qi(T) across a subsystem

of size l and up to time T, which can be written as

〈
Q̄2(l, T)

〉
−
〈

Q̄(l, T)
〉2

=
〈

Q̄2(l, T)
〉

= lCQQ
0 (T, T) +

l−1

∑
r=1

2(l − r)CQQ
r (T, T), (2.67)

where we have used the fact that the average steady-state current is zero, i.e.,
〈

Q̄(l, T)
〉
= 0.

Now, by using the following identity,

l−1

∑
r=1

2(l − r)(2 − λrn) = 2
(

λln − lλn

λn

)
, (2.68)

we can rewrite eq.(2.67) as

〈
Q̄(l, T)2〉 =2a(ρ̄)lT + a(ρ̄)T(1 − δl,L)−

2a(ρ̄)
a′(ρ̄)

L ∑
q

a′(ρ̄)λqT − 1 + exp
(
−λqa′(ρ̄)T

)(
λqa′(ρ̄)

)2 λq

(
1 +

λq

4

)
λql

λq
. (2.69)

In fig.2.4, we plot the subsystem current fluctuation
〈

Q̄2(l, T)
〉

obtained from simulations

as a function of relative density ∆ = ρ − ρc for various subsystem sizes l and final times T:

l = 2500, T = 100 (upper solid sky-blue line) and l = 100, T = 105 (lower solid magenta line).

In the same figure we also compare the simulation results with theory eq.(2.69): l = 2500,

T = 100 and l = 100, T = 105 (both in black dashed line); we observe excellent agreement

between simulations and theory. Here we note that the results for the larger subsystem size
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l and smaller T (upper solid line) almost coincide with twice of local activity, 2a(∆), as a

function of ∆ (red dot-dashed line).

Importantly, the asymptotic expression of the variance of cumulative subsystem (space-

time integrated) current as in eq.(2.69) depends on the order of limits of the two variables

T ≫ 1 and l ≫ 1, i.e.,

〈
Q̄2(l, T)

〉
lT

≃


2a(ρ̄)√
πa′(ρ̄)

l√
T

for T ≫ 1, l ≫ 1,

2a(ρ̄)− 8a(ρ̄)
√

a′(ρ̄)
3
√

π

√
T

l for l ≫ 1, T ≫ 1;

(2.70)

see appendix sec. A.2.3 for details. The first expression in the above equation have been

obtained by taking the limit in the following order, first T ≫ 1 and then the limit l ≫ 1. In

this particular order of limits, the scaled fluctuation
〈

Q̄2(l, T)
〉

/lT decreases as 1/
√

T and

eventually vanishes in the limit of T → ∞. On the other hand, if we take the limit in the

opposite order, l ≫ 1 first and then T ≫ 1, we obtain the second asymptotic expression in

eq.(2.70). That is, in the limit l → ∞, the scaled subsystem-current fluctuation
〈

Q̄2(l, T)
〉

/lT

tends to 2a(ρ̄) as one increases T,

σ2
Q(ρ̄) ≡ lim

l→∞
lim

T→∞

〈
Q̄2(l, T)

〉
lT

= 2a(ρ̄); (2.71)

here the infinite-subsystem-size limit is taken first, and then the infinite-time limit. Note that,

in all the above cases, we have taken the large system size limit L/l ≫ 1 at the very beginning.

In fact, one can immediately identify the rhs of eq.(2.71) as the mobility (equivalently, the

conductivity) for the Manna sandpile, as calculated in Ref.[38]. Indeed, eq. (2.71) can be

thought of as a nonequilibrium version of the celebrated Green-Kubo relations well known

for equilibrium systems [121].
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Figure 2.4: Scaled space-time-integrated current fluctuations as a function of relative density. The
simulation data for subsystem size l = 2500 and T = 100 is plotted on top in solid sky-
blue line and data for l = 100 and T = 105 is plotted at bottom in solid magenta line.
We compared the analytical result eq.(2.69) (corresponding dashed black lines) with the
simulation, which is in excellent agreement. Simulation data have been taken for L = 5000
in both cases. We note that the result for the larger subsystem size l and smaller T (upper
solid line) almost coincide with twice of local activity, 2a(∆), as a function of ∆ (red dot-
dashed line). In the inset we compared the scaled total current fluctuation and twice of
activity 2a(ρ̄) as a function of ∆.

Interestingly, if we take l = L ≫ 1, which corresponds to the bond currents summed over

the whole system, we have the following identity

lim
L→∞

〈
Q̄2(L, T)

〉
LT

= 2a(ρ) = ∑
r

Γr. (2.72)

Notably the above equality is valid for any finite time T. This is because the sum of the

diffusive currents over the full system, ∑L
i=1 J

(d)
i , is zero by definition (see eq.(2.16)). Con-

sequently the rhs of eq.(2.72) is equal to the space-time inetgral of the fluctuating-current

correlation function ∑∞
r=−∞

∫ ∞
−∞ dt CJ ( f l)J ( f l)

r (t, 0) = 2a(ρ̄), obtained using eqs.(2.47), (2.62)

and (2.64). In the inset of fig.2.4, the scaled variance
〈

Q̄2(L, T)
〉

/LT (solid red line) and

twice the local activity 2a(∆) (black dashed line) are plotted as a function of ∆, which is in

excellent agreement with eq.(2.72). Clearly, below the critical point ∆ < 0, the system goes

into an absorbing state and, as a result, the current fluctuation is identically zero. Usually

activity is considered to be the order parameter in the sandpiles. Indeed, as the identity

eq.(2.72) suggests, the space-time integrated current fluctuation can serve as an order pa-

rameter and thus characterizes the dynamical state of the system. Later we show that the

self-diffusion coefficient of tagged particles can be expressed in terms of the activity and, as

previously noted in [84], it can be considered an alternative description of the system’s order

parameter.
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2.2.4.4 Power spectrum

The two-point time-dependent correlation function for instantaneous bond current can be

characterized also through the power spectrum analysis, which we perform in this section.

From the Wiener-Khinchin theorem [122], the power spectrum for the instantaneous bond

current Ji(t) is expressed in terms of the Fourier transform of the time-correlation functions,

SJ ( f ) =
∞∫

−∞

dt CJ J
0 (t, 0)e2πi f t. (2.73)

Setting r = 0 in eq.(2.54), we perform the integration in the rhs of the above equation, leading

to the following expression,

SJ ( f ) =
2a(ρ̄)

L
+

2a(ρ̄)
L ∑

q

(
1 +

λq

4

)
4π2 f 2

λ2
qa′(ρ̄)2 + 4π2 f 2 . (2.74)

Now, by subtracting the f = 0 mode,

SJ (0) = lim
T→∞

〈
Q2(T)

〉
T

=
2a(ρ̄)

L
, (2.75)

from the lhs of eq.(2.74), we rewrite eq. (2.74) in terms of the modified power spectrum

S̃J ( f ) = SJ ( f )− SJ (0),

S̃J ( f ) =
2a(ρ̄)

L ∑
q

(
1 +

λq

4

)
4π2 f 2

λ2
qa′(ρ̄)2 + 4π2 f 2 . (2.76)

We can now straightforwardly obtain the asymptotic form of eq.(2.76) for small frequency

1/L2 ≪ f ≪ 1. To do this, we first replace the sum in eq.(2.76) as an integral over the variable

x = q/2π,

S̃J ( f ) ≃ 4a(ρ̄)
1/2∫

1/L

dx
1 + λ(x)

4

1 + λ2(x)a′2(ρ̄)
4π2 f 2

, (2.77)

where λ(x) ≃ 4π2x2. Then, by performing the variable transformation

y =
λ2(x)a′2(ρ̄)

4π2 f 2 , (2.78)
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and doing some algebraic manipulations, we immediately obtain the modified power spec-

trum of current,

S̃J ( f ) ≃ a(ρ̄)

√
f

2πa′(ρ̄)

∞∫
0

dy
y−

3
4

(1 + y)
=

√
πa(ρ̄)√
a′(ρ̄)

f
1
2 ; (2.79)

see appendix sec. A.1 for details. Again, by using the previous dimensional scaling argument

where a/
√

a′ ∼ f µ with µ given in eq.(2.51) (see sec.2.2.3), we obtain the desired scaling

behavior of the subtracted power spectrum near criticality,

S̃J ( f ) ∼ f ψJ , (2.80)

where ψJ = 1/2 + µ. Since µ > 0, with decreasing frequency, the near-critical power spec-

trum in the above equation (2.80) decays faster than that away from criticality (given by

eq.(2.79)). In simulations, we calculate the power spectrum by discretizing time over a small

interval δt and calculate the discrete Fourier transform

J̃n;T = δt
T−1

∑
k=0

ei2π fnkJi(k), (2.81)

where fn = n/T with T being large. Then we define the power spectrum of the bond current

as

Sn = lim
T→∞

1
T

〈∣∣J̃n;T
∣∣2〉 . (2.82)

In fig.(2.5), we plot the substracted power spectrum S̃J ( f ), obtained from simulations in

solid lines, for various densities ρ = 2.0 (red line), ρ = 1.5 (blue line), ρ = 1.5 (green line),

ρ = 1.0 (purple line), ρ = 0.97 (orange line). The arrow through the solid lines denotes the

incremental order of the density ρ̄. For ρ = 2.0, we also plot S̃J ( f ) obtained from theory

eq.(2.76) (black dashed line), which shows an excellent agreement with simulation; top-most

guiding line - f 1/2 [behavior away from criticality as in eq.(2.79)] and the bottom-most guid-

ing line - f 1/2+µ [behavior near criticality as in eq.(2.80)].
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Figure 2.5: Power spectrum of instantaneous current, computed from simulations is plotted in solid
lines as a function of frequency f for various densities ρ = 2.0 (red line), ρ = 1.5 (blue
line), ρ = 1.5 (green line), ρ = 1.0 (purple line), ρ = 0.97 (orange line) and for system
size L = 1000. The arrow accross the solid lines signifies the incremental order of the
density ρ̄. The top and bottom dashed guiding lines represent the asymptotic behaviors,
the f 1/2 (far from criticality) and f 1/2+µ (near criticality) scaling, respectively, with µ ≈
0.24, obtained by using β ≈ 0.42, ν⊥ ≈ 1.81 and z ≈ 1.66 in eq. (2.51). The dashed black
line represents the theoretical result eq.(2.74) for ρ = 2.0 and is in excellent agreement
with the correponding simulation (top red solid line).

2.2.5 Tagged-particle displacement fluctuation

In this section, we study the fluctuations in tagged particle displacements as a function of

time. We can relate the sum of all individual time-integrated tagged particle displacement

∑N
α=1 Xα(T), where the net displacement Xα(T) of αth particle in a time interval [0, T], to the

space-time integrated current by the following relation,

N

∑
α=1

Xα(T) =
L−1

∑
i=0

Qi(T) = Q̄(L, T). (2.83)

In the limit of large T ≫ L2, the self-diffusion coefficient Ds(ρ̄) can be defined through the

mean-square tagged particle displacement of the αth particle as given below,

〈
X2

α(T)
〉
≃ 2Ds(ρ̄)T. (2.84)

To compute the lhs of the above equation, we write the variance of the sum ∑N
α=1 Xα(T) as

〈[
N

∑
α=1

Xα(T)

]2〉
=∑

α,n
∑
α′,n′

⟨δXα(tn)δXα′(tn′)⟩

=2a(ρ̄)LT, (2.85)
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where δXα(t) is the microscopic displacement of the αth particle in a small time interval

(tn, tn + δt)

Xα(T) = ∑
n

δXα(tn), (2.86)

and we have used eq.(2.72) in the last line of eq.(2.85). Now using ⟨δXα(t)δXα′(t′)⟩ ≃ 0 for

t ̸= t′ and therefore
〈

X2
α(T)

〉
= ∑

n

〈
δX2

α(tn)
〉
, we get

〈[
N

∑
α=1

Xα(T)

]2〉
≃

N

∑
α=1

〈
X2

α(T)
〉
= N

〈
X2

α(T)
〉

. (2.87)

Comparing eqs.(2.85), (3.94) and (2.87), we obtain the following relations,

Ds(ρ̄) =
a(ρ̄)

ρ̄
=

1
ρ̄

[
lim

L,T→∞

〈
Q̄2(L, T)

〉
2LT

]
, (2.88)

which connects the self-diffusion coefficient, activity and the space-time integrated current

fluctuation. Alternatively, one can show the above relation using a slightly different argu-

ment as follows. First we note that
〈

X2
α(T)

〉
=
〈

N(h)
α (T)

〉
, where N(h)

α (T) is the total number

of hops, performed by the αth particle up to time T [84]. Summing over all partciles we obtain

∑
α

〈
X2

α(T)
〉
= ∑

α

〈
N(h)

α (T)
〉
= 2

〈
N(tp)(T)

〉
, (2.89)

where N(tp)(T) is the total number of toppling in the whole system up to time T and we

have used the fact that ∑
α

N(h)
α (T) = 2N(tp)(T). Also in the limit of large T, we have in the

leading order of T,〈
N(tp)(T)

〉
≃ a(ρ̄)TL, (2.90)

where a(ρ̄) is the activity at density ρ̄. By summing eq.(3.94) over all particles,

∑
α

〈
X2

α(T)
〉
≃ 2Ds(ρ̄)TN, (2.91)

and, then by using eqs. (2.90) and (2.91) in eq.(2.89), we obtain the relation as given in

eq.(2.88).
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Figure 2.6: In the top panel, we display the typical space-time trajectories for three tagged parti-
cles corresponding to the densities ρ = 0.97 (violet square points), 1.5 (green circular
points), 2.0 (blue triangular points) respectively with the scaled time axis. In the bottom
panel, we plot the mean-square fluctuation of tagged particle displacement up to time
T (solid red line) as a function of relative density ∆, where the double angular braces〈〈

X2(T)
〉〉

= ∑α

〈
X2

α(T)
〉

/N denote the average over trajectories as well as particles. Sim-
ulations (solid red line) show excellent agreement with the theoretically obtained self-
diffusion coefficient Ds(ρ̄) (dashed black line) as in eq.(2.88). In the same panel, we also
plot the bulk-diffusion coefficient D(ρ̄) = a′(ρ̄) as a function of ∆ = ρ̄ − ρc (dot-dashed
blue line), using eq.(2.10) from simulation, which has a contrasting behavior as compared
to the self-diffusion coefficient Ds(ρ̄).

In fig. 2.6a, we plot typical trajectories of a particular tagged particle for different densities

ρ = 0.97 (violet square points), 1.5 (green circular points), 2.0 (blue triangular points) as a

function of scaled time. In fig. 2.6b, we plot the mean square fluctuation of tagged particle

displacement (solid red line) up to time T,
〈〈

X2(T)
〉〉

/2T, as a function of ∆ = ρ− ρc, where
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the double angular braces
〈〈

X2(T)
〉〉

= ∑α

〈
X2

α(T)
〉

/N denote the average over trajectories

as well as particles; in simulations, during the particle transfer at any site i, two particles are

chosen randomly from a particular stack. Our theoretical expression of the density depen-

dent self-diffusion coefficient Ds(ρ), as given in the equality eq.(2.88), is also plotted (dashed

black line); one can see an excellent agreement between the simulation and the theoretical

prediction. For comparison, we also plot the bulk-diffusion coefficient D(ρ̄) (dot-dashed blue

line), defined in eq.(2.10). Here one should note that the self-diffusion coefficient Ds(ρ̄) and

the bulk-diffusion coefficient D(ρ̄) are, in principle, two different quantities and strikingly

they have quite contrasting behaviors, especially near criticality. Indeed, upon approaching

criticality where activity decays as a(ρ̄) ∼ (ρ̄ − ρc)β with β < 1, the self-diffusion coefficient

being the ratio of activity to density (see eq.(2.88)) vanishes as Ds(ρ̄) ∼ (ρ̄ − ρc)β - exactly in

the same manner as the activity behaves near criticality, but the bulk-diffusion coefficient be-

ing derivative of activity wrt the density [see eq.(2.10)] diverges as D(ρ̄) ∼ 1/(ρ̄ − ρc)1−β [38,

102]. Moreover, far from criticality and in the limit of large density ρ̄ ≫ 1, though the self-

diffusion coefficient and the bulk-diffusion coefficient both vanish, however they do so in

different manners. In that case, as the activity is expected to behave as a(ρ̄) ≃ 1 − const./ρ̄,

the self-diffusivity decays as Ds(ρ̄) ∼ 1/ρ̄, but the bulk-diffusivity decays much faster,

D(ρ̄) ∼ 1/ρ̄2. Lastly, in the active phase, where ρ̄ > ρc, while the bulk-diffusion coefficient

D(ρ̄) is a monotonically decreasing function of density ρ̄ shown in fig. 2.6, the self-diffusion

coefficient Ds(ρ̄) is however a non-monotonic function of ρ̄.

Importantly, unlike in the symmetric simple exclusion process where both the time-integrated

bond current and the tagged particle displacement fluctuations grow sub-diffusively as

T1/2 [116, 118], in the conserved Manna sandpile only the current fluctuation grows sub-

diffusively, whereas the tagged particle displacement fluctuation always grows linearly with

time. This is perhaps not surprising, given the fact that, in the Manna sandpile, there are

no restrictions in the particle crossings, which are otherwise not allowed in the symmetric

exclusion process.

2.2.6 Mass fluctuation and power spectrum

In the previous sections, we studied various properties of current fluctuations in detail. Sim-

ilarly, in this section, starting from the microscopic update rules combined with the previ-

ously introduced truncation scheme, we shall derive various dynamic properties of mass

fluctuations. The basic quantity is the two-point dynamic correlation function Cmm
r (t, t′) =
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⟨m0(t)mr(t′)⟩ − ⟨m0(t)⟩ ⟨mr(t′)⟩. By using the microscopic update rules, we write the time

evolution equation for Cmm
r (t, 0) ≡ Cmm

r (t) as

d
dt

Cmm
r (t) = ∑

k
∆0,k ⟨âk(t)mr(0)⟩ . (2.92)

Using the earlier truncation approximation eq.(2.26), we write the above equation as

d
dt

Cmm
r (t) ≃ a′(ρ̄)∑

k
∆r,kCmm

k (t). (2.93)

The solution of eq.(2.93) can be written, by using the Fourier representation, as

C̃mm
q (t) ≃ e−a′(ρ̄)λqtC̃mm

q (0), (2.94)

where C̃mm
q is the Fourier transform of Cmm

r . The equal-time mass correlation can be solved

by using the approximation eq.(2.26) in eq.(2.39) and we can write the time evolution of

Cmm
r (t, t) in the steady state as

d
dt

Cmm
r (t, t) ≃ 2a′(ρ̄)∑

k
∆0,k ⟨mkmr⟩+ Br = 0. (2.95)

Similar to what was done earlier to solve eq.(2.39), the above equation can be solved exactly

using a generating function,

G(z) =
1

a′(ρ̄)

(
3a(ρ̄)

2
− a(ρ̄)

4
z
)

. (2.96)

According to the above generating function, we have the steady-state correlations Cmm
0 =〈

m2
0
〉
− ρ̄2 = 3a/2a′, Cmm

1 = ⟨m0m1⟩ − ρ̄2 = −a/4a′ and all other correlations being zero.

Thus we immediately arrive at a relation between the scaled subsystem-mass fluctuation

and the activity,

σ2(ρ) ≡ lim
l→∞

〈
(∆Ml)

2〉
l

=
r=∞

∑
r=−∞

Cmm
r =

a(ρ̄)
a′(ρ̄)

, (2.97)

where ∆Ml = Ml − ⟨Ml⟩. Now, by using eqs. (2.10) and (2.71), the above identity can be

recast into a nonequilibrium version of the Green-Kubo-like relation [38],

σ2(ρ̄) =
σ2

Q(ρ̄)

2D(ρ̄)
, (2.98)

connecting the (scaled) subsystem-mass fluctuation σ2(ρ̄), the (scaled) subsysten-current fluc-

tuation σ2
Q(ρ̄) and the bulk-diffusion coefficient D(ρ̄) (a slightly different form of the above
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relation is usually referred as the Einstein relation in the literature [9, 38]). Remarkably, the

fluctuation relation in eq. (2.97) implies that the scaled subsystem mass fluctuation σ2(ρ̄)

varies linearly with the relative density ∆, i.e., σ2(ρ̄) ∼ ∆1−δ with δ = 0 [38]; interestingly,

such behavior was indeed previously observed in simulations [123] in a variant of the con-

served Manna sandpile, which is believed to be in the same universality class as that studied

here.

Next we write the solution of eq.(2.94) using the generating function in eq.(2.96) as

C̃mm
q (t) ≃ e−a′(ρ̄)λqt a(ρ̄)

a′(ρ̄)

(
1 +

λq

4

)
. (2.99)

Finally, using the inverse Fourier transformation, we get,

Cmm
r (t) ≃ 1

L ∑
q

e−iqre−a′(ρ̄)λqt a(ρ̄)
a′(ρ̄)

(
1 +

λq

4

)
. (2.100)

We now consider subsystem mass Ml(t) = ∑l−1
r=0 mr(t) for l < L and calculate the equal-time

correlation function for mass CMl Ml (t, 0) ≡ CMl Ml (t) by using the following expression,

CMl Ml (t) = lCmm
0 (t) +

l−1

∑
r=1

(l − r)(Cmm
r (t) + Cmm

−r (t)). (2.101)

Then by substituting eq.(2.100) in eq.(3.104), we get the equal-time correlation for subsystem

mass,

CMl Ml (t) ≃ 1
L ∑

q
e−a′(ρ̄)λqt a(ρ̄)

a′(ρ̄)

(
1 +

λq

4

)
λlq

λq
. (2.102)

For t = 0, the correlation function CMl Ml (0) is nothing but the equal-time subsystem mass

fluctuation, which can be written in the large system size L → ∞ limit as given below

CMl Ml (0) =
〈
(Ml − ⟨Ml⟩)2〉 = a(ρ̄)

a′(ρ̄)
l
[

1 +
1
2l

]
. (2.103)

Then, by taking the large subsystem size l → ∞ limit, where 1 ≪ l ≪ L, we recover the

Einstein relation, already derived in eq.(2.97). Moreover the asymptotic form of eq.(2.102)

can be written as

CMl Ml (t)− CMl Ml (0) ≃ − 2a(ρ̄)√
πa′(ρ̄)

t
1
2 (2.104)
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for large time 1 ≪ t ≪ L2; see appendix sec. A.2.4 for details.. Using the Fourier transform

of eq.(2.102), we write the power spectrum of the subsystem mass fluctuation as

SM( f ) = lim
T→∞

T∫
−T

dt CMl Ml (t)e2πi f t, (2.105)

which can be written, by using eq.(2.102), as

SM( f ) =
1
L ∑

q

a(ρ̄)
a′(ρ̄)

(
1 +

λq

4

)
2λqa′(ρ̄)

λ2
qa′(ρ̄)2 + 4π2 f 2

λlq

λq
. (2.106)

In fig. 2.7, we plot the power spectrum of the subsystem mass fluctuation, obtained from

simulation for L = 1000 and l = 500 in solid lines, for various densities ρ̄ = 2.0 (red line),

ρ̄ = 1.5 (blue line), ρ̄ = 1.2 (green line), ρ̄ = 1.0 (purple line), ρ̄ = 0.97 (orange line), where

the arrow accross the solid lines denotes the ascending order of the density ρ̄. We compare

the analytical expression eq.(2.106) (dotted black line) with simulation result for ρ̄ = 2.0

(solid red line), which is in excellent agreement with theory. The asymptotic expression of

the power spectrum in eq.(2.106) can be obtained by simplifying the integral as given below

SM( f ) =4a(ρ̄)
1/2∫

1/L

dx
λ(lx)(1 + λ(x)/4)

λ2(x)a′2(ρ̄) + 4π2 f 2

≃ a(ρ̄)
2
√

π3a′(ρ̄)
f−

3
2 . (2.107)

Here, in the first step, we have replaced the sum in the rhs of eq.(2.106) as an integral

(1/L)∑q →
∫ 2π

0 dq in the limit L → ∞ and we used q = 2πx, λ(x) = 4π2x2 and eq.(2.78);

see appendix sec. A.2.5 for details. The above asymptotic form of the power spectrum can

be used to calculate the behavior near criticality by using the dimensional scaling argument

as performed before in eq.(2.50) where we write a/
√

a′ ∼ f µ. In other words, near criticality,

the decay of the power spectrum SM( f ) as a function of frequency f becomes slower and is

given by

SM( f ) ∼ f−ψM , (2.108)

where ψM = 3/2−µ. In fig. 2.7, we plot SM( f ) as a function of frequency for densities ρ̄ = 2.0

(red), 1.5 (orange), 1.2 (blue), 1.0 (green), 0.97 (violet); we observe that, as one approaches

criticality, the decay of the power spectrum indeed becomes slightly slower, in accordance

with our theoretical prediction in eq.(2.108). The slower decay of the power spectrum up on

approaching criticality can be physically understood from the current power spectrum as

follows. Due to the slower temporal growth of the time-integrated bond current fluctuation
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(see eq.(2.50)), the near-critical subsystem mass correlation also decays slower as a function

of time, i. e.,

CMl Ml (t)− CMl Ml (0) ∼ −t1/2−µ, (2.109)

which is due to the fact that the time-integrated current grows slower with time and conse-

quently the subsystem tends to retain a particular amount of mass for a much longer period.

Indeed, this phenomenon can be thought of as the hyperuniformity of mass fluctuations in

the temporal domain - a dynamic hyperuniformity of mass fluctuation, analogous to that of

current fluctuations as described previously in eq.(2.50).
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Figure 2.7: Power spectrum of subsystem mass fluctuations are plotted for L = 1000 and l = 500.
The solid lines represent the simulation data for the densities ρ̄ = 2.0 (red), 1.5 (blue), 1.2
(green), 1.0 (purple), 0.97 (orange) respectively. The top-most guiding line represents the
f−3/2 (away from criticality) behavior [eq. (2.107)], whereas the bottom-most guiding line
represents f−ψM (near criticality) behavior [eq.(2.108)] where ψM = 3/2 − µ ≈ 1.26. The
dashed black line represents the theoretical result eq.(2.106) for ρ = 2.0. The arrow across
the solid lines signifies the ascending order of densities ρ̄.

We note that the two exponents ψJ and ψM for the current and mass power spectra defined

in eqs.(2.80) and (2.108), respectively, are in fact related, due to the mass conservation as

expressed in the continuity equation (2.11). By using the Fourier transform of an observable

Ar(t) =
∞∫

−∞
d f ∑

q
e−2πi f te−iqrÃq( f ), we can write eq.(2.11) as −2πi fM̃q( f ) = J̃q( f )

(
eiq − 1

)
.

On a large scale q → 0, we have

SM( f ) ∼ f−2SJ ( f ), (2.110)

and therefore, from eqs.(2.80) and (2.108), we obtain the scaling relation

ψJ = 2 − ψM. (2.111)
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2.2.7 Driven hydrodynamics of Manna model

The driven diffusive version of the Manna sandpile model was introduced in Ref.[38] and it

has been shown that the drift current is proportional to the applied force, where the propor-

tionality constant is called conductivity. In the following we briefly describe the dynamics

and show that the conductivity is the same as the half of intensive fluctuation of spacetime

integrated current, taken in infinite volume.

We introduce a generalized version of a conserved Manna sandpile that exhibits a bias due

to a constant force F applied to the local particle count. This force affects the rates at which

particles hop in the system [9, 38]. During a toppling event in the biased Manna model,

two particles are transferred independently but with unequal probabilities. Probabilities are

determined based on the direction of particle transfer and the magnitude F of the biasing

force field F⃗ = Fx̂, which is present along the direction x̂. The update rules of this dynamics

can be written as follows:

mi(t + dt) =



events probabilities

mi(t) + 1
(

âi+1cF
i+1,0 + âi−1cF

i−1,0

)
dt

mi(t) + 2
(

âi+1cF
i+1,− + âi−1cF

i−1,+

)
dt

mi(t)− 2 âi

(
cF

i,− + cF
i,+ + cF

i,0

)
dt

mi(t) 1 − Σdt,

(2.112)

1 − Σdt is the probability of happening no events that change the mass of site i and the

biased hop rates are,

cF
i,α = cF=0

i,α exp

[
∑

j
∆eij/2

]
. (2.113)

Here, we consider three cases: α = 0, +, and −, which correspond to the modified rates cF
i,0,

cF
i,+, and cF

i,−, respectively. These rates represent the transfer of one particle to the left and

one to the right, the transfer of both particles to the right, and the transfer of both particles

to the left. Furthermore, ∆eij = ∆mi→jF(j − i)b represents the "energy cost" to move ∆mi→j

particles from site i to j. The lattice spacing, denoted by b, is set to 1 for simplicity. It should

be noted that when F = 0, the model corresponds to the unbiased Manna model, where the

particle-hopping rates are actually given by cF=0
i,0 = 1/2 and cF=0

i,+ = cF=0
i,− = 1/4 (as shown in

Eq.(2.6)).
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2.2.7.1 Hydrodynamics

The modified rates in linear order of biasing force F as given by

cF
i,0 =cF=0

i,0 exp [(F − F)/2] =
1
2

(2.114)

cF
i,+ =cF=0

i,+ exp [(F + F)/2] =
(1 + F)

4
(2.115)

cF
i,− =cF=0

i,− exp [(−F − F)/2] =
(1 − F)

4
. (2.116)

Using these rates, the evolution equation for the local density can be written as follows:

∂ρi(t)
∂t

= ⟨âi−1 − 2âi + âi+1⟩+ F
âi−1 − âi+1

2
, (2.117)

After taking the diffusive limit, where i → x = i/L and t → τ = t/L2, and assuming the

local equilibrium condition, the equation can be further expressed as

∂ρ(x, τ)

∂τ
= − ∂

∂x

(
j(d) + j(dri f t)

)
. (2.118)

In Eq.(2.118), the diffusive current is represented by j(d) = −D(ρ)∂ρ/∂x, where the bulk

diffusivity D(ρ) is defined as D(ρ) = a′(ρ) according to Eq.(2.10). Moreover, the drift current

j(dri f t) is given by

j(dri f t) = χ(ρ)F̃, (2.119)

where we rescaled F = F̃/L to obtain the mobility χ(ρ) = a(ρ), which can also be written

using Eq.(2.71) in terms of fluctuation of space-time integrated current as

χ(ρ) =
σ2

Q(ρ)

2
. (2.120)

The equation provided above represents the equilibrium-like Green-Kubo formula for the

transport coefficient called mobility. This formula reveals that the mobility can also be ob-

tained by directly analyzing the fluctuation of the space-time integrated current in a nonequi-

librium steady state.

In Fig. 2.8, we present the relaxation of an initial density profile as a function of the scaled

space for F̃ = 10. The initial density profile is prepared by distributing L particles using a

Gaussian random number generator with a variance of L/10 and a mean of L/2, while the

background density is set to ρ = 0.95. The initial profile is represented by circular points

at τ = 0, triangular points at τ = 10−2, and pentagonal points at τ = 10−1. The solid
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Figure 2.8: The driven-diffusive evolution of an initial density profile as a function of scaled space is
plotted for F̃ = 10. The profile is created by distributing particles using a Gaussian random
number generator with a mean of L/2 and a variance of L/10, while the background
density is set to ρ = 0.95. At τ = 0, the initial profile is represented by circular data points,
followed by triangular points at τ = 10−2 and pentagonal points at τ = 10−1. The solid
lines depict the solution obtained from Eq. (2.118). All data are taken for L = 1000.

lines correspond to the solution of Eq. (2.118), which exhibits excellent agreement with the

simulation data points.

2.3 summary and conclusions

In this paper, we study the steady-state dynamical properties of current and mass in the

active phase of the one-dimensional conserved Manna sandpile, and we establish a direct

quantitative relationship between the system’s static and dynamic properties. First, starting

with a microscopic dynamical description, we introduce a truncation scheme, that is ap-

proximate and is expected to be valid only for long (hydrodynamic) times, but allows us to

theoretically investigate the time-dependent (two-point, unequal-time) correlation functions

for current and mass, as well as the associated power spectra. In particular, we find that, in

the thermodynamic limit, the two-point time-dependent correlation function for the (bond)

current has a delta peak at time t = 0 and, for time t > 0, the correlation is negative and

a long-ranged one, decaying as t−(3/2+µ). Far from criticality, we show that the exponent

µ = 0, resulting in a subdiffusive, T1/2, growth of the variance of the cumulative (time-

integrated) current up to time T. This type of subdiffusive growth of temporal fluctuation,

which has previously been obtained in symmetric simple exclusion processes [116], is some-

what expected for diffusive systems with normal fluctuation properties, such as sandpiles

away from criticality [102]. However, the scenario changes near the critical point. Indeed, as

one approaches criticality, the activity in the system vanishes, contributing to an anomalous

suppression of the temporal current fluctuations and thus a positive value of the exponent

µ > 0, which has been expressed in terms of the standard static exponents [see eq.(2.51)];
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likewise, near criticality, the power spectrum of current at low frequency f varies as f 1/2+µ.

A similar argument can be made for the temporal subsystem-mass fluctuation, which is

induced by the boundary currents and is also suppressed near criticality because the cur-

rent fluctuation is suppressed. The anomalously reduced mass fluctuation is manifested in

the corresponding power spectrum, which, at low frequency and near criticality, varies as

f−3/2+µ with µ > 0; on the other hand, far from criticality, the exponent µ = 0, implying

f−3/2 power spectrum, expected in a normal diffusive system. We also derive, within our

theory, a nonequilibrium version of the Green-Kubo-like fluctuation-response relation [see

eq.(2.98)], or the Einstein relation [9, 38], which connects dynamic and static fluctuations in

the system. Indeed our theoretical analysis suggests that, with appropriate (diffusive) rescal-

ing of space and time, the fluctuation properties of the Manna sandpile should be governed

by a continuum fluctuating hydrodynamic description as formulated in the recently devel-

oped macroscopic fluctuation theory for diffusive systems [9, 38].

We finally investigate the mean-square displacement of tagged-particles and show that the

self-diffusion coefficient for an individual tagged particle is identically equal to the ratio of

the activity to density [see first equality in eq.(2.88)]. The identity readily explains a previous

simulation observation of Ref. [84] that the self-diffusion coefficient in the Manna sandpile

vanishes in precisely the same fashion as the activity does upon approaching criticality. No-

tably, the near-critical behavior of the self-diffusion coefficient differs markedly from that of

the bulk-diffusion coefficient, which was previously identified in Refs. [38, 102] as the deriva-

tive a′(ρ̄) of the activity wrt density ρ̄ and clearly diverges near criticality. Furthermore, while

the bulk-diffusion coefficient is a monotonic function of density, the self-diffusion coefficient

is a non-monotonic one. Interestingly, the self-diffusion coefficient can be related to the cur-

rent fluctuation in the system as expressed in the second equality in eq.(2.88).

Our findings are reminiscent of somewhat similar observations of dynamic hyperunifor-

mity, where the existence of anti-correlations in the temporal fluctuations in sandpiles were

pointed out [92, 94]. However, until recently [38], the precise relationship between dynamic

and static fluctuations, such as that between mass and current fluctuations, was unknown,

and is encoded in the Green-Kubo-like fluctuation relation as derived here in eq.(2.98). The

relationship demonstrates that there are indeed two mechanisms responsible for the van-

ishing of mass fluctuation near criticality: Physically, the anomalously suppressed current

fluctuation, combined with the diverging bulk-diffusion coefficient, near criticality result

in the vanishing, or hyperuniform, density fluctuation observed recently in the conserved

Manna sandpiles [109].

Our results are in fact a consequence of the mass conservation, as reflected in the scal-

ing relation (2.111), and are thus expected to be applicable in a broad class of conserved

sandpiles. As our analysis suggests, the anomalous suppression of current fluctuations near

criticality could be a generic feature of hyperuniform state of matter and should serve as the
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dynamical signature of such states, which have been observed in similar other systems in

the recent past [123, 124]. In particular, our findings could help in determining the precise

dynamical nature of the off- and near-critical states in sandpiles by shedding light on the

microscopic dynamical origin of long-ranged temporal correlations in these systems.
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3
T H E M A N N A S A N D P I L E W I T H S I N G L E PA RT I C L E T R A N S F E R

R U L E

3.1 introduction

This model, introduced by K. Jain [119], serves as a simple sandpile model displaying an

active absorbing phase transition. It can be described as a variant of the Manna model [63],

with the difference being that when an active site topples, it throws out a single particle with

unit rate and the particle is distributed between two nearest neighbours with a probability

of 1/2. The critical height for threshold activation remains the same as the Manna model,

which is 2. This simplification restores detailed balance to the model in the active state, and,

as a consequence, the steady-state measure of the active microscopic configurations can be

immediately known by mapping the system to a zero-range process [87, 119]. It can be shown

that the exponent of the order parameter β = 1 describes the activity near the criticality, on

a 1-dimensional periodic boundary, as a(∆) ∼ ∆β, where ∆ = ρ̄ − ρc, since ρ̄ is the global

conserved density.

Immediately, from the scaling relation z = 2 + (β − 1)/ν⊥ proposed in Ref. [38], we find

that z = 2, where z and ν⊥ are the dynamical and correlation length exponents near crit-

icality, respectively. This implies that when approaching criticality from above or from the

active state, no anomalous diffusion should be observed. Our study of the current fluctu-

ation also supports this conclusion, as there is no emergence of dynamic hyperuniformity

near criticality.

Notably, in the absorbing state of this model, detailed balance is broken, and as a result,

the steady-state measures are not known, from simulations, it is known that the correlation

length becomes large and negative [119]. However, the study of this phase lies outside the

scope of the theoretical machinery developed in this thesis.

In this chapter, we investigate the dynamic properties of mass and current, similar to what

has been done in the earlier chapter. From simulations, we found that even near criticality,

our theoretical results excellently capture the simulation data.
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3.2 model

In this section, we define a fixed-energy sandpile model, which obtains an exact product

measure in steady state. As a result, the large-scale evolution equation of the conserved

quantity, density, can be calculated exactly.

We define the model in a periodic lattice of size L, where an unbounded number of par-

ticles mi = 1, 2, . . ., N can occupy a site i, and N is the total number of conserved particles

in the system. Dynamics is governed by the toppling of active sites, where a site is called

active if the corresponding particle number is more than one mi > 1, and it topples a single

particle with a unit rate. The toppled particle is randomly distributed between the nearest

neighbours with probability 1/2. The instantaneous update of the local mass mi(t) is as

follows,

mi(t + dt) =



events probabilities

mi(t) + 1 1
2 âi−1(t)dt

mi(t) + 1 1
2 âi+1(t)dt

mi(t)− 1 âi(t)dt

mi(t) (1 − Σdt) ,

(3.1)

where Σ = 1
2 (âi−1(t) + âi+1) + âi(t) and âi is the activity operator indicating âi = 1 for

mi > 1 otherwise âi = 0. It is important to note that due to threshold-activated dynamics,

below a critical density ρ̄ = ρc (ρ̄ = N/L is the global conserved density), all particles

become immobile since there would be no site with mi > 1. This state is called the absorbing

state. But above the critical density ρ > ρc, there would always be an excess (ρ − ρc)L of

mobile particles, and such states are called active states. As, at most, only a single particle

can hop out of a site, a site can never be vacated because, to topple a single particle to the

nearest neighbours, a site must have at least two particles. Thus, the critical density ρc = 1

in this model and in the active state ρ̄ > 1, the probability of particle configuration can be

written exactly in a product form, since the dynamics satisfies the detailed balance w.r.t. this

probability distribution, which enables us to compute the critical exponents and the single

site mass distribution exactly in the steady state.

As the system satisfies the detailed balance condition and consequently the product mea-

sure of configurations in the active states, we can recast the active regime of the system into a

one-dimensional zero range process (ZRP) [125], with homogeneous hop rates u(m′), which
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are functions of the relative particle number m′ = m − 1 at a site with critical density ρc = 1.

The hop rates, now can be defined as

u(m′) =


1
2 for m′ ≥ 1,

0 for m′ = 0,−1.
(3.2)

The canonical steady state probability distribution of finding the system in the configuration

of relative masses
{

m′
l

}
= {m′

0, m′
1, . . . , m′

L} is given by the probability P
[
m′

l

]
, where

P
[{

m′
l
}]

= Z−1
L,N′

L−1

∏
l=i

f (m′
l), (3.3)

where ZL,N′ is the partition function for system size L and N′ = N − L with total conserved

particle number N; the product factor at each site f (m′) is given by,

f (m′) =
m′

∏
m′

i=1

1
u(m′

i)
= 2m′

. (3.4)

The last equality in the above equation is obtained by using the definition of the rate func-

tions u(m′), given in Eq.(3.2), where in the steady state we have f (0) = 1 . The partition

function ZL,N′ , given in Eq.(3.3), can be written explicitly using the product factor f (n′) as

ZL,N′ = ∑
{n′

l}

L−1

∏
l=i

f (n′
l)δ

(
∑

l
n′

l − N′
)

=
(N′ + L − 1)!
N′! (L − 1)!

2N′
. (3.5)

We are concerned with the marginal distribution of mass at a single site, which is easy to

calculate in the granad-canonical formalism by considering the site as a system and the rest

of the system with L− 1 sites as reservoirs. In the grand-canonical formalism, the probability

of a site having relative particle number m′ in the active-state is

p(m′) =
zm′

f (m′)

Z
, (3.6)

where z is the fugacity and Z is the partition function for L → ∞, N → ∞ and N/L → ρ̄.

This partition function can be obtained in terms of the fugacity z as

Z =
∞

∑
m′=0

zm′
f (m′) =

∞

∑
m′=0

zm′
2m′

=
1

1 − 2z
. (3.7)
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Then, we can fix the fugacity using the condition that the average density of a site should be

ρ̄, that is ∑∞
n′=0 m′p(m′) = ρ̄′ (ρ̄′ = ρ̄ − ρc is the relative global density in active-state), which

gives us,

z =
ρ̄′

2(ρ̄′ + 1)
. (3.8)

Finally we write the occupancy probability of a single site in terms of the relative particle

number m′ = m − 1 and the actual density ρ̄, using Eq.(3.6), as

p(m′) =
1
ρ̄

[
(ρ̄ − 1)

ρ̄

]m′

, (3.9)

Now, the probability that the site is active is given by, a(ρ̄) = ∑∞
m′≥1 p(m′), which using the

above equation can be written explicitly as

a(ρ) =
ρ − 1

ρ
. (3.10)

To find the hydrodynamic limit of this model, using the update rules in Eq.(3.1), we write

the evolution equation of the local average mass at a site i, ⟨mi(t)⟩, as

d
dt

⟨mi(t)⟩ =
1
2
(ai−1(t)− 2ai(t) + ai+1(t)) , (3.11)

where ai(t) = ⟨âi(t)⟩ is the local average of the activity operator. In the continuum limit

i → x = i/L, this average a(x) should be a function of the local density field ρ(x), and this

functional dependence should be governed by the local equilibrium relation between activity,

i.e., by Eq.(3.10). So, we must have a(x) = a[ρ(x)] = (ρ(x) − 1)/ρ(x) and consequently

the continuum limit of Eq.(3.11), would simply be obtained by using the Taylor expansion

a(x ± 1/L) ≃ a(x)± a′(x)/L + a′′(x)/2L2, which gives us the following diffusion equation

in the limit L → ∞,

∂

∂τ
ρ(x, τ) =

∂

∂x

[
D(ρ)

∂

∂x
ρ

]
= − ∂

∂x
jd, (3.12)

where τ = t/L2 is the diffusive time and D(ρ) is the bulk-diffusivity, given by,

D(ρ) =
a′(ρ)

2
=

1
2ρ2 . (3.13)
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We write Eq.(3.12) as a continuity equation at the second equal-to sign, where j(d) is the

hydrodynamic current and can be written as the product of bulk diffusivity D(ρ) and the

local density gradient, i.e.,

j(d) = −D(ρ)
∂ρ

∂x
. (3.14)

Our goal is to study the properties of fluctuations around these hydrodynamic profiles,

which are the solutions of Eq.(3.12). To achieve this, we derive the fluctuating properties of

the actual time-integrated current across a bond using the theory described in detail in the

following sections.

3.3 study of fluctuations

3.3.1 Theory

To develop fluctuating hydrodynamics, we introduce the concept of the time-integrated bond

current, denoted as Qi(t). This quantity represents the net number of particles flowing

through a bond connecting sites i and i+ 1 over a time interval [0, t]. The spatio-temporal cor-

relations of Qi(t) are crucial for our analysis, and we shall see that even in this equilibrium

system, the dynamic correlations have a slowly varying long range and a delta-correlated

part. In the following, we outline the method for obtaining these correlations.The evolution

of Qi(t) is simple and given by the following update rules,

Qi(t + dt) =



events probabilities

Qi(t) + 1 1
2 ai(t)dt

Qi(t)− 1 1
2 ai+1(t)dt

Qi(t) 1 − Σdt,

(3.15)

where Σ = (ai(t) + ai+1(t)) /2 and finally the evolution equation of the time-integrated bond

current is given by,

d
dt

⟨Qi(t)⟩ =
1
2
⟨âi(t)− âi+1(t)⟩ = ⟨Ji(t)⟩ , (3.16)

where Ji(t) instantaneous current across the ith bond, and it can be defined as the derivative

of the integrated current Qi(t),

Ji(t) =
d
dt
Qi(t). (3.17)
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At the operator level, we can decompose the instantaneous current Ji(t) in to a diffusive

part, J (d)
i (t) and a fluctuating part J ( f l)

i (t) as

Ji(t) = J (d)
i (t) + J ( f l)

i (t); (3.18)

we shall see all the long-range temporal correlation functions involve the diffusive instanta-

neous current J (d)
i (t), whereas J ( f l)

i (t) is simply delta correlated. Also, due to consistency

w.r.t Eq.(3.16), we must have,

J (d)
i (t) =

1
2
(âi(t)− âi+1(t)) , (3.19)

which enables us to write Eq.(3.16) as

d
dt

⟨Qi(t)⟩ =
1
2
⟨âi(t)− âi+1(t)⟩ =

〈
J (d)

i (t)
〉

. (3.20)

Consequently, the mean of the fluctuating current is zero,
〈
J ( f l)

i (t)
〉
= 0.

The dynamical fluctuation of Qi(t), i.e.,
〈
Q2

i (t)
〉
− ⟨Qi(t)⟩2, can be calculated from the

two-point current correlations of unequal time, unequal space, CQQ
r (t, t′), where the notation

CAB
r (t, t′) has the following definition,

CAB
r (t, t′) =

〈
Ar(t)Bi+r(t′)

〉
− ⟨Ar(t)⟩

〈
Bi+r(t′)

〉
≡
〈

Ar(t)Bi+r(t′)
〉

c ; (3.21)

⟨Ar(t)Bi+r(t′)⟩c is called the cumulant of the random variables A and B. We also define the

spatial Fourier transform of the correlation function CAB
r (t, t′) as

C̃AB
q (t, t′) =

L−1

∑
r=0

CAB
r (t, t′)eiqr, (3.22)

where q = 2πk/L and k = 0, 1, . . ., L − 1 and the inverse Fourier transform as

CAB
r (t, t′) =

1
L ∑

q
C̃AB

q (t, t′)e−iqr. (3.23)
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Moreover, note that, as we are interested in steady-state fluctuations, ⟨Ar(t)Qi+r(t′)⟩c =

⟨Ar(t)Qi+r(t′)⟩, as ⟨Qi((t)⟩ = 0 in steady states. To find the exact expression of CQQ
r (t, t′),

we write the following update equation for t > t′,

Qi(t + dt)Qi+r(t′) =



events probabilities

(Qi(t) + 1)Qi+r(t′) 1
2 ai(t)dt

(Qi(t)− 1)Qi+r(t′) 1
2 ai+1(t)dt

Qi(t)Qi+r(t′) 1 − Σdt,

(3.24)

where Σ = (ai(t) + ai+1(t)) /2. Using the above update rules, we obtain the following evolu-

tion equation of CQQ
r (t, t′),

∂

∂t
CQQ

r (t, t′) =
〈
J (d)

i (t)Qi+r(t′)
〉

c
=

1
2

(
CâQ

r (t, t′)− CâQ
r−1(t, t′)

)
. (3.25)

The unequal-time and unequal-space correlation function of the activity operator and inte-

grated current, CâQ
r (t, t′), that appeared on the right-hand side of the above equation can be

solved using the following dynamical equation,

∂

∂t
CaQ

r (t, t′) ≡ ∂

∂t
〈

âi(t)Qi+r(t′)
〉

c =

〈{
d
dt

âi(t)
}
Qi+r(t′)

〉
c

. (3.26)

The evolution equation of the local activity operator, which is present inside the curly bracket

above, in-principle can be solved using the following update rules of the local activity oper-

ator âi(t),

âi(t + dt) =



events probabilities

âi(t) + 1 1
2 âi+1(t) p̂i(t)dt

âi(t) + 1 1
2 âi−1(t) p̂i(t)dt

âi(t)− 1 âi(t)δmi ,2dt

âi(t) 1 − Σdt,

(3.27)

and the observable âi(t) evolves according to the equation,

d
dt

âi(t) =
1
2

p̂i(t) (âi(t) + âi−1(t))− âiδmi(t),2, (3.28)

where p̂i(t) = (1 − âi(t)) and Σ = ( p̂i(t)/2) (âi+1 + âi−1) + âiδmi ,2. Putting the above equa-

tion in Eq.(3.26), we note that the resulting equation involves infinite hierarchy correlation
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functions. Clearly, to determine CaQ
r (t, t′), it is necessary to calculate the correlation func-

tions
〈

δmi(t),2 âi(t)Qi+r(t′)
〉

,
〈

â2
i (t)Qi+r(t′)

〉
, and ⟨âi(t)âi−1(t)Qi+r(t′)⟩. However, these cal-

culations would involve additional sets of higher-order correlation functions. Consequently,

this process leads to an infinite hierarchy of equations that poses a challenge to manage.

Similarly, like the Manna model [108], in this model also, we truncate the otherwise in-

finite hierarchy of equations by expressing the microscopic diffusive current, which is the

difference of the local microscopic activity operator, as the local difference of mass times

bulk diffusivity, i.e.,

J (d)
i (t) =

1
2
[âi(t)− âi+1(t)] ≃ D(ρ̄)[mi(t)− mi+1(t)]. (3.29)

The bulk diffusion coefficient D(ρ) = a′(ρ)/2, as given in Eq.(3.13) and is constant in the

steady state of periodic boundary construction. In the truncation scheme described above, we

assume that deviations from the global density ρ̄ are relatively small and that the local cur-

rent, which represents the activity gradient, relaxes diffusively through the local mass gradi-

ent. As we approximate one operator [âi(t)− âi+1(t)]/2 with another D(ρ̄)[mi(t)− mi+1(t)],

it means that we now calculate the correlation between
〈
J (d)

i (t)
〉

and any other operator

Aj(t′) in the following manner,

〈
J (d)

i (t)Aj(t′)
〉
≡
〈

1
2
[âi(t)− âi+1(t)]Aj(t′)

〉
≃
〈

D(ρ̄)[mi(t)− mi+1(t)]Aj(t′)
〉

. (3.30)

As demonstrated later, this approximation excellently captures the dynamic correlations in

this equilibrium system for all density regimes.

Due to this assumption, Eq.(3.25) can now be written as

d
dt

CQQ
r (t, t′) ≃ a′(ρ̄)

2

(
CmQ

r (t, t′)− CmQ
r−1(t, t′)

)
, (3.31)

where we replace J (d) with the expression given in Eq.(3.29). Now, the dynamical equation

of the correlation function of mass and current CmQ
r (t, t′) can be written from the following

update rules for t ≥ t′,

mi(t + dt)Qi+r(t′) =



events probabilities

(mi(t) + 1)Qi+r(t′) 1
2 âi+1(t)dt

(mi(t) + 1)Qi+r(t′) 1
2 âi−1(t)dt

(mi(t)− 1)Qi+r(t′) âi(t)dt

mi(t)Qi+r(t′) 1 − Σdt,

(3.32)
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which gives us,

d
dt

CmQ
r (t, t′) =

(
CJ (d)Q

r+1 (t, t′)− CJ (d)Q
r (t, t′)

)
(3.33)

≃ a′(ρ̄)
2

∆r,kCmQ
r (t, t′). (3.34)

We use Eq. (3.29) to obtain Eq. (3.34), which, together with Eq. (3.31), constitutes a closed set

of equations. To solve this set of linear equations, we take the discrete Fourier transform on

both sides of Eq. (3.34) and Eq. (3.31), which provides us respectively with

d
dt

C̃mQ
q (t, t′) = − a′(ρ̄)

2
λqC̃mQ

q (t, t′), (3.35)

and

d
dt

C̃QQ
q (t, t′) =

a′(ρ̄)
2

C̃mQ
q (t, t′)

[
1 − eiq

]
, (3.36)

where

λq = 2[1 − cos q]. (3.37)

Integrating Eq.(3.36) and Eq.(3.35) we respectively get,

C̃mQ
q (t, t′) = e−

a′(ρ̄)
2 λq(t−t′)C̃mQ

q (t′, t′). (3.38)

and

C̃QQ
q (t, t′) =

t∫
t′

dt′′
a′(ρ̄)

2
C̃mQ

q (t′′, t′)
[
1 − eiq

]
+ C̃QQ

q (t′, t′). (3.39)

As observed in Eq. (3.39) and Eq. (3.38), it is apparent that to derive the complete solution

of the current correlation function, we require the equal-time unequal-space correlations

CQQ
r (t, t) and CmQ

r (t, t). The calculation of the correlation function for the equal-time and
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unequal space, CmQ
r (t, t), can be done by solving the dynamical equation generated by the

following stochastic update equation:

mi(t + dt)Qi+r(t + dt) =



events probabilities

(mi(t)− 1) (Qi+r(t) + 1) 1
2 âi(t)δi,i+rdt

(mi(t) + 1) (Qi+r(t) + 1) 1
2 âi−1(t)δi−1,i+rdt

(mi(t)− 1) (Qi+r(t)− 1) 1
2 âi(t)δi−1,i+rdt

(mi(t) + 1) (Qi+r(t)− 1) 1
2 âi+1(t)δi,i+rdt

(mi(t)− 1)Qi+r(t) 1
2 âi(t) (1 − δi,i+r) dt

(mi(t) + 1)Qi+r(t) 1
2 âi−1(t) (1 − δi−1,i+r) dt

(mi(t)− 1)Qi+r(t) 1
2 âi(t) (1 − δi−1,i+r) dt

(mi(t) + 1)Qi+r(t) 1
2 âi+1(t) (1 − δi,i+r) dt

mi(t) (Qi+r(t) + 1) 1
2 âi+r(t) (1 − δi,i+r − δi,i+r+1) dt

mi(t) (Qi+r(t)− 1) 1
2 âi+r+1(t) (1 − δi,i+r − δi,i+r+1) dt

mi(t)Qi+r(t) (1 − Σdt) ,

(3.40)

where Σ = and from this we further get,

d
dt

CmQ
r (t, t) ≃ a′(ρ̄)

2
∆r,kCmQ

k (t, t) + fr, (3.41)

where fr(t) is the source term of the above inhomogeneous equation and given as

fr(t) = CmJ (d)

r (t, t) +
1
2
⟨âL−1δ0,r+1 − â0δ0,r⟩+

1
2
⟨â0δ0,r+1 − â1δ0,r⟩ , (3.42)

where we use translation invariance of the correlation functions and fix i = 0. Eq.(3.41) can

be using Eq.(3.29) and applying the Fourier transform on both sides, which gives us,

C̃mQ
q (t, t) ≃

∫ t

0
dt′e−

a′(ρ̄)
2 λq(t−t′) f̃q(t′). (3.43)

It is important to note that this source term fr(t) varies depending on the microscopic dynam-

ics of the systems, although the large-scale dynamics is diffusive. As can be checked from

the previous chapter, we obtain a different form of the source terms, as represented by the
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equation (2.45) of Chapter 2. In the steady state, the source term becomes time independent

and in the Fourier representation is given by,

f̃q =
L−1

∑
r=0

eiqr fr =
C̃mâ

q (t, t)
2

(
1 − e−iq

)
− a

(
1 − e−iq

)
. (3.44)

The final bit of information, i.e., the Fourier transform of the equal-time mass and activity

operator correlation that appeared in f̃q, can be obtained from the steady-state condition

dCmm
r /dt = 0, which gives us,

d
dt

Cmm
r (t, t) = ∑

k
∆rkCmâ

k (t, t) + Br = 0, (3.45)

where Br is the source term having the form,

Br(t) =
δ0,r

2
⟨2â0 + âL−1 + â1⟩ −

δ0,r−1

2
⟨â0 + â1⟩ −

δ0,r+1

2
⟨âL−1 + â0⟩ , (3.46)

which can be derived from the following update rules,

mi(t + dt)mi+r(t + dt) =



events probabilities

(mi(t)− 1) (mi+r(t)− 1) 1
2 âiδi,i+rdt

(mi(t)− 1) (mi+r(t) + 1) 1
2 âiδi+1,i+rdt

(mi(t) + 1) (mi+r(t) + 1) 1
2 âi−1δi,i+rdt

(mi(t) + 1) (mi+r(t)− 1) 1
2 âi−1δi−1,i+rdt

(mi(t) + 1) (mi+r(t) + 1) 1
2 âi+1δi,i+rdt

(mi(t) + 1) (mi+r(t)− 1) 1
2 âi+1δi+1,i+rdt

(mi(t)− 1) (mi+r(t)− 1) 1
2 âiδi,i+rdt

(mi(t)− 1) (mi+r(t) + 1) 1
2 âiδi−1,i+rdt

continued on the next page

(3.47)
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mi(t + dt)mi+r(t + dt) =



events probabilities

(mi(t)− 1)mi+r(t) 1
2 âi (1 − δi+1,i+r − δi,i+r) dt

(mi(t) + 1)mi+r(t) 1
2 âi−1 (1 − δi−1,i+r − δi,i+r) dt

(mi(t)− 1)mi+r(t) 1
2 âi (1 − δi−1,i+r − δi,i+r) dt

(mi(t) + 1)mi+r(t) 1
2 âi+1 (1 − δi+1,i+r − δi,i+r) dt

mi(t) (mi+r(t)− 1) 1
2 âi+r (1 − δi,i+r+1 − δi,i+r) dt

mi(t) (mi+r(t) + 1) 1
2 âi+r−1 (1 − δi,i+r−1 − δi,i+r) dt

mi(t) (mi+r(t)− 1) 1
2 âi+r (1 − δi,i+r−1 − δi,i+r) dt

mi(t) (mi+r(t) + 1) 1
2 âi+r+1 (1 − δi,i+r+1 − δi,i+r) dt

mi(t)mi+r 1 − Σdt,

where 1 − Σdt represents the probability of nothing happening.

Eq.(3.45) can be solved using the generating function of form,

G(z) =
∞

∑
r=0

zrCmâ
r (t, t) for 0 ≤ z ≤ 1. (3.48)

From the requirement of convergence of G(z) at z → 1, we obtain,

Cmâ
r =

a for r = 0,

0 for r > 0;
(3.49)

finally we get

G(z) = a. (3.50)

As the correlation function of mass and activity is simply delta-correlated, the corresponding

Fourier transformation of this only contains a constant value, given as

C̃mâ
q (t, t) = a. (3.51)

81



By substituting Eq. (3.51) into Eq. (3.44), we obtain the final form of the source in Eq. (3.43)

as

f̃q = − a
2

(
1 − e−iq

)
. (3.52)

Thus, in the steady state, we obtain the final solution of Eq. (3.38) by utilizing Eq. (3.43) and

Eq. (3.52) as

C̃mQ
q (t, t′) ≃ − a

2

∫ t′

0
dt′′e−

a′(ρ̄)
2 λq(t−t′′)

(
1 − e−iq

)
. (3.53)

The remaining component required to solve Eq. (3.39) is the equal-time correlation function

CQQ
r (t′, t′). Similar to other correlation functions, we can derive its dynamical equation by

using the following update equation:

Qi(t + dt)Qi+r(t + dt) =



events probabilities

(Qi(t) + 1) (Qi+r(t) + 1) 1
2 âi(t)δi,i+rdt

(Qi(t)− 1) (Qi+r(t)− 1) 1
2 âi+1(t)δi,i+rdt

(Qi(t) + 1)Qi+r(t) 1
2 âi(t) (1 − δi,i+r) dt

(Qi(t)− 1)Qi+r(t) 1
2 âi+1(t) (1 − δi,i+r) dt

Qi(t) (Qi+r(t) + 1) 1
2 âi+r(t) (1 − δi,i+r) dt

Qi(t) (Qi+r(t)− 1) 1
2 âi+r+1(t) (1 − δi,i+r) dt

Qi(t)Qi+r(t) 1 − Σdt,

(3.54)

where Σ = 1
2 (âi(t) + âi+1(t)) δi,i+r +

1
2 (1 − δi,i+r) (âi(t) + âi+1(t) + âi+r(t) + âi+r+1(t)). The

corresponding evolution equation of CQQ
r (t, t) is given by,

d
dt

CQQ
r (t, t) =Γr(t) + CJ (d)Q

r (t, t) + CJ (d)Q
L−r (t, t), (3.55)

≃Γr(t) +
a′(ρ̄)

2

{
CmQ

r (t, t)− CmQ
r−1(t, t)

}
+

a′(ρ̄)
2

{
CmQ

L−r(t, t)− CmQ
L−r−1(t, t)

}
,

(3.56)

where Γr(t) is the strength of the fluctuating current and has the following form,

Γr(t) =
1
2
⟨â0(t) + âr(t)⟩ δ0,r. (3.57)
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The correlation function CJ (d)Q
r (t, t), as mentioned in Eq. (3.55), has been approximated using

the scheme described in Eq. (3.29). This approximation leads to the simplified form given by

Eq. (5.31).

3.3.2 Time-integrated current fluctuation

By further integrating Eq. (5.31) and expressing the correlation functions CmQ
r (t, t) in terms

of their Fourier transforms, we obtain the second term of Eq.(3.39),

CQQ
r (t, t) ≃

t∫
0

dt′ Γr(t′) +
1
L

t∫
0

dt′
a′(ρ̄)

2

L−1

∑
q=0

C̃mQ
q (t′, t′)

[
1 − eiq

](
2 − λqr

)
, (3.58)

where λqr = 2[1 − cos(qr)]. In particular, the equal-time current correlation function men-

tioned in the equation above is identical to that of the Manna model [108]. However, it is

important to note that in the Manna model, the time-reversal symmetry is broken, lead-

ing to significantly more nontrivial spatiotemporal correlations compared to its equilibrium

counterpart that we are studying here. In the present model, which incorporates only a

single-particle transfer rule, the equal-time mass activity correlations are delta-correlated in

space. In contrast, in the Manna model, this correlation function exhibits nearest-neighbour

correlations as well. Furthermore, although the function Γr(t) has the same physical inter-

pretation as the Manna model, i.e., the strength of the excess fluctuating microscopic current〈
J ( f l)

i (t)J ( f l)
i+r (t′)

〉
= Γr(t)δ(t − t′), it is also delta correlated in space, as given in Eq.(3.57).

On the other hand, the Manna model exhibits nearest-neighbour correlations in Γr(t). These

simplifications, which are obviously the result of the time-reversible symmetry in the active

phase, contribute to the simpler characteristics of our model.

Now, we substitute the Fourier transform of Eq. (3.58) and Eq. (3.53) into Eq. (3.36) and

then perform the inverse Fourier transform of C̃QQ
q (t, t′) to obtain for t ≥ t′,

CQ,Q
r (t, t′) ≃t′Γr −

1
4L

(ρ̄ − 1)
ρ̄3 ∑

q

∫ t′

0
dt′′

∫ t′′

0
dt′′′e

− 1
2ρ̄2 λq(t′′−t′′′)

λq
(
2 − λqr

)
− 1

4L
(ρ̄ − 1)

ρ̄3 ∑
q

∫ t

t′
dt′′

∫ t′

0
dt′′′e

− 1
2ρ̄2 λq(t′′−t′′′)

λqe−iqr. (3.59)

Using the steady state expression of Γr, defined in Eq.(3.57),

Γr =
(ρ̄ − 1)

ρ̄
δ0,r, (3.60)
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and substituting r = 0, t = t′ = T in Eq.(3.59), we obtain the fluctuation of cumulative

current across a bond, Q(T) up to time T as

〈
Q2(T)

〉
= CQQ

0 (T, T) =
T
L
(ρ̄ − 1)

ρ̄
+ 2ρ̄(ρ̄ − 1)

1
L

L−1

∑
q=1

1 − e
− 1

2ρ̄2 λqT

λq
. (3.61)

From this above equation, we can get mobility χ(ρ̄) as defined in Eq.(1.43) in the limit T → ∞

as

lim
T→∞

〈
Q2(T)

〉
T

=
2χ(ρ̄)

L
⇒ χ(ρ̄) =

(ρ̄ − 1)
2ρ̄

. (3.62)

In the very short time of growth, i.e., when T is order of 1/D(ρ̄), the
〈
Q2(T)

〉
, is given by

the strength of fluctuating current Γ0 across a bond, which can be written as

〈
Q2(T)

〉
≃ Γ0T for 0 < T ≤ 1

D(ρ̄)
. (3.63)

When T becomes sufficiently large, we note that the growth of
〈
Q2(T)

〉
is determined by

the three parameters of the system, that is, mobility χ, bulk diffusivity D, and system size

L. Furthermore, by rescaling the cumulative current fluctuation on the right-hand side of

the above equation as
〈
Q2(T)

〉
→ D(ρ̄)

〈
Q2(T)

〉
/2χ(ρ̄)L and time as a scaling function of

D(ρ̄)T/L2; we rewrite Eq.(3.61) in the form of a universal scaling function G(y) as follows,

D(ρ̄)

2χ(ρ̄)L
〈
Q2(T)

〉
= G

(
DT
L2

)
, (3.64)

where the scaling function G(τ) has the following form,

G(τ) = τ + lim
L→∞

1
L2 ∑

q

1 − e−λqτL2

λq
, (3.65)

and D(ρ̄) and χ(ρ̄) is defined in Eqs. (3.13) and (3.62), respectively. The above function can

be approximately written in an integral as

G(τ) ≃τ + lim
L→∞

1
2π

∫ L2π2

4π2

1 − e−zτ

z3/2 dz

=τ +
1 − e−4π2τ + 2π3/2√τ erfc(2π

√
τ)

2π2 ≃ τ +

√
τ√
π

. (3.66)

In the hydrodynamic timescale, fluctuations can be written using Eq. (3.66) as following.

(I) 0 < τ ≪ 1
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In this limit, the scaling function Eq.(3.65) can be written as

G(τ) ≃
√

τ

π
, (3.67)

using which the asymptotic of current fluctuation,
〈
Q2(T)

〉
≃ Tα, in the corresponding

limit in real time, 1 ≪ T ≪ L2 can be written as

〈
Q2(T)

〉
≃ 2χ√

πD
T

1
2 , (3.68)

implying α = 1/2.

(II) τ ≫ 1

In this regime, the scaling function can be approximated as G(τ) ≃ τ. This means that

when T ≫ L2 for finite L, the current fluctuation becomes diffusive and written as

〈
Q2(T)

〉
≃ 2χT

L
, (3.69)

meaning α = 1.

In comparison to the previous derivation of α near criticality in the context of the Manna

model, as discussed in the previous chapter (Eq. (2.50)), where we obtained α = 1
2 − µ and

µ = (β + 1)/2ν⊥z in Eq. (2.51); in this model, since there is no anomalous behaviour present

in the bulk diffusivity, which becomes constant D ≈ 1
2 near criticality, we immediately have

µ = 0. This means that no anomalous dynamic fluctuations are present in this model, which

exhibits time-reversal symmetry in the active state.

In the left panel of Fig. (3.1), we plot the current fluctuation, scaled only by 2χL, to observe

collapse at a late time, as a function of the scaled time T/L2 for a system size of L = 1000.

Simulation data are plotted as solid lines for densities ρ̄ = 1.001 (violet), ρ̄ = 1.005 (green),

1.05 (blue), 1.5 (dark yellow), 2 (yellow), and 4 (dark blue). The analytical solution for ρ̄ = 4

obtained from Eq. (3.61) is plotted in a black dotted line and matches extremely well with

the simulation data. Three guiding lines demonstrate linear growth in the initial time, the

subdiffusive growth in the intermediate time, and again diffusive growth in the late time.

Since bulk diffusivity is a quadratically decreasing function of density,
〈
Q2(T)

〉
for ρ̄ = 4

shows the longest initial linear growth at the initial time, since this regime was mentioned

to extend up to T = 1/D(ρ̄) time; consequently, the linear part at the late time arrives well

beyond T = L2 time.

On the right panel of the same figure, to observe the collapse as predicted by Eq. (3.65), we

plot the rescaled current fluctuation, D(ρ̄)
〈
Q2(T)

〉
/2χ(ρ̄)L, as a function of rescaled time

τ = T/L2 for densities ρ̄ = 1.001, 1.005, 1.05, 1.5, 2, and 4 in solid lines for simulation data
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Figure 3.1: Left panel: Current fluctuation, scaled by 2χL, is plotted as a function of scaled time T/L2

for a system size of L = 1000 and for different densities. Simulation data are plotted
in solid lines, and the analytical solution for ρ̄ = 4 obtained from Eq. (3.61) is plotted
in a black dotted line. Three guiding lines demonstrate the linear growth in the initial
time (Eq. (3.63)), the subdiffusive growth in the intermediate time (Eq. (3.68)), and again
the diffusive growth at the late time (Eq. (3.69)). Right panel: Scaled current fluctuation
D(ρ̄)

〈
Q2(T)

〉
/2χ(ρ̄)L is plotted as a function of scaled time DT/L2 for the same densities

as in the left panel, for two different system sizes L = 500 and 1000. Simulation data are
plotted in solid lines, which scale nicely on top of each other. The scaling function G
obtained from Eq. (3.65) is plotted in a black dotted line and captures the collapse nicely.

for two system size L = 500 and 1000, all of which collapse nicely on top of each other.

In addition, we include the scaling function G(τ) in a dashed black line obtained from Eq.

(3.65), which accurately captures the collapsed plot. From the scaling function G(τ), one can

observe three dynamical behaviours. Initially, the growth of the current fluctuation is linear.

Then, when the scaled time is 1/L2 ≪ τ ≪ 1, the growth becomes subdiffusive as τ1/2. As

time increases, that is, τ ≫ 1, the growth of the fluctuation becomes diffusive or linear.

3.3.3 Power spectrum of current fluctuations

3.3.3.1 Instantaneous current

In this section, we demonstrate that the initial subdiffusive growth of cumulative current

fluctuations can be explained by examining the dynamic correlation of instantaneous bond

currents, as outlined below.

The instantaneous bond current correlation, ⟨Ji(t)Ji+r(0)⟩ − ⟨Ji(t)⟩ ⟨Ji+r(0)⟩, can be ob-

tained by differentiating Eq.(3.59) for t ≥ t′ in the following manner,

CJ J
r (t) ≡ ⟨Ji(t)Ji+r(0)⟩ − ⟨Ji(t)⟩ ⟨Ji+r(0)⟩ =

[
d
dt

d
dt′

CQQ
r (t, t′)

]
t′=0,t≥0

. (3.70)
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This differentiation further gives us the following analytical expression of the correlation

function in steady state,

CJ J
r (t) = Γrδ(t)− 1

L
(ρ̄ − 1)

4ρ̄3 ∑
q

e
− 1

2ρ̄2 λqt
λqe−iqr. (3.71)

It has been shown quite generically in [108, 116] that Γr(t) represents the strength of the

fluctuating current, which is valid at any time. The instantaneous current correlation function

can be obtained by setting r = 0 in Eq.(3.71), and the only positive contribution to this

correlation function comes from the delta-correlated part. The remaining term on the right-

hand side of Eq.(3.71) actually cancels the contribution of the delta-correlated part. This

cancellation can be observed by integrating Eq.(3.71) over a finite temporal interval [−T, T],

yielding the following expression:

∫ T

−T
dtCJ J

0 (t) =
1
L
(ρ̄ − 1)

ρ̄
+

1
L
(ρ̄ − 1)

ρ̄ ∑
q

e
− 1

2ρ̄2 λqT
. (3.72)

In the limit of an infinite system size (L → ∞) and a large temporal interval (T ≫ 1), the sum

on the right-hand side of the previous equation can be approximated by an integral. Thus,

the equation can be rewritten as follows,

lim
L→∞

∫ T

−T
dtCJ J

0 (t) ≃ (ρ̄ − 1)√
2π

T− 1
2

∫ ∞

0
dye−yy−

1
2 =

(ρ̄ − 1)√
2π

T− 1
2 , (3.73)

where we have made the approximation λq ≃ q2 and used the variable transformation

y = q2T/4ρ̄2. Furthermore, in the limit T → ∞, it has been observed that the space-time

integrated correlation function approaches zero as

lim
L→∞

lim
T→∞

∫ T

−T
dtCJ J

0 (t) = 0. (3.74)

To further understand the underlying long-range negative correlation in the instantaneous

current, which is the main factor contributing to the previous result, we can examine the

right-hand side of Eq. (3.71) for r = 0 in the thermodynamic limit L → ∞. Using the same

variable transformation y = q2T
4ρ̄2 as before, we can express it for, t ≫ 1 as

lim
L→∞

CJ J
0 (t) = − (ρ̄ − 1)

2
√

2π
t−

3
2

∫ ∞

0
dye−y√y = − (ρ̄ − 1)

4
√

2π
t−

3
2 . (3.75)

An important observation is the emergence of an integrable but long power-law temporal

correlation in our equilibrium system. In particular, this correlation is independent of the

system’s proximity to the critical density ρ̄ = 1. Eq.(3.75) suggests that such dynamic long-

range correlation functions are a characteristic feature of diffusive systems, exhibiting generic
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behaviour. To verify Eq.(3.71) in simulation, we calculate the power spectrum of current

fluctuations in the following section.

3.3.3.2 Power spectrum

The Wiener-Khinchin theorem [122] states that the spectral density of fluctuations can be

obtained by taking the Fourier transform of the correlation function associated with those

fluctuations. This implies that the power spectrum of the bond current fluctuation in the

steady state, SJ ( f ) can be obtained by Fourier transforming the two-point correlation func-

tion described in Eq.(3.71) along with r = 0 as follows,

SJ ( f ) =
∫ ∞

−∞
dtCJ J

0 (t)e2πi f t =
(ρ̄ − 1)

Lρ̄
+

(ρ̄ − 1)
Lρ̄ ∑

q

16 f 2π2ρ̄4

λ2
q + 16 f 2π2ρ̄4 . (3.76)

As mentioned in Eq.(3.64), in a diffusive system, the natural temporal scale is given by L2/D.

Therefore, it is expected that by rescaling the frequency f to f L2/D, the power spectrum

function can be expressed in terms of the following scaling function S ,

SJ ( f ) =
2χ

L
S
(

f L2

D

)
, (3.77)

where the mobility χ and diffusivity D are defined in Eqs.(3.62) and (3.13). By comparing

the above equation with Eq.(3.76), we can obtain the scaling function S as follows,

S(y) = 1 + lim
L→∞

∑
q

4y2π2

λ2
qL4 + 4y2π2 . (3.78)

In the limit of large system size, L ≫ 1, the asymptotic behaviour of the above sum when

1 ≪ y ≪ L2/D, can be obtained by approximating the sum by the following integral,

S(y) ≃ 1 + 2L
∫ 1

2

1
L

dx
4y2π2

λ(x)2L4 + 4y2π2 , (3.79)

where in the continuum limit, we perform the substitution q → 2πx, which leads to λ(x) ≈
4π2x2. Then by using the variable transformation, x =

√
y/4

√
2πLz3/4, we convert the above

integral into the following in the limit L → ∞ and obtain,

S(y) ≃ 1 +
√

y

2
√

2π

∫ ∞

0

dz
z3/4(1 + z)

=1 +
√

2

[
tan−1

(√
z − 1√
2 4
√

z

)
+ tanh−1

( √
2 4
√

z√
z + 1

)]∞

0

=1 +
√

yπ

2
. (3.80)
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From the asymptotic behaviour of the scaling function we find that the asymptotic behaviour

of the power spectrum SJ ( f )− SJ (0) ∼ f ψJ as a function of unscaled frequency f ,

SJ ( f ) ≃
2χ

L
+ χ(ρ̄)

√
π

D(ρ̄)
f 1/2, (3.81)

implying f J = 1/2, where SJ (0) = 2χ/L, and in the thermodynamic limit, L → ∞ we have

SJ ( f ) ∼ f 1/2.

In simulations, we compute the power spectrum by discretizing the instantaneous cur-

rent into small temporal intervals, typically denoted as δt, and then calculate the Fourier

transform as follows,

J̃n;T = δt
T−1

∑
k=0

Ji(k)e2πi fnk, (3.82)

where fn = n/T for T ≫ 1. Finally, we define the power spectrum of a bond current as

SJ ( fn) = lim
T→∞

1
T
⟨|J̃n;T|2⟩, (3.83)

where fn = n/T for T ≫ 1. The limit as T tends to infinity represents an average over an

infinitely long time period. For a sufficiently smooth function, the Wiener-Khinchin theo-

rem guarantees the convergence of the discrete sum in Eq.(3.83) to its continuum limit, as

expressed in Eq.(3.76).

In the left panel of Fig. (3.2), we plot the relative power spectrum SJ ( f ) − SJ (0) as a

function of density for L = 1000. Simulation data are plotted as solid lines for density

values 1.002 (violet), 1.004 (green), 1.05 (blue), 1.5 (orange), 2 (yellow), and 4 (dark blue).

The corresponding theoretical line is plotted using Eq. (3.76) for ρ̄ = 4, which is in excellent

agreement with the simulation data. In the right panel, we plot the scaled power spectrum

LSJ ( f )/2χ − 1 as a function of the scaled frequency f L2/D for two systems sizes L = 1000

and 500. The simulation data are plotted for the same density values as in the left panel,

which collapsed nicely, and our shifted scaling function S − 1 given in Eq. (3.78) is plotted

as a dashed red line, excellently capturing the collapse.

3.3.4 Fluctuations of spacetime integrated current

In this section, we compute the fluctuation of the space-time-integrated current Q̄(l, T) =

∑l−1
i=0 Qi(T) using the most general current-current correlation function CQQ

r (t, t′) given in

Eq. (3.59). Then, we show that the mobility of the particle current, derived by applying a

small biasing force (as discussed in the section . . .), is actually equal to the intensive fluctu-

ation of Q̄(l, T) in the appropriate limit. This relationship is simply known as the famous
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Figure 3.2: In the left panel, we present the plot of the relative power spectrum SJ ( f )− SJ (0) with
respect to density for a system size of L = 1000. The simulation data are depicted as solid
lines for densities 1.002 (violet), 1.004 (green), 1.05 (blue), 1.5 (orange), 2 (yellow), and 4
(dark blue). To complement this, we include the corresponding theoretical line obtained
using Eq. (3.76) for ρ̄ = 4, which exhibits excellent agreement with the simulation data and
the guiding line f 1/2 follows Eq. (3.81). In the right panel, we illustrate the scaled power
spectrum LSJ ( f )/2χ − 1 as a function of the scaled frequency f L2/D for two system
sizes, L = 1000 and 500. The simulation data are plotted for the same density values as
in the left panel, and they exhibit a remarkable collapse. Additionally, we include our
shifted scaling function S − 1, given in Eq. (3.78), as a dashed red line, which captures the
observed collapse.

Green-Kubo relation [5–8] for the transport coefficients. The steady state fluctuation of the

integrated current across a subsystem of size l up to time T is given by,

〈
Q̄2(l, T)

〉
−
〈

Q̄(l, T)
〉2

=
〈

Q̄2(l, T)
〉
= lCQQ

0 (T, T) +
l−1

∑
r=1

2(l − r)CQQ
r (T, T), (3.84)

along with the assumption that in the steady state the mean current is zero, ⟨Q(l, T)⟩ = 0.

Substituting Eq.(3.59) in the previous equation and utilizing the identity,

l−1

∑
r=1

2(l − r)(2 − λrn) = 2
(

λln − lλn

λn

)
, (3.85)

given in Ref.[108], we obtain the following expression for
〈

Q̄2(l, T)
〉
,

〈
Q̄(l, T)2〉 = 2χ(ρ̄)lT − 2χ(ρ̄)

D(ρ̄)

L ∑
q

D(ρ̄)λqT − 1 + exp
(
−λqD(ρ̄)T

)(
λqD(ρ̄)

)2 λql , (3.86)

where χ(ρ̄) = (ρ̄ − 1)/2ρ̄ and D(ρ̄) = 1/2ρ̄2. The relationship between the size of the sub-

system l and the observation time T remains significant even in this equilibrium system. In

the following discussion, we will examine the behavior of fluctuations,
〈

Q̄(l, T)2〉, for L ≫ 1,

as we consider the infinite space-time volume by interchanging the limits of l and T.
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Case I: Taking the limit T → ∞ first, followed by l → ∞. To obtain this limit, we first take

T ≫ 1, while keeping l small, which allows us to write the Eq.(3.86) as

〈
Q̄(l, T)2〉 ≃2χ(ρ̄)lT − 2χ(ρ̄)

D(ρ̄)

L ∑
q

D(ρ̄)λqT − 1 + exp
(
−λqD(ρ̄)T

)(
λqD(ρ̄)

)2 λql ,

≃4χ(ρ̄)
D(ρ̄)

L

∫ 1/2

1/L
dx

1 − exp (−λ(x)D(ρ̄)T)

(λ(x)D(ρ̄))2 λ(lx), (3.87)

where the final integral is obtained in the thermodynamic limit L → ∞, and x = i/L. This

integral can be solved using the approximation λ(lx) ≃ 4π2l2x2 for finite subsystem size l

and a variable transformation x = y1/2/2π
√

D(ρ̄)T, which gives us

1
lT
〈

Q̄2(l, T)
〉
≃ χ(ρ̄)

π
√

D(ρ̄)

l√
T

∞∫
0

dy(1 − e−y)y−3/2 =
2χ(ρ̄)√
πD(ρ̄)

l√
T

. (3.88)

Finally, if we take the limit, T → ∞ the above intensive fluctuation goes to zero.

Case II: Taking the limit l → ∞ first, followed by T → ∞. On the other hand, to obtain this

limit, we first use λlq ≃ 2 for l ≫ 1, then write Eq.(3.86) in the thermodynamic limit as

1
lT
〈

Q̄2(l, T)
〉
≃ 2χ(ρ̄)− 8χ(ρ̄)D(ρ̄)

lT

1/2∫
1/L

dx
D(ρ̄)λ(x)T − 1 + exp (−λ(x)D(ρ̄)T)

λ2(x)D2(ρ̄)
, (3.89)

which using the same variable transformation as in case-I, we write,

1
lT
〈

Q̄2(l, T)
〉
≃2χ(ρ̄)− 2χ(ρ̄)D(ρ̄)

lT

∞∫
0

dy
(
y − 1 + e−y)y−5/2 T3/2

π
√

D(ρ̄)

=2χ(ρ̄)− 8χ(ρ̄)

3

√
D
π

√
T

l
. (3.90)

In the above equation by taking the limit l → ∞, we obtain the convergence of the intensive

fluctuation of the space-time integrated bond current as 2χ(ρ̄). It has already been shown

using a small bias that the mobility of this equilibrium model is the activity itself, or (ρ̄ −
1)/2ρ̄ for a global density of ρ̄ [87]. The Green-Kubo relation, in equilibrium [5–8] states that

the mobility is the space-time-integrated correlation of the particle current when there is no

bias and the same limiting condition is applied. In Eq.(3.90) we simply recover that result.

In Fig.(3.3), we plot
〈

Q̄(l, T)2〉 as a function of relative density ∆ = ρ̄ − 1. The simulation

data for l = 2500, T = 100 and l = 100, T = 105 are plotted respectively in solid blue and

violet lines and the analytical solutions of Eq.(3.86) for the corresponding values of l and T

are plotted in black dotted lines and match excellently with our simulation data. We also
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Figure 3.3: The scaled space-time-integrated current fluctuations are presented as a function of rela-
tive density. The simulation data for subsystem size l = 2500 and T = 100 is represented
by the solid blue line, while the data for l = 100 and T = 105 is shown as the solid violet
line. To assess the agreement between simulation and theory, we compare the analytical
result given by equation (3.86) (depicted by the corresponding dashed black lines) with
the simulation data, which exhibits excellent agreement. The simulations were conducted
for a system size of L = 5000 in both cases. In the inset, we further obtained an excellent
agreement between the scaled total current fluctuation and twice the activity, or (ρ̄ − 1)/ρ̄,
as a function of ∆ as predicted in Eq. (3.91).

plot twice the activity, (ρ̄ − 1)/ρ̄ in a blue dot-dashed line, which exactly superposed on the

fluctuation curve of l = 2500 and T = 100. All simulation data are taken for L = 5000.

Interestingly, for a large system size L ≫ 1, the fluctuation of total current Q̄(L, T) is

always extensive; by replacing the subsystem size l by the system size L in Eq.(3.86) we

obtain,

lim
L→∞

1
LT
〈
Q̄2(L, T)

〉
= 2χ =

L−1

∑
r=0

Γr =
ρ̄ − 1

ρ̄
, (3.91)

as λLq = 0 for all values of q. Actually, this is the converging value of
〈

Q̄2(l, T)
〉

/lT if we

take the limit l → ∞ then T → ∞ and we denote it as twice the mobility χ(ρ̄) of the system,

i.e.,

lim
L→∞

1
LT
〈
Q̄2(L, T)

〉
=

ρ̄ − 1
ρ̄

= σ2
Q ≡ lim

l→∞
lim

T→∞

1
lT
〈

Q̄2(l, T)
〉

, (3.92)

which equates 2χ(ρ̄) = a(ρ̄) = ρ̄−1
ρ̄ .
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3.3.5 Tagged particle diffusion

In this section, we study the fluctuations in the displacements of the tagged particles as a

function of time. We establish a connection between the sum of the integrated displacements

of each individual tagged particle, denoted as ∑N
α=1 Xα(T), where Xα(T) represents the total

displacement of the particle α within the time interval of [0, T] with the total integrated

current Q̄(L, T). This relation is established by considering the integrated current across

both space and time, which can be expressed using the following relationship,

N

∑
α=1

Xα(T) =
L−1

∑
i=0

Qi(T) = Q̄(L, T). (3.93)

In the limit of large T ≫ L2, the self-diffusion coefficient Ds(ρ̄) can be defined through the

mean-square tagged particle displacement of the αth particle as given below,

〈
X2

α(T)
〉
≃ 2Ds(ρ̄)T. (3.94)

Earlier in Ref.[108] in the context of another sandpile model, the Manna model, it was shown

that the bulk diffusivity coefficient D(ρ̄) is very different from the self-diffusivity of a tagged

particle. In fact, the tagged particle diffusion coefficient Ds(ρ̄) can be expressed as a ratio of

the intensive fluctuation of total current ⟨Q2(L, T)⟩ and the global density ρ̄,

Ds(ρ̄) =
a(ρ̄)
2ρ̄

=
1
ρ̄

[
lim

L,T→∞

〈
Q̄2(L, T)

〉
2LT

]
=

ρ̄ − 1
2ρ̄2 ; (3.95)

for details see Ref.[108]. In Fig. (3.4), we present the plot of the mean square fluctuation of the

displacement of tagged particles (indicated by the solid red line) up to time T,
〈〈

X2(T)
〉〉

/2T,

as a function of ∆ = ρ − 1. Here, the double angular braces
〈〈

X2(T)
〉〉

= ∑α

〈
X2

α(T)
〉

/N

represent the average over trajectories and particles. During simulations, particle transfer at

any site i involves the random selection of a single particle from a specific stack. Addition-

ally, we include the theoretical expression of the density-dependent self-diffusion coefficient

Ds(ρ) = (ρ̄ − 1)/2ρ̄2, as given in equation (3.95), which is plotted as the dashed black line.

Remarkably, there is excellent agreement between the simulation results and the theoretical

prediction. For comparison, we also include the plot of the bulk diffusion coefficient D(ρ̄)

(represented by the dot-dot-dashed blue line), defined in equation (3.13). It is important

to note that the self-diffusion coefficient Ds(ρ̄) and the bulk diffusion coefficient D(ρ̄) are

distinct quantities that exhibit contrasting behaviours, particularly near criticality. Specifi-

cally, as the system approaches criticality, where the activity decays as a(ρ̄) ∼ (ρ̄ − 1), the

self-diffusion coefficient, which being the ratio of activity to density (see equation (3.95)),
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Figure 3.4: We plot the mean-square fluctuation of the displacement of tagged particles up to time
T (represented by the solid red line) as a function of the relative density ∆. Here, the
double angular braces

〈〈
X2(T)

〉〉
= ∑α

〈
X2

α(T)
〉

/N indicate the average over trajectories
and particles. The simulations (solid red line) demonstrate excellent agreement with the
theoretically derived self-diffusion coefficient Ds(ρ̄) (depicted by the dashed black line)
as shown in equation (3.95). Additionally, in the same graph, we plot the bulk diffusion
coefficient D(ρ̄) = 1/2ρ̄2 as a function of ∆ = ρ̄ − 1 (represented by the dot-dot-dashed
blue line), which exhibits a contrasting behaviour compared to the self-diffusion coefficient
Ds(ρ̄).

vanishes as Ds(ρ̄) ∼ (ρ̄ − 1), mirroring the behaviour of the activity near criticality. In con-

trast, the bulk diffusion coefficient, which is the derivative of activity with respect to density

(see equation (3.13)), remains constant at a value of 1/2. Moreover, when the system is far

from criticality and in the limit of large density ρ̄ ≫ 1, both the self-diffusion coefficient

and the bulk diffusion coefficient approach zero, but with different decay patterns. In this

case, since activity is expected to follow a(ρ̄) ≃ 1 − const./ρ̄, the self-diffusivity decays as

Ds(ρ̄) ∼ 1/ρ̄, while the bulk diffusivity decays much faster, with D(ρ̄) ∼ 1/ρ̄2.

Although Equation (3.95) has been proven to be valid for other models, such as simple

symmetric exclusion processes [118], its applicability in our model comes from the absence

of correlations among toppled particles in steady state. Consequently, the self-diffusivity can

be determined by examining the fluctuations in the total integrated current. It is important

to note the significant distinction between self-diffusivity and bulk diffusivity. Near the crit-

ical point, the bulk diffusivity remains constant at a value of 1/2, while the self-diffusivity

approaches zero as (ρ̄ − 1). In the high-density limit, both of these transport coefficients
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tend to zero, albeit in different manners. The self-diffusivity decays as 1/ρ̄, while the bulk

diffusivity decays much faster as 1/ρ̄2.

3.3.6 Power spectrum of mass fluctuations

In this section, we study the properties of fluctuations in the mass of a subsystem Ml(t) =

∑l=1
i=0 mi(t), for which we begin with the unequal-time and unequal-space correlation func-

tion of the mass of a single site in steady state for t ≥ 0, CQQ
r (t, 0) = ⟨mi(t)mi+r(0)⟩ −

⟨mi(t)⟩ ⟨mi+r(0)⟩ ≡ Cmm
r (t). Since the steady state is an equilibrium state and all particles

in the steady state are essentially performing noninteracting random walks, it is expected

that the spatial correlation among the sites should not exhibit any long-range correlation. In

fact, in the following sections, we demonstrate that a single-site mass does not possess any

correlation beyond r = 0.

The evolution equation of this quantity can be written as

d
dt

Cmm
r (t) =

1
2 ∑

k
∆0,k ⟨âk(t)mr(0)⟩ , (3.96)

which further can be solved using Eq.(3.29) that simplifies the above equation to,

d
dt

Cmm
r (t) ≃ 1

2ρ̄2 ∑
k

∆r,kCmm
k (t). (3.97)

Solving the above equation using Fourier representation, we obtain,

C̃mm
q (t) ≃ e

− 1
2ρ̄2 λqt

C̃mm
q (0, 0), (3.98)

where C̃mm
q is the Fourier transformation of Cmm

r . C̃mm
q (0, 0) represents the Fourier transform

of the equal-time correlation function. It can be obtained by using Eq.(3.29) in Eq.(3.45) and

utilising the condition dCmm
r /dt = 0 in steady state, which gives us

d
dt

Cmm
r (t, t) ≃ 1

2ρ̄2 ∑
k

∆0,k ⟨mkmr⟩+ Br = 0, (3.99)

where the source term Br is given in Eq.(3.46). Using the generating function, G′(z) =

∑∞
z=0 Cmm

r (t, t)zr, similarly to Eq.(3.48), we can solve Eq.(3.99) by multiplying both sides of

this equation by zr and taking the sum over r from 0 to ∞, which finally gives us,

G′(z) = ρ̄(ρ̄ − 1), (3.100)
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where we imposed the condition G′(z) < ∞ when z → 1. This generating function tells us

that Cmm
r (t, t) = ρ(ρ − 1)δ0,r and the Fourier transform of it is given by,

C̃mm
q (t, t) = ρ̄(ρ̄ − 1). (3.101)

We put the above equation to Eq.(3.98) to obtain,

C̃mm
q (t) ≃ e

− 1
2ρ̄2 λqt

ρ(ρ − 1), (3.102)

and finally, using the inverse Fourier transform we got the correlation function Cmm
r (t) as

Cmm
r (t) ≃ 1

L ∑
q

e−iqre
− 1

2ρ̄2 λqt
ρ(ρ − 1). (3.103)

Following the Ref.[108], we now consider subsystem mass Ml(t) = ∑l−1
r=0 mr(t) for l < L and

calculate the equal-time correlation function for mass CMl Ml (t, 0) ≡ CMl Ml (t) by using the

following expression,

CMl Ml (t) = lCmm
0 (t) +

l−1

∑
r=1

(l − r)(Cmm
r (t) + Cmm

−r (t)). (3.104)

Substituting Eq.(3.105), in the above equation, we get the dynamic correlation of subsystem

mass,

CMl Ml (t) ≃ 1
L ∑

q
e
− 1

2ρ̄2 λqt
ρ̄(ρ̄ − 1)

λql

λq
, (3.105)

the equal-time part of which gives us the fluctuation of subsystem mass, CMl Ml (0) =
〈

M2
l

〉
−

ρ̄2l2 = ρ̄(ρ̄− 1)l, when l ≪ L. Similarly to Eq. (2.97) in Chap. 2, by defining the scaled subsys-

tem mass fluctuation σ2(ρ̄) as σ2(ρ̄) = CMl Ml (0)/l = ρ̄(ρ̄− 1), we can derive the Einstein rela-

tion that connects the scaled subsystem mass fluctuation and the scaled spacetime-integrated

current fluctuation as

σ2(ρ̄) =
σ2

Q

2D
, (3.106)

where σ2
Q is given in Eq. (3.92).
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As we mentioned previously, it is more convenient to observe the power spectrum of fluc-

tuations than the correlation functions directly; we write the Fourier transform of CMl Ml (t),

which gives us the power spectrum of mass fluctuations, SMl ( f ) as

SMl ( f ) = lim
T→∞

T∫
−T

dt CMl Ml (t)e2πi f t =
1
L ∑

q
ρ̄(ρ̄ − 1)

2λqD(ρ̄)

λ2
qD(ρ̄)2 + 4π2 f 2

λlq

λq
. (3.107)

By rescaling the frequency as a dimensionless quantity f → f L2/D, SMl ( f ) can be written

in terms of a scaling function KM as

SMl ( f ) =
2χ(ρ̄)L3

D(ρ̄)2 KM

(
f L2

D

)
, (3.108)

where the scaling function KM is given by,

KM(y) = lim
L→∞

∑
q

λlq

λ2
qL4 + 4π2y2 . (3.109)

To obtain the asymptotics of KM, we take the continuum limit q → 2πx, where x = n/L and

n = 1, 2, . . ., L − 1 for L ≫ 1. Then we define the variable transformation x = z1/4/2πL,

which lets us write Eq.(3.109) as

KM(y) ≃
∫ L4π4

16π4

dz
2πz3/4 (4π2y2 + z)

=

 tanh−1
(

2
√

π
√

y 4√z
2πy+

√
z

)
− tan−1

(
2πy−

√
z

2
√

π
√

y 4√z

)
4π5/2y3/2


L4π4

16π4

,

≃ y−3/2

4π3/2 for L → ∞. (3.110)

The above result tells us that in the low frequency regime 1/L2 ≪ f ≪ 1, we write the

asymptotic behaviour of the power spectrum of subsystem mass, SMl ( f ) ∼ f−ψM as a func-

tion of unscaled frequency f by,

SMl ( f ) ≃ 1
2π3/2

χ(ρ̄)√
D

f−3/2, (3.111)

which gives us ψM = 3/2.

In the left panel of Fig. (3.5), we plot the power spectrum of the mass as a function of

frequency for a system size of L = 1000 and a subsystem size of l = L/2. Simulation data

are represented by solid lines for densities ρ̄ = 1.002 (violet), 1.004 (green), 1.05 (blue), 1.5

(orange), 2 (yellow), and 4 (dark blue). We also include the theoretical formula, Eq. (3.107),

for ρ̄ = 4, represented by the dashed black line, which shows excellent agreement with the

simulation data. In the right panel, we plot the scaled power spectrum of the mass, that is,
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Figure 3.5: The left panel displays the power spectrum of the mass as a function of frequency for
a system size of L = 1000 and a subsystem size of l = L/2. The simulation data are
represented by solid lines for densities ρ̄ = 1.002 (violet), 1.004 (green), 1.05 (blue), 1.5
(orange), 2 (yellow), and 4 (dark blue). Additionally, the theoretical formula, Eq. (3.107),
for ρ̄ = 4, is plotted as the dashed black line, showing excellent agreement with the
simulation data and the guiding line f−3/2 is obtained from Eq. (3.111). In the right panel,
we plot the scaled power spectrum of the mass, D(ρ̄)2SMl ( f )/2χ(ρ̄)L3, as a function of
the scaled frequency f L2/D, considering the same density values and two system sizes,
L = 500 and 1000, with the subsystem size l = L/2. The simulation data are depicted as
solid lines, and they collapse remarkably well on top of each other for both system sizes.
The collapsed function, represented by the thick dashed red line, is precisely described by
the scaling function KM(y), given in Eq. (3.109). The scaling function is obtained using
the system size L = 1000, which accounts for the excellent agreement observed in the
collapsed data.

D(ρ̄)2SMl ( f )/2χ(ρ̄)L3, as a function of the scaled frequency f L2/D for the same density

values and two sizes of the system, L = 500 and 1000, where the sizes of the subsystem

are l = L/2. The simulation data are depicted as solid lines, and they collapse excellently

on top of each other for both system sizes. The collapsed function, represented by the thick

dashed red line, is accurately described by the scaling function KM(y), given in Eq. (3.109).

In obtaining the scaling function, we use the system size L = 1000, which accounts for the

excellent agreement observed in the collapsed data.

3.4 driven hydrodynamics

The only equilibrium model studied in this thesis is the single particle transfer sandpile

model (Chapter 3). In this model, we verify the Green-Kubo formula by calculating the

mobility from the driven hydrodynamics and comparing it with the space-time integrated
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current fluctuations. The dynamics of this model can be biased with the appropriate rate

function cF
i,α, as defined in Eq.(4.77). The biased update rule of local mass is given as

mi(t + dt) =



events probabilities

mi(t) + 1
(

âi+1cF
i+1,− + âi−1cF

i−1,+

)
dt

mi(t)− 1 âi

(
cF

i,− + cF
i,+

)
dt

mi(t) 1 − Σdt,

(3.112)

where Σdt the probability of happening all events. The corresponding evolution equation of

local density can be written as

∂

∂t
ρi(t) =

1
2
⟨âi+1 − 2âi + âi+1⟩+

1
2

F
(âi−1 − âi+1)

2
. (3.113)

In the diffusive limit, we rescale the biased force as F = F̃/L to derive the corresponding

hydrodynamic equation, which has a form similar to Eq.(2.118) in the driven Manna model

and write it as

∂ρ(x, τ)

∂τ
=

∂

∂x
[
D(ρ̄)∂x + χ(ρ)F̃

]
. (3.114)

The bulk diffusivity remains the same as that given in Eq.(3.13) of Chapter 3, while the

mobility χ(ρ) has the same expression as in Eq.(3.92),

χ(ρ) =
σ2

Q

2
=

(ρ − 1)
2ρ

. (3.115)

In Fig. 3.6, we present the relaxation of an initial density profile as a function of the scaled

space for F̃ = 10. The initial density profile is prepared by distributing L particles using

a Gaussian random number generator with a variance of L/10 and a mean of L/2, while

the background density is set to ρ = 1. The initial profile is represented by circular points

at τ = 0, triangular points at τ = 10−2, and pentagonal points at τ = 10−1. The solid

lines correspond to the solution of Eq. (3.114), which exhibits excellent agreement with the

simulation data points.

3.5 summary and conclusions

In this study, we examined the dynamical correlations of current and the static correlations

of mass in the active states of a sandpile model that adheres to a detailed balance condition.
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Figure 3.6: The driven-diffusive evolution of an initial density profile as a function of scaled space is
plotted for F̃ = 10. The profile is created by distributing particles using a Gaussian random
number generator with a mean of L/2 and a variance of L/10, while the background
density is set to ρ = 1. At τ = 0, the initial profile is represented by circular data points,
followed by triangular points at τ = 10−2 and pentagonal points at τ = 10−1. The solid
lines depict the solution obtained from Eq. (3.114). All data is taken for L = 1000.

To begin, we utilized microscopic dynamical equations and introduced the truncation

scheme proposed in Chap 2. Remarkably, this scheme is shown to be valid for both short

and long (hydrodynamic) timescales. It enabled us to conduct theoretical investigations into

the time-dependent correlation functions for current and mass, specifically focusing on the

two-point correlation functions with unequal times and their corresponding power spectra.

Our findings revealed following results:

(I) Long range negative temporal correlation of instantaneous current

The time-dependent two-point correlation function for the bond current exhibited a

delta peak at time t = 0. Furthermore, for times t > 0, we observed a long-range neg-

ative correlation that decayed as t−3/2 near and far from the criticality. Consequently,

the resulting growth of the variance of the cumulative (time-integrated) current up to

time T is subdiffusive, following T1/2. Due to the presence of the detailed balance

condition, the hyperuniformity exponent µ = 0 in this model, while in the conserved

Manna model, it was µ ≈ 0.24.

(II) Power spectrum of current and mass

The power spectrum of the current at low frequency f decays as f ψJ . As f approaches

zero, ψJ is found to be 1/2. Additionally, we have demonstrated that the power spec-

trum of the temporal subsystem mass fluctuation, induced by boundary currents, de-

cays as f−ψM at low frequency, where ψM = 3/2. Since the dynamics of our system is

governed by the diffusion equation, the two exponents ψM and ψJ are not independent;

rather, they are connected by the relation ψM = 2 − ψJ , as mentioned in Chap 2.

(III) Spacetime integrated current fluctuation and derivation of the Einstein relation
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Using the microscopic current correlations, we calculated the spacetime-integrated cur-

rent fluctuation and found that even in equilibrium systems, the fluctuation of this

quantity is highly dependent on how we take the infinite-volume limit. If we first take

the limit T → ∞, followed by the limit L → ∞, then the intensive current fluctuation

goes to zero. On the other hand, if we take the limit L → ∞ first, followed by the in-

finite time limit, then the intensive spacetime-integrated current fluctuation converges

to twice the mobility. It has been shown that in this particular limit it is related to the

scaled subsystem mass fluctuation divided by twice the bulk diffusivity, which corre-

sponds to the Einstein relation or the fluctuation-dissipation theorem for this model.

(IV) Tagged particle diffusion

In this conserved model, we have also proved that the self-diffusion coefficient is the

mobility divided by the global density. This result is consistent with what we found

for the Manna sandpile model in Chap. 2.
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4
M O D E L O F A C T I VAT E D R A N D O M WA L K E R S

4.1 introduction

In this chapter, we investigate the hydrodynamics and current fluctuations in another inter-

acting particle system known as the activated random walk (ARW) model. The ARW model

is an Abelian variant [66] of the Manna sandpile model [62]. Similarly to the Manna model,

the ARW model exhibits a continuous phase transition from an active phase to an absorbing

phase near a critical global density ρc, which depends on the sleeping parameter (λ) inherent

in the dynamics. The dynamics conserves the particle number unless it is added to some sink

at the boundary. Classical analytic and probabilistic techniques fail in the cases of sandpile

models due to long-range effects inherent in their conservative dynamics, making rigorous

analysis of such systems a major mathematical challenge. However, significant progress has

been made in recent decades in the context of the ARW model [66]. Some of these results for

one-dimensional model are as follows:

• Bounds and exact results of critical density. It has been shown that in the infinite volume

limit for the completely asymmetric case, the critical density is exactly equal to λ/(1 +

λ)[66, 126]. Meanwhile, in the symmetric ARW model, ρc is bounded [67] by

λ

1 + λ
≤ ρc ≤ 1. (4.1)

It has also been predicted that ρc < 1 when λ < ∞ and ρc → 0 if λ → 0 [66].

• Power laws near criticality. At ρ = ρc, the active particle density or the activity (u =

∑i ⟨ni⟩ /L, where ni is the number of particles at the active site i) as a function of time

t in this model decays as a power of t at the limit t → ∞. On the other hand, for

density ρ > ρc, the activity remains stationary for t = ∞, and it decays as ∆β as ρ

approaches ρc, where ∆ = ρ − ρc. The activity also scales as u(λ, ρ, L) ∼ L−β/ν⊥ with

the system size L. For the completely asymmetric case, it is reported [126] that β ≈ 1,

ν⊥ ≈ 2, and the dynamic exponent z ≈ 1, which do not depend on λ. On the other
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hand, for the symmetric ARW model, from some initial studies, it is reported that

β/ν⊥ ≈ 0.23, z ≈ 1.51, although the exponents with satisfactory confidence are yet to

be reported [126].

In this chapter, the determination of the hydrodynamic equation of density, governing

the large-scale relaxation of perturbations, and the calculation of the dynamic correlation

functions in the steady state of the symmetric ARW model are matters of interest.

4.2 model

The activated random walk model is defined on a one-dimensional periodic lattice consisting

of L sites [66]. Each site i can accommodate an unbounded number of particles denoted by

mi = 0, 1, 2, . . ., while the total number of particles M is conserved, given by M = ∑L
i=1 mi.

Each particle can exist in one of two states: (I) active (A) or (II) sleepy (S).

In the continuous-time dynamics of the model, a randomly chosen active particle can

undergo the following processes: (I) It transitions to a sleepy state with a rate λ (0 < λ ≤ ∞),

or (II) with a unit rate, it performs an unbiased random walk. In the random walk, an

active particle residing at a site i has an equal probability of hopping to either of its nearest

neighbours j = i ± 1. Notably, an important aspect is that a sleepy particle will remain sleepy

until an active particle jumps to that site from one of its nearest neighbours, following the

transformation:

S + A → 2A. (4.2)

Additionally, it is worth mentioning that dynamically achieving a configuration where

a site contains multiple sleepy particles is not possible. In other words, an active particle

residing at a site already occupied by other particles will remain active indefinitely. If such

an active particle transforms into a sleepy particle, it will regain its activity at an infinite rate.

The stochastic time-evolution of mi(t) in an infinitesimal time-interval dt can be written as

mi(t) =



event probability

mi(t) + 1 1
2

1
1+λ mi+1 âi+1 dt

mi(t) + 1 1
2

1
1+λ mi−1 âi−1 dt

mi(t)− 1 1
1+λ mi âi dt

mi(t) 1 − Σ dt

. (4.3)
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Here, âi = 1 if there is at least one active particle on the ith site and âi = 0 otherwise, and

Σ = 1
2

1
1+λ mi+1 âi+1 dt + 1

2
1

1+λ mi−1 âi−1 dt 1
1+λ mi âi dt. It is always true that âi = 1 whenever

mi > 1, but for an isolated particle where mi = 1, âi can either be 0 or 1. The following table

is explaining the possible values of âi can be written as

âi =



1 for mi > 1,

1 for mi = 1, but the particle is in state A,

0 for mi = 0,

0 for mi = 1, but the particle is in state S.

(4.4)

Due to the competition between the particle diffusion and the A → S transformation, the

system undergoes an Active Absorbing phase transition at a finite critical particle density

ρc ≡ ρc(λ).

4.2.1 Hydrodynamics

Following the update rules given in Eq.(4.3), the infinitesimal-time evolution equation of

local density ρi(t) = ⟨mi(t)⟩ is given by

d
dt

ρi(t) =
1

2(1 + λ)
⟨mi−1 âi−1 − 2mi âi + mi+1 âi+1⟩ = ∑

k

1
2(1 + λ)

∆i,k ⟨ûk⟩ , (4.5)

where ûi(t) = mi(t)âi(t) is the active-particle number operator at a site i and ∆i,k is the

discrete Laplacian operator. The local diffusive current in Eq. (4.5) can be represented as

the discrete gradient of a local observable, denoted as ui. This property is referred to as

"the gradient property" [9]. The presence of the gradient property allows for the direct iden-

tification of the bulk-diffusion coefficient and conductivity in the activated random walk

(ARW) model. By recognizing the gradient property, one can relate the diffusive current to

the gradient of the local observable, enabling a straightforward determination of the relevant

transport coefficients in the ARW model.

Based on simple physical considerations in a large system on a macroscopic scale, where

the density and activity fields vary slowly in space and time, it is reasonable to assume that

the local activity is not independent but rather "slave" to the local density. This assumption

arises from the notion that, at a coarse-grained level where a hydrodynamic theory is appli-

cable, the relaxation timescales of the conserved density field (considered a "slow" variable)

and the non-conserved activity field (considered a "fast" variable) are expected to be sepa-
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rated. Therefore, the local activity should take on values corresponding to the instantaneous

local density.

In other words, we assume the existence of a local steady state, where the average of any

local observable g(mi) can be replaced by its steady-state average ⟨g(mi)⟩ = ⟨g(mi)⟩st
ρi

, which

corresponds to the local density ρi [9, 11, 38]. Specifically, by considering g(mi) ≡ mi âi, we

can express the local activity as miai = ⟨m̂iai⟩st
ρi
≡ u[ρi(t)], where u[ρi(t)] is now a function

solely dependent on the local density ρi(t). This assumption, known as the local-equilibrium

assumption at a nonequilibrium steady state, allows us to establish a relationship between

the local activity and the local density. From simulations, we observe the functional depen-

dence of the active particle density u(ρ) = ∑r âimi/L as a function of density ρ in the steady

state. Near the critical density ρc, we find that for all values of the sleeping parameter λ, the

relationship follows the same form,

u(ρ) = A∆β, (4.6)

Here, A and β are independent of λ, and ∆ = ρ − ρc represents the relative density with

respect to the critical density ρc at which the continuous phase transition occurs. We obtained

the value of ρc from simulations for three different values of λ = 3/2, 1 and 1/3 as 0.9715,

0.929 and 0.6995, respectively.

Consequently, by taking the continuum limit where we rescale the spatial coordinates as

i → x = i/L and time as t → τ = t/L2, Eq. (4.5) leads to the following hydrodynamic

equation:

1
L2

∂ρ

∂τ
= lim

L→∞

1
2(1 + λ)

[
u
(

x − 1
L

)
− 2u(x) + u

(
x +

1
L

)]
=

∂

∂x

[
D(ρ)

∂ρ

∂x

]
, (4.7)

where D(ρ) represents the bulk diffusivity, given by

D(ρ) =
1

2(1 + λ)

du(ρ)
dρ

. (4.8)

In this continuum limit, the time derivative is rescaled to 1/L2 to ensure proper scaling

of the equation. The spatial derivative is represented by ∂/∂x, and the diffusion coefficient

D(ρ) is derived from the function u(ρ), which relates the local density ρ to the local activity.

To verify the hydrodynamic equation (4.7) numerically, we take two different sets of initial

density profiles and let the system evolve in a Monte Carlo simulation. Below are the density

evolution plots, which ensure the existence of the hydrodynamic structure we just derived

from microscopic dynamical rules.

Gaussian initial condition. In Fig. 4.1, we present the scaled density relaxation profiles as

a function of the rescaled space x = i/L for different hydrodynamic times t/L2 = τ = 0,
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Figure 4.1: The density relaxation profiles are plotted for different sleeping rates λ and various hydro-
dynamic times τ, starting from an initial Gaussian distribution. The background densities
are near critical, 0.7, 0.93, and 0.972 for different λ = 1/3 (left-most panel), 1 (middle
panel), and 1.5 (right-most panel), respectively. On top of each background density, we
distribute ρL particles, where ρ = 1, using a Gaussian distribution with a mean of L/2
and a variance of L/10, to prepare the initial conditions for system sizes L = 500 and 1000.
In all three panels, the red solid line on top represents the hydrodynamic initial profile
and the subsequent solid lines represent the numerical solutions of Eq. (4.7) for τ = 10−2

(blue line) and τ = 10−1 (green line), while the corresponding points denote simulation
data for the corresponding hydrodynamic times.

10−2, and 10−1. Simulations are carried out for two different system sizes: L = 1000 and

500, starting from an initial Gaussian distribution with mean L/2 and variance L/10. The

background densities near the criticality for different values of λ are 0.7, 0.93, and 0.972

corresponding to λ = 1/3 (left panel), 1 (middle panel) and 1.5 (right panel), respectively. To

prepare the initial conditions for two different system sizes, L = 500 and 1000; ρL particles

are distributed on top of each background density according to the Gaussian distribution

mentioned above; we take ρ = 1. The solid red line represents the initial hydrodynamic

profile, while subsequent solid lines illustrate the numerical solutions of Eq. (4.7) for τ =

10−2 (blue line) and τ = 10−1 (green line). The corresponding points for each solid line

depict the simulation data for L = 500 and 1000, plotted as a function of the scaled space

and the corresponding hydrodynamic time. We observe an excellent match between the

simulation data and the numerical integration of Eq. (4.7).

Step initial condition. In Fig.4.2, we plot the relaxation of a density profile from a step initial

condition as a function of continuous space. The step profiles are defined as

ρ(x) =

ρc + 2 for 0 ≤ x < 1
2

ρc for 1
2 ≤ x < 1.

(4.9)

The critical densities coincide with those of the Gaussian initial condition, and snapshots

of the density profiles are captured at the same hydrodynamic time for two system sizes:

L = 1000 and 500. Remarkably, these snapshots collapse nicely when the diffusive limit is

considered. The solid lines represent the solutions of Eq. (4.7) for different hydrodynamic
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Figure 4.2: The scaled density relaxation profile is plotted for different sleeping rates λ and various
hydrodynamic times τ, starting from an initial step density profile. The background den-
sities are near critical for different λ, with corresponding values of 0.7, 0.93, and 0.972
for λ = 1/3 (left-most panel), 1 (middle panel), and 1.5 (right-most panel), respectively.
On top of each background density, we distribute ρL particles, where ρ = 1, uniformly
in the region 0 ≤ i < L/2. The red solid line on top represents the hydrodynamic initial
profile, while the corresponding points denote simulation data. The subsequent solid lines
represent the numerical solutions of Eq. (4.7) for τ = 10−2 (blue line) and τ = 10−1 (green
line). Similarly, the points correspond to simulation data for the corresponding times for
system sizes L = 500 and 1000.

times: τ = 0 (red line), τ = 10−2 (blue line), and τ = 10−1 (green line). The corresponding

points to each solid line signify the simulation data.

4.2.2 Bond current fluctuation

4.2.2.1 Theory

Although Eq.(4.5) is in a sense exact as a law of large numbers, the fluctuation around the

average profile is indeed non-trivial, which we are going to calculate from the microscopic

dynamics. We write Eq.(4.5) in the microscopic form,

d
dt

ρi(t) = ⟨Ji−1(t)−Ji(t)⟩ , (4.10)

where Ji(t) is the local instantaneous microscopic current across a bond i connecting the sites

(i, i + 1), can be decomposed in a diffusive part J (d)
i (t) and in a fluctuating part J ( f l)

i (t) as

Ji(t) = J (d)
i (t) + J ( f l)

i (t). (4.11)

From the consistency between Eqs.(4.5) and (4.10), we have

〈
J (d)

i (t)
〉
=

1
2(1 + λ)

(ui − ui+1) and
〈
J ( f l)

i (t)
〉
= 0. (4.12)

To obtain the properties of fluctuations of the instantaneous current, we study the time-

integrated current Qi(t), which represents the net particles that have flowed across a bond i,
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connecting the sites i and i + 1 within the interval [0, t]. The instantaneous current and Qi(t)

are related via the following relation:

Ji(t) =
d
dt
Qi(t). (4.13)

To infer the fluctuation properties of the system, we study the dynamic correlation functions

CQQ
r (t, t′), CJ J

r (t) and the corresponding power spectrums in the steady states, where the

notation CAB
r (t, t′) has the following definition,

CAB
r (t, t′) =

〈
Ar(t)Bi+r(t′)

〉
− ⟨Ar(t)⟩

〈
Bi+r(t′)

〉
, (4.14)

whereas CAB
r (t) = CAB

r (t, 0). We also define the spatial Fourier transform of the correlation

function CAB
r (t, t′) as

C̃AB
q (t, t′) =

L−1

∑
r=0

CAB
r (t, t′)eiqr, (4.15)

where q = 2πk/L and k = 0, 1, . . ., L − 1 and the inverse Fourier transform as

CAB
r (t, t′) =

1
L ∑

q
C̃AB

q (t, t′)e−iqr. (4.16)

Using the truncation scheme proposed in Ref.[108], we compute the statistics of different

combinations of various local currents Ji, J (d)
i , J ( f l)

i , as well as mass mi, essentially in

terms of the following two correlation functions ⟨Qi(t)Qi+r(t′)⟩ and
〈
J (d)

i (t)mi+r(t′)
〉

.

As we explicitly want to calculate the correlation function CQQ
r (t, t′), we write the evolu-

tion equation of this quantity for t > t′ as

d
dt

CQQ
r (t, t′) =

〈
d
dt
Qi(t)Qi+r(t′)

〉
. (4.17)

Since we are mostly interested in the steady-state fluctuation of current in this "fixed energy"

model, we can safely set Qi(t) = 0 in the definition of CQQ
r (t, t′). The quantity dQi(t)/dt,

appeared in Eq.(4.17), can be obtained from the following evolution equations,

Qi(t + dt) =



events probabilities

(Qi(t) + 1) 1
2(1+λ)

mi âi(t)dt

(Qi(t)− 1) 1
2(1+λ)

mi+1 âi+1(t)dt

Qi(t) 1 − Σdt,

(4.18)
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where Σ = (ûi(t) + ûi+1(t)) /2(1 + λ). The above update rules give us the following exact

expression of dQi(t)/dt,

d
dt
Qi(t) =

1
2(1 + λ)

(ûi(t)− ûi+1(t)) ≡ J (d)
i (t); (4.19)

the equivalence between dQi(t)/dt and J (d)
i (t) is obtained from Eq.(4.12), where we define

the microscopic expression of the instantaneous diffusive current J (d) as

J (d)
i (t) =

1
2(1 + λ)

(ûi(t)− ûi+1(t)) . (4.20)

In other words, Eq.(4.17) can be reduced to the correlation between J (d) and Q, i.e.,

d
dt

CQQ
r (t, t′) =

〈
J (d)

i (t)Qi+r(t′)
〉

, (4.21)

solving this equation, gives us,

CQQ
r (t, t′) =

∫ t

t′
dt′′
〈
J (d)

i (t′′)Qi+r(t′)
〉
+ CQQ

r (t′, t′). (4.22)

To further solve the correlation on the right-hand side of the above equation, we need to

write the evolution equation of J (d)
i (t)Qi+r(t′), which would contain,

d
dt

〈
J (d)

i (t)Qi+r(t′)
〉
=

〈
d
dt
J (d)

i (t)Qi+r(t′)
〉

=
1

2(1 + λ)

〈
d
dt

{ûi(t)− ûi+1(t)}Qi+r(t′)
〉

. (4.23)
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The main difficulty on the right-hand side of the second equality in the above equation is

that the hierarchy of the evolution equations for the first moment of the operator û is not

closed, which can be seen from the following update rules of the corresponding operator,

mi(t + dt)âi(t + dt) =

events probabilities

(mi(t) + 1) (âi(t) + 1) 1
2(1+λ)

p̂i(t) {âi+1(t)mi+1(t) + âi−1(t)mi−1(t)} dt

(mi(t)− 1) (âi(t)− 1) 1
(1+λ)

δmi ,1mi(t)âi(t)dt

mi(t) (âi(t)− 1) λ
(1+λ)

δmi ,1mi(t)âi(t)dt

(mi(t)− 1) âi(t) 1
(1+λ)

mi(t)âi(t) (1 − δmi ,1) dt

(mi(t) + 1) âi(t) 1
2(1+λ)

âi(t) {âi+1(t)mi+1(t) + âi−1(t)mi−1(t)} dt

mi(t)âi(t) 1 − Σdt,

(4.24)

where Σ = (ûi+1 + ûi−1)/2(1 + λ) + δmi ,1ûi + ûi(1 − δm1,1)/(1 + λ), p̂i = (1 − âi) and the

corresponding evolution equation of ûi = mi âi can be obtained as

d
dt

ûi(t) =
ûi+1 + ûi−1

2(1 + λ)
(1 − ûi − mi) +

ûi

1 + λ
(δmi ,1 − 1 − λ − âi) . (4.25)

It is straightforward to see that substituting Eq.(4.25) into Eq. (4.23) would generate higher-

order correlation functions, such as ⟨ûi+1(t)ûi(t)Qi+r(t′)⟩, ⟨ûi+1(t)mi(t)Qi+r(t′)⟩, etc. Solv-

ing these higher-order correlation functions in terms of microscopic dynamics would further

complicate the situation by generating even more higher-order correlation functions to solve

a lower-order correlation functions. The occurrence of an infinite hierarchy of correlation

functions arises commonly when attempting to solve the space-time correlation function

among the diffusive current J (d) and the integrated current Q, the mass of a site mi or any

other observable, in nonequilibrium systems governed by a non-linear diffusion equation.

One example of such a system is the Manna model [108].

To address this challenge, a truncation scheme has been proposed in Ref.[108]. This scheme

offers a solution for the correlation functions
〈
J (d)

i (t)Qi+r(t′)
〉

c
and

〈
J (d)

i (t)mi+r(t′)
〉

c
,

which would otherwise be difficult to solve. This truncation scheme assumes that in the

steady state, the fluctuation around the hydrodynamic density profiles are small and any

local difference of the operator û would relax following the local difference of mass, in other

words,

J (d)
i (t) =

1
2(1 + λ)

(ûi − ûi+1) ≃ D(ρ̄) (mi − mi+1) =
u′(ρ̄)

2(1 + λ)
(mi − mi+1) , (4.26)
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where ρ̄ is global average density and D(ρ̄) ∝ u′(ρ̄) is the bulk-diffusivity. This immediately

simplifies the Eq.(4.21), and gives us,

〈
J (d)

i (t)Qi+r(t′)
〉
=

u′(ρ̄)

2(1 + λ)

〈
(mi − mi+1)Qi+r(t′)

〉
. (4.27)

Now, instead of finding the correlation of ⟨ûi(t)Qi+r(t′)⟩c, we have to solve ⟨mi(t)Qi+r(t′)⟩c,

the evolution equation of which now can easily be written as

d
dt
〈
mi(t)Qi+r(t′)

〉
=

〈
d
dt

mi(t)Qi+r(t′)
〉

=
〈{

J (d)
i−1(t)−J (d)

i (t)
}
Qi+r(t′)

〉
(4.28)

≃∑
k

u′(ρ̄)

2(1 + λ)
∆i,k

〈
mk(t)Qi+r(t′)

〉
, (4.29)

where to obtain the final simplification we used Eq.(4.26) and ∆i,k is the same discrete Lapla-

cian operator that appeared in Eq.(4.5). This equation can be solved by taking the Fourier

transformation, defined in Eq.(4.15), of both sides, which obtains,

C̃mQ
q (t, t′) = exp

[
− u′(ρ̄)

2(1 + λ)
λq(t − t′)

]
C̃mQ

q (t′, t′). (4.30)

But on the right-hand side, we have once again the Fourier transform of another correlation

function to solve, namely, the equal-time mass and integrated current correlation CmQ
r (t, t).

The evolution equation of this quantity in the steady state can be written using the approxi-

mation in Eq.(4.26) as follows:

d
dt

CmQ
r (t, t) ≃ u′(ρ̄)

2(1 + λ) ∑
k

∆i,kCmQ
k (t, t) + fr, (4.31)

where fr is the source term, given in Eq.(B.4); for details, see appendix (B.1). By taking the

Fourier transform of both sides of Eq.(4.31), we can solve the corresponding equation and

obtain,

C̃mQ
q (t, t) =

∫ t

0
dt′ exp

[
− u′(ρ̄)

2(1 + λ)
λq(t − t′)

]
f̃q(t′), (4.32)

where f̃q is the Fourier transformed of the source term, and it can be written as

f̃q =
C̃mû

q

2(1 + λ)

(
1 − e−iq

)
− u(ρ̄)

(1 + λ)

(
1 − e−iq

)
. (4.33)

The next correlation function, Cmû
r (t, t), the unequal space and equal-time correlation of mass

and operator û that appeared in f̃q can also be obtained from the steady state condition of
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dynamical evolution equation of the equal-time mass-mass correlation function, which can

be written as

d
dt

Cmm
r (t, t) = ∑

k
∆rkCmû

k (t, t) + Br = 0, (4.34)

where Br is the source term having the form in the steady state,

Br(t) = δ0,r2u(ρ̄)− δ0,r−1u(ρ̄)− δ0,r+1u(ρ̄). (4.35)

Interestingly, we note that the dynamical similarity between the ARW model and the Manna

model with single-particle toppling, which we studied in Chap.3, i.e., each model is governed

by the hopping of a single particle only from an active site, although with different rates. Due

to this similarity, we find that the evolution equation of Cmm
r (t, t) is the same if we simply

replace the quantity âi in the update Eq. (3.47) of Chap.3 with ûi/(1 + λ). Thus, we obtain

Eqs. (4.34) and Eq. (4.35). One should keep in mind that the similarity between the two

models is only algebraic; the physical properties are entirely different.

Eq. (4.34) can be solved using the generating function G(z) = ∑∞
r=0 zrCmû

r (t, t), which has

the following form: G(z) = u(ρ̄). This implies that

Cmû
r =

u(ρ̄) for r = 0,

0 for r > 0.
(4.36)

Alternatively, the Fourier transform of this correlation function is simply C̃mû
q = u(ρ̄). Putting

this in Eq.(4.33) we obtain,

f̃q =
u(ρ̄)

2(1 + λ)

(
1 − e−iq

)
− u(ρ̄)

(1 + λ)

(
1 − e−iq

)
= − u(ρ̄)

2(1 + λ)

(
1 − e−iq

)
. (4.37)

Thus, in steady state, we obtain the final solution of Eq.(4.30) by utilizing Eq. (4.32) and Eq.

(4.37) as

C̃mQ
q (t, t′) ≃ − u

2(1 + λ)

∫ t′

0
dt′′e−

u′(ρ̄)
2(1+λ)

λq(t−t′′)
(

1 − e−iq
)

. (4.38)

Now, to obtain the explicit expression of the correlation function CQQ
r (t, t′), we take the

Fourier transform of Eq.(4.22), which gives us,

C̃QQ
q (t, t′) =

t∫
t′

dt′′
u′(ρ̄)

2(1 + λ)
C̃mQ

q (t′′, t′)
[
1 − eiq

]
+ C̃QQ

q (t′, t′), (4.39)
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and further finding the equal-time integrated current correlation function, present on the

right-hand side allows us to solve this unequal time correlation function.

4.2.2.2 Result

Again, it is important to note that the dynamics of the activated random walk (ARW) model

is quite similar to the Manna model with single particle transfer that we studied in Chap. 3,

with the exception that in the ARW model, an active site topples with a rate of mi(t)/(1+ λ),

while in the single particle transfer model, an active site topples with a unit rate. Additionally,

in the single-particle transfer model, a site with single-particle occupancy is strictly inactive,

resulting in an equilibrium model. However, in the ARW model, such sites can be in an active

state, thus generating much richer physical properties. We exploit the algebraic similarity

between these two models to calculate our results in this and the following sections.

The equal-time correlation of integrated current can similarly be written following Eq.(3.58)

of Chapter 3 as

CQQ
r (t, t) ≃

t∫
0

dt′ Γr(t′) +
1
L

t∫
0

dt′
u′(ρ̄)

2(1 + λ) ∑
q

C̃mQ
q (t′, t′)

[
1 − eiq

](
2 − λqr

)
, (4.40)

where λqr = 2[1 − cos(qr)]. In this model also, Γr is the strength of the fluctuating current

J ( f l), i.e.,
〈
J ( f l)

i (t)J ( f l)
i+r (t′)

〉
= Γr(t)δ(t − t′) and we obtain the expression of Γr in the

steady state as

Γr(t) =
u(ρ̄)

(1 + λ)
δ0,r. (4.41)

Putting the Fourier transform of Eq.(4.40) and Eq.(4.38) in Eq.(4.39) and then again taking

the inverse Fourier of the resulting equation to write,

CQ,Q
r (t, t′) ≃t′Γr −

1
L

u(ρ̄)u′(ρ̄)

4(1 + λ)2 ∑
q

∫ t′

0
dt′′

∫ t′′

0
dt′′′e−

u′(ρ̄)
2(1+λ)

λq(t′′−t′′′)
λq
(
2 − λqr

)
− 1

L
u(ρ̄)u′(ρ̄)

4(1 + λ)2 ∑
q

∫ t

t′
dt′′

∫ t′

0
dt′′′e−

u′(ρ̄)
2(1+λ)

λq(t′′−t′′′)
λqe−iqr. (4.42)

The fluctuation of the time-integrated bond current can be obtained from the above correla-

tion function by putting r = 0 and t = t′ = T in CQ,Q
r (t, t′), which gives us,

〈
Q2(T)

〉
= CQQ

0 (T, T) =
T
L

u
(1 + λ)

+ 2
u
u′

1
L ∑

q

1 − e−
u′(ρ̄)

2(1+λ)
λqT

λq
. (4.43)
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From this above equation, we can get mobility χ(ρ̄) as defined in Eq.(1.43) in the limit T → ∞

as

lim
T→∞

〈
Q2(T)

〉
T

=
2χ(ρ̄)

L
⇒ χ(ρ̄) =

u(ρ̄)
2(1 + λ)

. (4.44)

In the initial time when T ≤ 1/D(ρ̄),
〈
Q2(T)

〉
, following Eq. (3.63), is given as

〈
Q2(T)

〉
≃ Γ0T, (4.45)

where Γ0 = u(ρ̄)/(1 + λ); given in Eq. (4.41).

Similarly, like Eq.(3.64), we can rescale the cumulative current fluctuation on the right-

hand side of the above equation as
〈
Q2(T)

〉
→ D(ρ̄)/2χ(ρ̄)L

〈
Q2(T)

〉
and time as T → τ =

D(ρ̄)T/L2, we rewrite Eq.(4.43) in the form of a universal scaling function G(y) as follows,

D(ρ̄)

2χ(ρ̄)L
〈
Q2(T)

〉
= G

(
DT
L2

)
, (4.46)

where G(τ) is the same as in Eq. (3.65) and has the following asymptotic behaviour as given

in Eq. (3.66),

G(τ) ≃


√

τ
π for 0 ≪ τ ≪ 1,

τ for τ ≫ 1.
(4.47)

Using the asymptotic behaviour of the scaling function G(τ), we write the asymptotics of〈
Q2(T)

〉
∼ Tα for 1 ≪ T ≪ L2 as

〈
Q2(T)

〉
≃

√
2√

π(1 + λ)

u(ρ̄)√
u′(ρ̄)

T1/2. (4.48)

Near criticality, where u(ρ̄) ∼ (ρ̄ − ρc)β, using the dimensional analysis of the prefactor on

the right-hand side of Eq. (4.48), we obtain

〈
Q2(T)

〉
≃ Tα = T

1
2−µ, (4.49)

where µ is given by the same equation, µ = (β + 1)/2ν⊥z, that was derived in Eq. (2.51)

in Chapter 2, where ν⊥ is the correlation length exponent and z is the dynamical exponent.

Since these exponents have not been reported for the ARW model, from simulation near

criticality for 1 ≪ T ≪ L2, we obtain,

〈
Q2(T)

〉
∼ Tα with α ≈ 0.4. (4.50)
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which gives α = 1/2−µ ≈ 0.4 or µ ≈ 0.1. This decay in the growth of the time-integrated cur-

rent is known as dynamical hyperuniformity and is discussed in Chapter 2 at great length.

In the large time limit, T ≫ L2, the corresponding current fluctuation becomes,

〈
Q2(T)

〉
=

2χT
L

, (4.51)

implying α = 1 which is valid both for near and away from critical densities.

We plot the corresponding simulation data of time-integrated bond current fluctuation as

a function of rescaled time in Fig. 4.3, where the arrangement of the plots as follows:

1. Left panel: In this panel, we plot the current fluctuation, scaled only by 2χL, to observe

the collapse at the late time, as a function of scaled time T/L2 for a system size of

L = 1000.

a) Top figure: This figure corresponds to the sleeping parameter λ = 1.5, and for this

parameter, the critical density is approximately given by ρc ≈ 0.9715. We plot

the simulation data in solid lines for densities ρ̄ = 0.985 (violet), 0.99 (green), 1

(blue), 2 (orange), 3 (yellow), and 4 (dark blue). The corresponding theoretical

line is plotted for ρ̄ = 4 in a black dotted line using Eq. (4.43), which matches

extremely well with the simulation data. As we can see, near criticality, the current

fluctuation grows as Tα, where α ≈ 0.4, and remains the same for all sleeping

parameters near criticality. The decay in the growth of fluctuation corresponds to

the dynamical hyperuniformity near criticality. Away from criticality, the current

fluctuation grows subdiffusively which can be seen from the τ1/2 guiding line as

given in Eq. (4.48) in the intermediate time, and diffusively at the late times. From

now on, we shall denote ρ̄ = 1, 2, 3, and 4 for the data away from the criticality,

for all parameter values of λ, and we will use the same colour coding as in this

figure.

b) Middle figure: Corresponding to the sleeping parameter λ = 1, and for this param-

eter, the critical density is approximately given by ρc ≈ 0.929. Simulation data

of
〈
Q2(T)

〉
for near-critical density values ρ̄ = 0.945 (violet) and 0.95 (green) are

plotted in solid lines, which grow as T0.4 in intermediate time. Similarly, as in the

top figure, the analytical line is plotted using Eq. (4.43) for ρ̄ = 4, which is in

excellent agreement with the simulation data.

c) Bottom figure: Corresponding to the sleeping parameter λ = 1/3, and for this

parameter, the critical density is approximately given by ρc ≈ 0.6995. Simulation

data of
〈
Q2(T)

〉
for near-critical density values ρ̄ = 0.72 (violet) and 0.75 (green)

are plotted in solid lines.
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2. Right panel: To observe the collapse as predicted by Eq. (4.46), we plot the rescaled

current fluctuation, D(ρ̄)
〈
Q2(T)

〉
/2χ(ρ̄)L, as a function of rescaled time τ = T/L2 for

the same densities as in the left panel and the sleeping parameter λ. In the top, bottom,

and middle figures, the scaling function G(τ) (plotted with a red dashed line) captures

the growth of current fluctuations, excellently, away from the critical density for all

the parameter values of λ. However, near-criticality, where the bulk diffusion constant

becomes singular, the growth of current fluctuation becomes much slower, as shown in

Eq. (4.50), resulting in the phenomenon known as temporal hyperuniformity.

4.2.3 Instantaneous current correlations and power spectrum

The corresponding instantaneous current correlation function can be obtained by differenti-

ating Eq.(4.42) w.r.t. to time and can be written as

CJ J
r (t) = Γrδ(t)− 1

L
u(ρ̄)u′(ρ̄)

4(1 + λ)2 ∑
q

e−
u′(ρ̄)

2(1+λ)
λqt

λqe−iqr. (4.52)

Similarly to Eq. (3.73), it can also be shown using the above equation that limL→∞
∫ T
−T dtCJ J

0 (t)

decays as T−1/2 away from the criticality for all sleeping parameter λ, and near the criticality,

the decay becomes faster as T−(1/2+µ). The corresponding long-time negative tail of CJ J
0 (t)

decays as t−3/2 away from the criticality, as described in Eq. (3.75). However, due to the

presence of temporal hyperuniformity, the decay of the temporal bond current correlation

becomes faster as t−(1/2+µ) at near-critical densities for all sleeping parameters λ; µ ≈ 0.1 for

the ARW model. This behaviour can be observed more vividly in the power spectrum of the

bond current.

The power spectrum of instantaneous current can be defined as the Fourier transform of

this correlation function and can be written as

SJ ( f ) =
u(ρ̄)

L(1 + λ)
+

u(ρ̄)
L(1 + λ) ∑

q

16 f 2π2(1 + λ)2

λ2
q(u′)2 + 16 f 2π2(1 + λ)2 , (4.53)

and similarly like Eq.(3.77) of Chap. 3, SJ ( f ) can be scaled as

SJ ( f ) =
2χ

L
S
(

f L2

D

)
, (4.54)

with D(ρ̄) and χ(ρ̄) defined in Eqs.(4.8) and (4.44); the scaling function S is defined in

Eq.(3.78).
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Figure 4.3: Left panel: Current fluctuation scaled by 2χL is plotted as a function of scaled time T/L2 for
λ = 1.5 (top figure), 1 (middle figure), and 1/3 (bottom figure) with L = 1000. Simulation
data are plotted in solid lines for both near-critical and away-from-critical densities, where
the critical density values ρc ≈ 0.9715 (for λ = 1.5), 0.929 (for λ = 1), and 0.6995 (for
λ = 1/3) correspond to the top, middle, and bottom figures, respectively. Theoretical lines
are plotted using Eq. (4.43) for ρ̄ = 4 in all three figures, which are in excellent agreement
with the simulations. Near criticality at initial time, the current fluctuation grows as Tα

with α ≈ 0.4, signifying the dynamical hyperuniformity, whereas away from criticality the
growth is given by α = 1/2 as obtained in Eq. (4.48). Both for near and away from critical
densities, the diffusive or linear growth is given by Eq. (4.51) when time is much larger
than the unit hydrodynamic time scale (L2). Right panel: The scaled current fluctuation〈
Q2(τ)

〉
D/2χL is plotted as a function of DT/L2, which, away from criticality, collapses

nicely on top of each other, and is well captured by the scaling function G(y) (plotted with
a red dashed line and given in Eq. (3.65)). Deviation from this scaling function corresponds
to the emergence of dynamical hyperuniformity near criticality.
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Away from criticality, using the asymptotics of S , given in Eq. (3.80), we obtain the asymp-

totics of SJ ( f )− SJ (0) ∼ f ψJ similarly as in Eq. (3.81),

SJ ( f ) ≃
u(ρ̄)

L(1 + λ)
+

1√
2π(1 + λ)

u(ρ̄)√
u′(ρ̄)

f 1/2, (4.55)

where SJ (0) = u(ρ̄)/L(1+λ) and we obtain ψJ = 1/2. However, note that the same density-

dependent prefactor u/
√

u′ has appeared on the right-hand side as it was for the current

fluctuation in Eq. (4.48), which near criticality (ρ̄ ≈ ρc) scales as f µ thus near criticality we

obtain

ψJ =
1
2
+ µ ≃ 0.6, (4.56)

which gives us

SJ ( f )− SJ (0) ∼ f 0.6; (4.57)

we used µ ≈ 0.1 which we obtained from the current fluctuation simulation data.

We plot the corresponding simulation data in Fig. 4.4, where the arrangement of the plots

as follows:

1. Left panel: In this panel, we plot the relative power spectrum of current, SJ ( f )− SJ (0)

as a function of frequency f for a system size of L = 1000.

a) Top figure: This figure corresponds to the sleeping parameter λ = 1.5, and for this

parameter, the critical density is approximately given by ρc ≈ 0.9715. We plot the

simulation data in solid lines for densities ρ̄ = 0.985 (red), 1 (blue), 2 (green), and

4 (violet). The corresponding theoretical line is plotted for ρ̄ = 4 in a black dashed

line using Eq. (4.53), which matches extremely well with the simulation data. As

we can see, near criticality, the current power spectrum decays as f 0.6 for f → 0,

as given in Eq. (4.57). ψJ ≈ 0.6 remains the same for all sleeping parameters near

criticality. The increase in the steepness of the decay of the power spectrum for

f → 0 corresponds to the dynamical hyperuniformity near criticality. Away from

criticality, the current power spectrum decays as with ψJ = 1/2, as can be seen

from the guiding lines,obtained from Eq. (4.55). In the remaining plots, we denote

ρ̄ = 1, 2, and 4 for data away from the criticality, for all the parameter values of λ,

and we will use the same colour coding as in this figure.

b) Middle figure: Corresponding to the sleeping parameter λ = 1, and for this param-

eter, the critical density is approximately given by ρc ≈ 0.929. Simulation data of

SJ ( f ) for near-critical density values ρ̄ = 0.945 (red) plotted in a solid line, which
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grows with ψJ ≈ 0.6. Similarly, as in the top figure, the analytical line is plotted

using Eq. (4.53) for ρ̄ = 4.

c) Bottom figure: Corresponding to the sleeping parameter λ = 1/3, and for this

parameter, the critical density is approximately given by ρc ≈ 0.6995. Simulation

data of SJ ( f ) for the near-critical density value ρ̄ = 0.725 is plotted in the solid

red line and the numerical value of Eq. (4.53) plotted in black dashed ρ̄ = 4.

2. Right panel: To observe the collapse as predicted by Eq. (4.54), we plot the rescaled

power spectrum of current, SJ ( f )L/2χ(ρ̄)− 1, as a function of the rescaled frequency

f L2/D for the same densities as in the left panel and the sleeping parameter λ. In the

top, bottom, and middle figures, the scaling function S(y) − 1 (plotted with a black

dashed line) captures the decay of the current power spectrum, as f → 0, away from

the critical density for all parameter values of λ. However, in near-criticality, where the

bulk diffusion constant becomes singular, the growth of the current power spectrum

becomes faster and deviates from the scaling function, resulting in the phenomenon

known as temporal hyperuniformity, as discussed in Chapter 2.

4.2.4 Fluctuation of spacetime integrated current

The fluctuation of the space-time-integrated current Q̄(l, T) = ∑l−1
i=0 Qi(T) can be computed

using the most general current-current correlation function CQQ
r (t, t′) given in Eq. (4.42). The

fluctuation of the integrated current across a subsystem of size l up to time T is given by,

〈
Q̄2(l, T)

〉
−
〈

Q̄(l, T)
〉2

=
〈

Q̄2(l, T)
〉
= lCQQ

0 (T, T) +
l−1

∑
r=1

2(l − r)CQQ
r (T, T). (4.58)

In the steady state, using Eq. (4.42) the above expression can further be written, similarly

like Eq.(3.86) as

〈
Q̄(l, T)2〉 = 2χ(ρ̄)lT − 2χ(ρ̄)

D(ρ̄)

L ∑
q

D(ρ̄)λqT − 1 + exp
(
−λqD(ρ̄)T

)(
λqD(ρ̄)

)2 λql , (4.59)

where D(ρ̄) and χ(ρ̄) are given in Eqs.(4.8) and (4.44). From the above equation, it should

be immediately noted that for l = L, the spacetime integrated current will be, in the limit of

L → ∞ for any arbitrary value of time T,

lim
L→∞

〈
Q̄(L, T)2〉

LT
= 2χ(ρ̄), (4.60)

since λqL = 0.

119



10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

S
J
(f

) 
- 

S
J
(0

)

f

ρ = 0.985
ρ = 1
ρ = 2
ρ = 4

f
1/2

f
0.6

10
-2

10
-1

10
0

10
1

10
2

10
3

10
0

10
1

10
2

10
3

10
4

10
5

10
6

S
J
(f

) 
L

/2
χ
 -

 1

f L
2
/D

ρ = 0.985
ρ = 1
ρ = 2
ρ = 4
S-1

f
1/2

f
0.6

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

S
J
(f

) 
- 

S
J
(0

)

f

ρ = 0.945
ρ = 1
ρ = 2
ρ = 4

f
1/2

f
0.6

10
-2

10
-1

10
0

10
1

10
2

10
3

10
0

10
1

10
2

10
3

10
4

10
5

10
6

S
(f

) 
L

/2
χ
 -

 1

f L
2
/D

ρ = 0.945
ρ = 1
ρ = 2
ρ = 4
S-1

f
1/2

f
0.6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

S
J
(f

) 
- 

S
J
(0

)

f

ρ = 0.725
ρ = 1
ρ = 2
ρ = 4

f
1/2

f
0.6

10
-2

10
-1

10
0

10
1

10
2

10
3

10
0

10
1

10
2

10
3

10
4

10
5

10
6

S
(f

) 
L

/2
χ
-1

f L
2
/D

ρ = 0.725
ρ = 1
ρ = 2
ρ = 4
S-1

f
1/2

f
0.6

Figure 4.4: Left panel: Power spectrum of current is plotted as a function of frequency f for λ = 1.5
(top figure), 1 (middle figure), and 1/3 (bottom figure) with L = 1000. Simulation data
are plotted in solid lines for both near-critical and away-from-critical densities, where
the critical density values ρc ≈ 0.9715 (for λ = 1.5), 0.929 (for λ = 1), and 0.6995 (for
λ = 1/3) correspond to the top, middle, and bottom figures, respectively. Theoretical lines
are plotted using Eq. (4.53) for ρ̄ = 4 in all three figures, which are in excellent agreement
with the simulations. Near criticality, the current power spectrum decays as f ψJ with
ψJ ≈ 0.6 as f → 0, signifying the dynamical hyperuniformity. Away from criticality, the
decay of the power spectrum is given by Eq. (4.55), using which we draw guiding lines
for SJ ( f ) ∼ f 1/2. Right panel: The scaled current power spectrum SJ ( f )L/2χ(ρ̄) − 1 is
plotted as a function of rescaled frequency f L2/D, which, away from criticality, collapses
nicely on top of each other, and is well captured by the scaling function S − 1 (plotted with
a black dashed line). Deviation from this scaling function corresponds to the emergence
of dynamical hyperuniformity near criticality.

120



In the infinite system size limit L → ∞, the convergence of
〈

Q̄(l, T)2〉 /lT can only be

obtained if we take l ≫ 1 limit followed by T ≫ 1 limit, which is gives as

1
lT
〈

Q̄2(l, T)
〉
≃ 2χ(ρ̄)− 8χ(ρ̄)

3

√
D
π

√
T

l
. (4.61)

By taking the infinite subsystem volume limit we finally obtain

σ2
Q = lim

l→∞
lim

T→∞

1
lT
〈

Q̄2(l, T)
〉
= 2χ(ρ̄) = lim

L→∞

〈
Q̄(L, T)2〉

LT
=

u(ρ̄)
1 + λ

, (4.62)

where χ(ρ̄) is same as given in Eq.(4.44). The above equation establishes a relationship be-

tween the subsystem time-integrated current fluctuation in the infinite space-time volume

limit and the fluctuation of the total current
〈

Q̄(L, T)2〉 for a very large system size. This

relation can be used to find mobility in interacting particle systems [127] using the periodic

boundary condition as a function of density.

In Fig. 4.5, we plot liml→∞ limT→∞
〈

Q̄2(l, T)
〉

/lT as a function of relative density ∆ =

ρ̄ − ρc, where in the left, middle and right panels, we have ρc ≈ 0.9715 (for λ = 1.5), 0.929

(for λ = 1), and 0.6995 (for λ = 1/3), respectively, and we use the system size L = 5000 to

prepare the plots. In all panels, the fluctuations are plotted for two limits of the subsystem

size l and time T. The top curve in all figures corresponds to the simulation data l = 2500

and T = 100 (solid blue line), while the lower curve corresponds to the simulation data

for l = 100 and T = 104 (solid violet). The theoretical lines are plotted for the two sets of

parameter values using Eq. (4.59) in black dashed lines for the three panels. We also plot

twice the mobility 2χ(ρ̄) using Eq. (4.62) (dot-dashed red line), which nicely collapses with

the data for l = 2500 and T = 100, demonstrating the validity of the limit defined in Eq.

(4.62).

4.2.5 Diffusivity of tagged particle or self diffusivity

Now, we present the fluctuations in the displacements of tagged particles as a function

of time. We establish a relationship between the sum of the integrated displacements of

the individual tagged particles, denoted as ∑N
α=1 Xα(T), where Xα(T) represents the total

displacement of the particle α within the time interval [0, T], with the total integrated current

Q̄(L, T). This can be expressed as

N

∑
α=1

Xα(T) =
L−1

∑
i=0

Qi(T) = Q̄(L, T). (4.63)
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Figure 4.5: We plot the quantity liml→∞ limT→∞
〈

Q̄2(l, T)
〉

/lT against the relative density ∆ = ρ̄ − ρc
in three separate panels. The respective values of ρc are 0.9715 (for λ = 1.5) in the left
panel, 0.929 (for λ = 1) in the middle panel, and 0.6995 (for λ = 1/3) in the right panel
for the system size L = 5000. For each panel, we plot fluctuations for two subsystem
size and time limits. The upper curve in each panel represents the simulation data for
l = 2500 and T = 100 (solid blue line), while the lower curve corresponds to the simulation
data for l = 100 and T = 104 (solid violet). To compare with theory, we also include
two sets of theoretical lines obtained using Eq. (4.59) represented as black dashed lines.
Additionally, we plot twice the mobility 2χ(ρ̄) using Eq. (4.62) as a dot-dashed red line
which remarkably coincides with the data for l = 2500 and T = 100, demonstrating the
accuracy of the limit defined in Eq. (4.62).

In the limit of large T ≫ L2, the self-diffusion coefficient Ds(ρ̄) can be defined through the

mean-square tagged particle displacement of the αth particle, as given below:

〈
X2

α(T)
〉
≃ 2Ds(ρ̄)T. (4.64)

As the hopping of particles is unrestricted, we can use a simple argument of random walk

to write the self-diffusivity as follows:

Ds(ρ̄) =
a(ρ̄)

ρ̄
=

1
ρ̄

[
lim

L,T→∞

〈
Q̄2(L, T)

〉
2LT

]
=

u(ρ̄)
2ρ̄(1 + λ)

; (4.65)

for details see Sec. 2.2.5 of Chap. 2.

Similarly to previous models, we find that the behaviour of self-diffusivity Ds(ρ̄) is very

different from bulk diffusivity D(ρ̄). Bulk diffusivity is proportional to the derivative of the

active particle density u′(ρ̄), while Ds(ρ̄) ∝ u(ρ̄). Thus, near criticality, D(ρ̄) → ∞ as ρ̄ → ρc,

and for the same limit, Ds(ρ̄) → 0. At the opposite limit of high density, where the activity

becomes u(ρ̄) ≃ ρ̄, both diffusivities become equal.

In Fig. 4.6, we plot and compare self-diffusivity and bulk diffusivity as functions of relative

density ∆. In the simulation, we calculate the scaled fluctuation of
〈

X2
α(T)

〉
/2T and plot it as

the solid red line. The corresponding theoretical value of Ds(ρ̄) obtained from Eq. (4.65) and

plotted in dashed black line agrees remarkably well with the simulation data. To compare

it with the bulk diffusivity, we use Eq. (4.8) to plot D(ρ) as a dot-dashed blue line, which

diverges near criticality but becomes equal to self-diffusivity Ds(ρ̄) in the high-density limit.
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Figure 4.6: In Fig. 4.6, we plot and compare the self-diffusivity Ds(ρ̄) and bulk diffusivity D(ρ̄) with
respect to the relative density ∆. Using simulations, we calculate the scaled fluctuation
of
〈〈

X2(T)
〉〉

/2T, where the double angular bracket denotes the average over trajectories
and particles, and represent it as the solid red line. Remarkably, the corresponding theo-
retical value of Ds(ρ̄), obtained from Eq. (4.65) and plotted as a dashed black line, shows
excellent agreement with the simulation data. To further examine its relationship with the
bulk diffusivity, we use Eq. (4.8) to plot D(ρ) and plot it as a dot-dashed blue line. Near
criticality, D(ρ) diverges, but in the high-density limit, it converges to the self-diffusivity
Ds(ρ̄). The three panels, from left to right, correspond to different values of the parameter
λ, specifically λ = 1.5, 1, and 1/3, respectively.

In the three panels from left to right, the values of the parameters λ are λ = 1.5, 1, and 1/3,

respectively.

4.2.6 Power spectrum of subsystem mass fluctuation

In this section, we explore the characteristics of fluctuations in the mass of a subsystem

Ml(t) = ∑l=1
i=0 mi(t). We begin by investigating the unequal time and unequal space correla-

tion function of the mass of a single site in steady state, specifically for t ≥ 0. This correlation

function is denoted as CQQ
r (t, 0) = ⟨mi(t)mi+r(0)⟩ − ⟨mi(t)⟩ ⟨mi+r(0)⟩, which can also be ex-

pressed as Cmm
r (t).

Similarly, like Eq.(3.97), the unequal time mass-mass correlation follows the following

evolution equation,

d
dt

Cmm
r (t) ≃ u′(ρ̄)

2(1 + λ) ∑
k

∆r,kCmm
k (t), (4.66)

which has the following solution in the Fourier space,

C̃mm
q (t) ≃ e−

u′(ρ̄)
2(1+λ)

λqtC̃mm
q (0, 0). (4.67)

By utilizing the approximation given in Eq. (4.26) in the equation (4.34), we can derive

the evolution equation for Cmmr(0, 0). To solve this equation, we introduce the generating
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function G′(z) = ∑∞
r=0 Cmm

r (t, t)zr. Drawing an algebraic analogy with Eq. (3.99), we can

readily express G′(z) as

G′(z) =
u(ρ̄)
u′(ρ̄)

, (4.68)

and correspondingly,

C̃mm
q (t, t) =

u(ρ̄)
u′(ρ̄)

. (4.69)

This result tells us that Cmm
r (0, 0) is delta correlated, that is,Cmm

r (0, 0) ≃ δ0,ru/u′. Finally,

comparing with Eq.(3.105), we write the Cmm
r (t) as

Cmm
r (t) ≃ 1

L ∑
q

e−iqre−
u′(ρ̄)

2(1+λ)
λqt u(ρ̄)

u′(ρ̄)
. (4.70)

The temporal correlation of the subsystem mass Ml(t) = ∑l−1
r=0 mr(t) for l < L, is given by

Eq.(3.104), which using Eq.(4.71) can be written as

CMl Ml (t) ≃ 1
L ∑

q
e−

u′(ρ̄)
2(1+λ)

λqt u(ρ̄)
u′(ρ̄)

λql

λq
. (4.71)

In particular, the fluctuation in the mass of the subsystem, denoted by
〈

M2
l

〉
−⟨Ml⟩2, is given

by CMl Ml (0) = lu/u′. Similar to Eq. (3.106), we can relate the scaled subsystem mass fluctu-

ation, σ2(ρ̄) =
[〈

M2
l

〉
− ⟨Ml⟩2

]
/l, to the intensive space-time integrated current fluctuation,

σ2
Q, as follows:

σ2(ρ̄) =
σ2

Q

2D
, (4.72)

where σ2
Q is given in Eq. (4.62). This is the derivation of an equilibrium-like Einstein rela-

tion [11] for the ARW model.

To compare this result with simulation, we take the Fourier transform of Eq.(4.71) to obtain

the power spectrum of the subsystem mass, SMl ( f ), similarly like Eq.(3.107) as

SMl ( f ) = lim
T→∞

T∫
−T

dt CMl Ml (t)e2πi f t =
1
L ∑

q

u(ρ̄)
u′(ρ̄)

2λqD(ρ̄)

λ2
qD(ρ̄)2 + 4π2 f 2

λlq

λq
. (4.73)
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By rescaling the frequency as a dimensionless quantity f → f L2/D, SMl ( f ) can be written

in terms of a scaling function KM as

SMl ( f ) =
2χ(ρ̄)L3

D(ρ̄)2 KM

(
f L2

D

)
, (4.74)

where the scaling function KM is given by Eq.(3.109). The asymptotic behaviour of SMl ( f ) ∼
f−ψM is one of the quantities of interest to us. Away from criticality, we obtain ψM simply by

putting the expressions of D (Eq. (4.8)) and χ (Eq. (4.44)) in Eq. (3.111) as

SMl ( f ) ≃ 1√
8π2(1 + λ)

u√
u′

f−3/2, (4.75)

which gives us ψM = 3/2 away from criticality and near criticality u/
√

u′ ∼ f µ further gives

us,

SMl ( f ) ≃ f−
3
2+µ, (4.76)

and using µ ≈ 0.1, we obtain ψM ≈ 1.4 near criticality.

We plot the corresponding simulation data of subsystem mass power spectrum in Fig. 4.7,

where the arrangement of the plots as follows:

1. Left panel: In this panel, we plot the relative power spectrum of current, SMl ( f ) as a

function of frequency f for a system size of L = 1000 and subsystem size l = 500.

a) Top figure: This figure corresponds to the sleeping parameter λ = 1.5, and for

this parameter, the critical density is approximately given by ρc ≈ 0.9715. We

plot the simulation data in solid lines for densities ρ̄ = 0.985 (violet), 1 (green),

2 (blue), and 4 (orange). The corresponding theoretical line is plotted for ρ̄ = 4

in a black dashed line using Eq. (4.73), which matches extremely well with the

simulation data.Away from criticality, we have ψM = 3/2, given by Eq. (4.75),

which can be seen from the f−3/2 guiding lines. As we can see, near criticality,

the power spectrum decays more slowly as f−ψM , where ψM ≈ 1.4 as given in

Eq. (4.76), and remains the same for all sleeping parameters near criticality. The

slowly decaying power spectrum of the mass of the subsystem corresponds to

the dynamical hyperuniformity near criticality. In the remaining plots, we denote

ρ̄ = 1, 2, and 4 for data away from the criticality, for all parameter values of λ,

and we will use the same colour coding as in this figure.

b) Middle figure: Corresponding to the sleeping parameter λ = 1, and for this param-

eter, the critical density is approximately given by ρc ≈ 0.929. Simulation data of

SMl ( f ) for near-critical density values ρ̄ ≈ 0.945 (violet) plotted in a solid line,
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which decays with ψM ≈ 1.4. Similarly, as in the top figure, the analytical line is

plotted using Eq. (4.73) for ρ̄ = 4.

c) Bottom figure: Corresponding to the sleeping parameter λ = 1/3, and for this

parameter, the critical density is approximately given by ρc ≈ 0.6995. Simulation

data of SJ ( f ) for the near-critical density value ρ̄ ≈ 0.725 is plotted in the solid

violet line and the numerical value of Eq. (4.73) plotted in black dashed ρ̄ = 4.

2. Right panel: To observe the collapse as predicted by Eq. (4.74), we plot the rescaled

power spectrum of current, D2SMl ( f )/2χL3, as a function of the rescaled frequency

f L2/D for the same densities as in the left panel and the sleeping parameter λ. In the

top, bottom, and middle figures, the scaling function KM(y) (plotted with a red dashed

line) captures the decay of the power spectrum of the mass of a subsystem away from

the critical density for all the parameter values of λ. However, near-criticality, where the

bulk diffusion constant becomes singular, the decay of the power spectrum becomes

slower and deviates from the scaling function, resulting in the phenomenon known as

temporal hyperuniformity, as discussed in Chapter 2.

4.3 driven hydrodynamics of arw model

In this section, we show that mobility, which is microscopically defined by Eqs.(4.44) and

(4.62), can also be computed macroscopically as the proportionality constant between the

drift current and the small external bias as described by the framework of MFT [9].

The dynamics of this model can also be modified using the biased particle hopping rates

cF
i,α to find the transport coefficient, mobility. In this particular dynamics, only a single parti-

cle can hop to any of its nearest neighbours. To incorporate the bias, we modify the hopping

rates as follows:

cF
i,α = cF=0

i,α exp
(

∆eij

2

)
, (4.77)

here, the definition of ∆eij remains the same as before. The biased evolution equation of local

mass is following,

mi(t + dt) =



events probabilities

mi(t) + 1 1
1+λ

(
mi+1 âi+1cF

i+1,− + mi−1 âi−1cF
i−1,+

)
dt

mi(t)− 1 mi âi
1+λ

(
cF

i,− + cF
i,+

)
dt

mi(t) 1 − Σdt,

(4.78)
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Figure 4.7: Left panel: Power spectrum of mass of subsystem size l is plotted as a function of frequency
f for λ = 1.5 (top figure), 1 (middle figure), and 1/3 (bottom figure) with L = 1000 and
l = 500. Simulation data are plotted in solid lines for both near-critical and away-from-
critical densities, where the critical density values ρc ≈ 0.9715 (for λ = 1.5), 0.929 (for
λ = 1), and 0.6995 (for λ = 1/3) correspond to the top, middle, and bottom figures,
respectively. Theoretical lines are plotted using Eq. (4.73) for ρ̄ = 4 in all three figures,
which are in nice agreement with the simulations. Near criticality, the power spectrum
decays as f−ψM with ψM ≈ 1.4 (Eq. (4.76)), slower than the f−3/2 decay (given in Eq.
(4.75)), signifying the dynamical hyperuniformity. Right panel: The scaled current power
spectrum D2SMl ( f )/2χL3 is plotted as a function of rescaled frequency f L2/D, which,
away from criticality, collapses nicely on top of each other, and is well captured by the
scaling function KM (plotted with a red dashed line). Deviation from this scaling function
corresponds to the emergence of dynamical hyperuniformity near criticality.
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where Σdt the probability of happening all events. In the dynamics of the activated random

walk (ARW), the parameter α takes values other than zero. Specifically, when α = +, it

corresponds to the hopping of a particle to the right along the bias, while α = − represents

the hopping of a particle to the left in the opposite direction of the bias. The unbiased rates

in the ARW dynamics are simply cF=0
i,− = cF=0

i,+ = 1/2.

The evolution equation of the local density can be written using the update rules given in

Eq.(4.78) as

∂

∂t
ρi(t) =

1
2(1 + λ)

⟨ûi+1 − 2ûi + ûi+1⟩+
1

2(1 + λ)
F
(ûi−1 − ûi+1)

2
. (4.79)

By taking the diffusive limit and assuming the local equilibrium, the hydrodynamic limit of

the above equation can be written as

∂ρ(x, τ)

∂τ
= − ∂

∂x

(
j(d) + j(dri f t)

)
. (4.80)

The diffusive current j(d) is given by

j(d) = −D(ρ)
∂ρ

∂x
, (4.81)

bulk-diffusivity D(ρ) is given in Eq.(4.8) and the drift current j(dri f t) can be written as

j(dri f t) = χ(ρ)F̃, (4.82)

where the mobility χ(ρ) = u(ρ)
2(1+λ)

is exactly same with that we obtained in Eq.(4.44) and F =

F̃/L. Indeed, Eq. (4.62) can now be regarded as a nonequilibrium version of the celebrated

Green-Kubo relation [5–8]. Through this relation, we show that the microscopic definition of

mobility, i.e., the intensive fluctuation of space-time integrated current or, alternatively, the

intensive fluctuation of time-integrated bond current at the limit T → ∞, is actually equal to

the proportionality constant of the drift current and a small biasing force.

In Fig.(4.8), we plot the simulation data for density relaxation from a Gaussian initial

profile (var = 1/10 and mean = 1/2) for λ = 1.5 (left panel), λ = 1 (middle panel) and

λ = 1/3 (right panel) as a function of scaled space x for hydrodynamic time τ = 0 (circular

points), τ = 10−2 (triangular points) and τ = 10−1 (pentagonal points) with a bias F̃ = 10 in

the x̂ direction. The corresponding solid lines are obtained by solving Eq.(4.80) for different

parameter values, and we found that our hydrodynamic equation excellently captures the

simulation data for all temporal points.

128



 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

ρ
(x

,τ
)

x

τ = 0

τ = 10
-2

τ = 10
-1

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

ρ
(x

,τ
)

x

τ = 0

τ = 10
-2

τ = 10
-1

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

ρ
(x

,τ
)

x

τ = 0

τ = 10
-2

τ = 10
-1

Figure 4.8: Simulation data is shown for density relaxation from a Gaussian initial profile with vari-
ance 1/10 and mean 1/2. The data are presented for different values of λ (1.5, 1, and
1/3 respectively from left to right) and plotted against the scaled space x. Hydrodynamic
times τ = 0, 10−2, and 10−1 are indicated by circular, triangular, and pentagonal points,
respectively. A bias F̃ = 10 is applied in the x̂ direction. Solid lines represent solutions
obtained from Eq.(4.80). All data are taken for L = 1000.

4.4 summary and conclusions

In this study, we investigated the dynamical correlations of current and the static correlations

of mass in the activated random walk model. We demonstrated that, away from criticality,

this model exhibits similarities with the Manna model with single particle transfer rules,

which we studied in Chapter 3. However, unlike the previous model, the activated random

walk model breaks detailed balance and undergoes an active absorbing phase transition at a

critical density ρc, which is a function of the sleeping parameter λ.

By employing a similar truncation scheme (Eq. (4.26)) as used in Chapter 2, we computed

various dynamical correlation functions and their power spectra in the activated random

walk model. Our main findings are summarized as follows:

(I) Subdiffusive growth of time-integrated bond current fluctuation and dynamical hyperunifor-

mity

The variance of the cumulative (time-integrated) current exhibits subdiffusive growth,

following T1/2 when 1 ≪ T ≪ L2 in the regime away from criticality. However, near

criticality, this fluctuation becomes slower and increases with time as Tα, with a mea-

sured value of α ≈ 0.4 from simulations. This behaviour is indicative of the system’s

dynamical hyperuniformity near the critical point. Additionally, at large times T ≫ L2,

the fluctuation of the cumulative current increases linearly in time both near and far

from the critical density values, and the coefficient is directly related to the system’s

mobility. The time-dependent two-point correlation function for the bond current re-

veals a delta peak in time at t = 0. Beyond this initial time, we observe a long-range

negative correlation that decays as t−3/2 away from the criticality. However, near criti-

cality, this decay becomes faster due to the presence of dynamic hyperuniformity.

(II) Power spectrum of current and mass
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The power spectrum of the current displays a decay with frequency f characterized by

an exponent ψJ . Away from criticality, this exponent is found to be 1/2. However, near

criticality, ψJ becomes faster and is governed by ψJ ≈ 1.6, reflecting the faster decay

of the instantaneous current correlation due to dynamical hyperuniformity.

Similarly, the power spectrum of subsystem mass fluctuation, induced by boundary

currents, exhibits a decay with frequency characterized by an exponent ψM. Away

from criticality, ψM = 3/2, while near criticality, ψM ≈ 1.4. These exponents are not

independent and are related by equation ψM = 2−ψJ , as discussed in Chapter 2, since

the diffusion equation governs the dynamics of the system.

(III) Spacetime integrated current fluctuation and nonequilibrium Green-Kubo relation

The calculation of spacetime-integrated current fluctuation revealed that the fluctua-

tion of this quantity is highly dependent on the order in which we take the infinite-

volume limit. If we first take the limit T → ∞, followed by the limit L → ∞, then the

intensive current fluctuation converges to zero. However, if we take the limit L → ∞

first, followed by the infinite time limit, then the intensive spacetime-integrated current

fluctuation converges to twice the mobility.

Furthermore, it was found that this intensive spacetime-integrated current fluctuation

is related to the scaled subsystem mass fluctuation divided by twice the bulk diffusivity,

which corresponds to the Einstein relation or the fluctuation-dissipation theorem for

this model. Additionally, using the macroscopic fluctuation theory (MFT) prescription

and introducing a biasing force, we calculated the mobility macroscopically, which

was found to be exactly equal to the microscopic definition of mobility. This provides

a verification of the nonequilibrium Green-Kubo relation for the model.

(IV) Tagged particle diffusion

In this conserved model, we have also proved that the self-diffusion coefficient is the

mobility divided by the global density. This result is consistent with what we found

for the Manna sandpile model in Chap. 2.
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5
T H E O S L O R I C E P I L E M O D E L

5.1 introduction

Whether sandpiles can generate a power law distribution has been a long-standing debate. In

addition to numerical simulations, some actual studies have been conducted to explore this

phenomenon. For example, investigations have been carried out on the outflux in sand [60]

and the famous Oslo ricepile experiment [61], which studied the residence time of a rice grain

tagged in the system, along with the distribution of the size of the avalanche. Although no

signature of a power law in the distribution of sand grains from the system was found in the

first experiment, the second experiment actually demonstrated a power law in the avalanche

statistics for nearly 1 1
2 decades [61]. In addition to this, the residence time of the particles

was also studied in this experiment (see Sec. 1.5.6 for a discussion). These experiments have

provided valuable insights into the role of anisotropy [128] and the importance of conserved

quantities in the context of sandpile dynamics.

Inspired by the results of the ricepile experiment, the Oslo model was proposed [64]. This

model introduced stochasticity to the one-dimensional BTW model (although it can be gen-

eralized to higher dimensions), where now the critical height for a site to become active

can be either 2 or 3 with equal probability; each active site topples exactly two particles to

the nearest neighbours deterministically in opposite directions. The critical properties of this

model have been studied extensively by Grassberger, Dhar, and Mohanty in Ref.[65]. The

main exponents characterizing the critical states of this model are the order parameter expo-

nent β = 5/21, correlation length exponent ν⊥ = 4/3, and dynamic exponent z = 10/7[65].

Reportedly, these exponents are the same for both the fixed-energy and self-organized crit-

icality (SOC) versions of the Oslo model [65]. Near criticality, the mass fluctuation in this

model becomes hyperuniform, meaning that the subsystem mass fluctuation, σ2(M), scales

as lλ, where l is the subsystem size, and λ = 1/2, contrasting with the disordered system

where λ = 1.
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In this chapter, using our analytical scheme, we calculated the dynamical correlations

away from criticality, while the near-critical dynamical fluctuations have been obtained from

simulation.

5.1.1 Model

The dynamics of the Oslo model are described on a periodic boundary condition as follows:

Each lattice site, denoted by i = 0, 1, 2, . . ., L − 1, is characterized by two coupled dynamical

variables. The first variable is the number of particles or height, denoted by mi = 0, 1, 2,

. . ., N, where ρ̄ = N/L represents the global conserved density. Here, L is the system size,

and N is the total number of particles. The second variable is the threshold or critical height,

denoted by nc = 2 and 3. Initially, the threshold variable nc at each site is chosen randomly

and independently as 2 or 3. A site is considered active if the number of particles mi at

that site exceeds or equals the critical height nc. In such a case, an active site topples by

deterministically transferring two particles, one to its right-nearest neighbour and another

to its left-nearest neighbour. After each toppling event, the threshold height of each site is

updated randomly. Consequently, the stochastic nature of this model arises from random

updates of threshold heights.

The Oslo ricepile model exhibits power-law scaling behaviour near the critical point. The

reported critical density for the Oslo model is approximately ρc ≈ 1.732594 as documented

in [65].

The update rules of local particles at a site in this model are given as

mi(t) =



events probabilities

mi(t) + 1 (âi+1 + âi−1) dt

mi(t)− 2 âidt

mi(t) 1 − Σdt,

(5.1)

where Σ = (âi+1 + âi−1 + âi) dt and âi is defined as

âi =

1, when mi ≥ nc,

0, otherwise.
(5.2)

The corresponding density evolution equation can be written as

∂

∂t
ρi(t) = ⟨âi+1 − 2âi + âi−1⟩ = ∆i,k ⟨âk⟩ , (5.3)
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where ρi(t) = ⟨mi(t)⟩ and ∆i,k is the discrete Laplacian operator. By taking the diffusive limit,

i → x = i/L and t → τ = t/L2, and assuming the local equilibrium, where the statistical

properties of the fast variable âi are determined by the local density ρi, we write the above

equation as the following diffusive equation,

∂ρ(x, ρ)

∂τ
=

∂

∂x

[
D(ρ)

∂ρ

∂x

]
, (5.4)

where the bulk-diffusivity is given by,

D(ρ) =
da(ρ)

∂ρ
; (5.5)

a(ρ) = ⟨âi⟩steady state
ρi

, meaning the average value of activity operator âi when the local density

is ρi. At the operational level, a(ρ) can be computed as the steady-state average of a(ρ) =

∑i âi/L when the global density is ρ.

In the upcoming sections, we will compute the current and mass fluctuations generated

by this dynamic process, as well as analyse the relevant power spectrum.

5.2 fluctuation properties of oslo model

The evolution equation of local mass can be written as a microscopic continuity equation as

d
dt

mi(t) = Ji−1(t)−Ji(t), (5.6)

where Ji(t) is the microscopic instantaneous current across a bond i, connecting the sites

i and i + 1, in an interval [t, t + dt]. Formally, the instantaneous bond current is defined as

the derivative of the time-integrated bond current Qi(t), which represents the number of net

particles that cross the bond i in the time interval [0, t]. The value of Ji(t) can be obtained

directly from the definition,

Ji(t) =
d
dt
Qi(t). (5.7)

Following the Manna sandpile [108] and using the gradient property of the density evolution

Eq.(5.6) of the Oslo model, we can decompose Ji(t) into a microscopic diffusive part J (d)
i (t)

and a fluctuating part J ( f l)
i (t) as

Ji(t) = J (d)
i (t) + J ( f l)

i (t). (5.8)
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Moreover to satisfy the convergence of Eq.(5.6) in to the Eq.(5.3) on average, we must have

the following constraints,〈
J (d)

i (t)
〉
= (âi − âi+1) and

〈
J ( f l)

i (t)
〉
= 0, (5.9)

upon J (d)
i (t) and J ( f l)

i (t). To infer the fluctuation properties of the system, we study the

dynamic correlation functions CQQ
r (t, t′), CJ J

r (t) and the corresponding power spectrums

in the steady states, where the notation CAB
r (t, t′) has the following definition,

CAB
r (t, t′) =

〈
Ar(t)Bi+r(t′)

〉
− ⟨Ar(t)⟩

〈
Bi+r(t′)

〉
, (5.10)

whereas CAB
r (t) = CAB

r (t, 0). We also define the spatial Fourier transform of the correlation

function CAB
r (t, t′) as

C̃AB
q (t, t′) =

L−1

∑
r=0

CAB
r (t, t′)eiqr, (5.11)

where q = 2πk/L and k = 0, 1, . . ., L − 1 and the inverse Fourier transform as

CAB
r (t, t′) =

1
L ∑

q
C̃AB

q (t, t′)e−iqr. (5.12)

5.2.0.1 Integrated current correlation and the truncation scheme

As we want to calculate the correlation function CQQ
r (t, t′), we start by writing the evolution

equation for t > t′ as

d
dt

CQQ
r (t, t′) =

〈
d
dt
Qi(t)Qi+r(t′)

〉
, (5.13)

where dQi(t)/dt can be obtained from the following evolution equations,

Qi(t + dt) =



events probabilities

(Qi(t) + 1) âi(t)dt

(Qi(t)− 1) âi+1(t)dt

Qi(t) 1 − Σdt,

(5.14)
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where Σ = (âi(t) + âi+1(t)). The above update rules give us the following exact expression

of dQi(t)/dt,

d
dt
Qi(t) = (âi(t)− âi+1(t)) ≡ J (d)

i (t); (5.15)

the equivalence between dQi(t)/dt and J (d)
i (t) is obtained from Eq.(5.7), where we define

the microscopic expression of the instantaneous diffusive current J (d) as

J (d)
i (t) = (âi(t)− âi+1(t)) . (5.16)

Substituting Eq. (5.15) into Eq. (5.13), we obtain,

d
dt

CQQ
r (t, t′) =

〈
J (d)

i (t)Qi+r(t′)
〉

. (5.17)

By solving this equation, we obtain the exact expression for the unequal-time unequal-space

correlation function of the integrated current, CQQ
r (t, t′), as

CQQ
r (t, t′) =

∫ t

t′
dt′′
〈
J (d)

i (t′′)Qi+r(t′)
〉

c
+ CQQ

r (t′, t′), (5.18)

which contains two other correlation functions: the unequal-time unequal-space diffusive

current and integrated current, as well as the equal-time unequal-space integrated currents.

To solve these additional correlation functions, we begin with
〈
J (d)

i (t)Qi+r(t′)
〉

(as we are

interested in steady states, we set ⟨Qi+r(t)⟩ = 0), for which we need to solve the evolution

equation of ⟨âi(t)Qi+r(t′)⟩, which is given as

d
dt
〈

âi(t)Qi+r(t′)
〉
=

〈
d
dt

âi(t)Qi+r(t′)
〉

. (5.19)

But, similar to other models of self-organized criticality, in the Oslo model, âi is also not a

conserved quantity. As a result, it is not possible to express the evolution equation of âi(t) in

a closed form. Furthermore, due to the stochastic nature of the threshold mass for a site to

become active, it is extremely challenging to formulate an update equation for the activity

operator in the Oslo model. To bypass this difficulty altogether, similarly to Eq. (2.26) of the

Manna model in Chap. 2, we propose an approximation to write the microscopic diffusive

current in terms of the difference of local mass, which is a conserved quantity, instead of the

difference of local activity,

J (d)
i (t) ≃ D(ρ̄) (mi(t)− mi+1(t)) , (5.20)
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where D(ρ̄) = a′(ρ̄) as defined in Eq. (5.5). The main assumptions to obtain Eq.(5.20) from

Eq.(5.16) are that any difference of local activity should follow the difference of local mass

and the fluctuations around the global conserved density ρ̄ are small. Now, by substituting

Eq.(5.20) in Eq.(5.18) we obtain,

CQQ
r (t, t′) ≃

∫ t

t′
dt′′D

〈{
mi(t′′)− mi+1(t′′)

}
Qi+r(t′)

〉
c + CQQ

r (t′, t′); (5.21)

as a result, we need to compute the unequal-time mass and integrated current correlation

function, which follows the following evolution equation,

d
dt

CmQ
r (t, t′) =

〈
d
dt

mi(t)Qi+r(t′)
〉

=
〈{

J (d)
i−1(t)−J (d)

i (t)
}
Qi+r(t′)

〉
≃D∆i,k

〈
mk(t)Qi+r(t′)

〉
. (5.22)

In the above equation, the final closure of the equation is achieved by employing the ap-

proximation given in Eq. (5.20). We can write the solution of this equation using the Fourier

transform, which is defined in Eq. (5.11), as

C̃mQ
q (t, t′) = exp

[
−Dλq(t − t′)

]
C̃mQ

q (t′, t′), (5.23)

where C̃mQ
q (t, t′) is the Fourier transformed CmQ

r (t, t′). To continue, we need to determine the

equal-time unequal-space correlation function of mass and current. This correlation function

is governed by the following evolution equation,

d
dt

CmQ
r (t, t′) ≃ D∆i,k ⟨mk(t)Qi+r(t)⟩+ fr(t), (5.24)

where fr(t) is the source of the corresponding correlation function; for details, see ap-

pendix (C.1). Using the Fourier transformation, we can solve this equation and obtain,

C̃mQ
q (t, t) =

∫ t

0
dt′ exp

[
−Dλq(t − t′)

]
f̃q(t′), (5.25)

In Appendix (C.2), we further calculated the correlation function Cmâ
r (t, t) using the steady

state condition of equal-time mass-mass correlation, that gives us,

Cmâ
r (t, t) = aδ0,r −

a
2
(δ0,r−1 − δ0,r+1) , (5.26)

which has the following Fourier transformation,

C̃mâ
q (t, t) =

λq

2
. (5.27)
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Using the above result, we can write the Fourier-transformed source f̃q, by using the explicit

expression of fr, given in Eq.(C.4), as

f̃q = −a
λq

2

(
1 − e−iq

)
. (5.28)

By substituting, Eq.(5.28) in Eq.(5.25) and then putting Eq.(5.25) in Eq.(5.23), we finally ob-

tain,

C̃mQ
q (t, t′) = −a

∫ t′

0
dt′′ exp

[
−Dλq(t − t′′)

] λq

2

(
1 − e−iq

)
, (5.29)

and thus, taking the inverse Fourier of Eq. (5.29), we obtain the first part of the r.h.s. of Eq.

(5.21).

5.2.1 Current correlations

The second part on the right-hand side of Eq.(5.21) is the equal-time integrated current

correlation, which satisfies the following evolution equation,

d
dt

CQQ
r (t, t) =Γr(t) + CJ (d)Q

r (t, t) + CJ (d)Q
L−r (t, t), (5.30)

≃Γr(t) + D
{

CmQ
r (t, t)− CmQ

r−1(t, t)
}
+ D

{
CmQ

L−r(t, t)− CmQ
L−r−1(t, t)

}
, (5.31)

where to obtain Eq.(5.31) from Eq.(5.30) we used the approximation diffusive current in

Eq.(5.20). Γr is the strength of the fluctuating current J ( f l) as given in Eq. (2.62) of Chapter

2, which can be easy to prove quite generically [108] and has the following expression in the

steady state,

Γr = 2aδ0,r − aδ0,r+1 − aδ0,r−1, (5.32)

which is derived in Eq. (C.15); for details see Appendix (C.3). The solution of the Eq. (5.30)

is the following,

CQQ
r (t, t) ≃

t∫
0

dt′ Γr(t′) +
1
L

t∫
0

dt′ D
L−1

∑
q=0

C̃mQ
q (t′, t′)

[
1 − eiq

](
2 − λqr

)
, (5.33)

=

t∫
0

dt′Γr(t′)− Da
L−1

∑
q=0

1
L

t∫
0

dt′
t′∫

0

dt′′ exp
[
−Dλq(t′ − t′′)

] λ2
q

2
(
2 − λqr

)
, (5.34)

where to obtain Eq.(5.34) from Eq.(5.33), we replaced C̃mQ
q (t′, t′) using the Eq.(5.25). Now, we

finally write the unequal-time unequal-space current correlation, by putting Eq.(5.34) and the
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inverse Fourier transform of Eq.(5.29) in Eq.(5.21) and obtain the most general unequal-time

unequal-space correlation function of integrated current as following,

CQQ
r (t, t′) =

t′∫
0

dt′′Γr(t′)− Da ∑
q

1
L

t′∫
0

dt′′
t′′∫

0

dt′′′ exp
[
−Dλq(t′′ − t′′′)

] λ2
q

2
(
2 − λqr

)

− Da ∑
q

1
L

t′∫
t

dt′′
t′∫

0

dt′′′ exp
[
−Dλq(t′′ − t′′′)

] λ2
q

2
e−iqr. (5.35)

The fluctuation of the time-integrated current, Qi(t), across a bond can be obtained from

Eq. (5.35) by setting r = 0 and t = t′ = T, resulting in,

CQQ
0 (T, T) =

〈
Q2(T)

〉
=

a
D

1
L ∑

q

(
1 − e−DλqT

)
. (5.36)

Interestingly, the large time (T ≫ L2) behaviour of
〈
Q2(T)

〉
in the thermodynamic limit

L → ∞ is given by

lim
T→∞

lim
L→∞

〈
Q2(T)

〉
≃ a

D
. (5.37)

The interesting aspect is that the fluctuation saturates at a particular value of a/D instead

of following a linear growth function over time, as observed in earlier chapters 2, 3 and 4,

where the growth gradient was given by 2χ(ρ̄)/L. This saturation to a specific value implies

mobility χ(ρ) = 0 for any arbitrary global density ρ̄. Therefore, the asymptotics of ⟨Q2(T)⟩
can be expressed as follows

〈
Q2(T)

〉
∼ Tα, with α = 0 for T ≫ L2, (5.38)

Now to address the question of how the fluctuation saturates from its initial value, or its

initial time growth, we study the asymptotics of the relative value of
〈
Q2(T)

〉
w.r.t to its

saturated value at large time, i.e., a/D −
〈
Q2(T)

〉
, which can be simply written as

a
D

−
〈
Q2(T)

〉
=

a
D

1
L ∑

q
e−DλqT, (5.39)

which in the thermodynamic limit can be written by taking the variable transform i → i/L =

x in the following way,

a
D

−
〈
Q2(T)

〉
≃ 2

a
D

∫ 1/2

1/L
e−Dλ(x)T ≃ a

2πD
3
2

T−1/2
∫ ∞

0
dz

e−z

z
=

a

2
√

πD
3
2

T−1/2, (5.40)
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where λ(x) ≃ 4π2x2 and we further take the variable transformation z = 4π2x2DT with the

assumption T ≫ 1 to obtain the final result. Using this asymptotics, Eq.(5.36) can be written

as

〈
Q2(T)

〉
≃ a

D
− a

2
√

πD
3
2

T−1/2. (5.41)

In the left panel of Fig. 5.1, we plot the simulation data of a/D − ⟨Q2(T)⟩ as a function

of T for density values ρ̄ = 2 (red), 3 (blue) and 4 (green) using solid lines. The numerical

values from Eq. (5.36) are also shown for ρ̄ = 2, 3, and 4 using dot-dot-dashed, dot-dashed,

and dotted lines, respectively for L = 1000. The T−1/2 decay of this quantity indeed verifies

Eq. (5.41), and we observe that the agreement between theory and simulation gradually

improves as ρ̄ increases.

Near criticality, we know that a ∼ ∆β; therefore, in the dimensional analysis of Eq. (5.37),

we see that a/a′ ∼ ∆ (D = a′ as defined in Eq. (5.5)), where ∆ = ρ − ρc is the relative density

with respect to the critical density value ρc. This implies that near criticality, the current

fluctuation should vanish at criticality as ∆ = 0. However, contrary to this expectation, our

simulations show a different behaviour.

In the right panel of Fig. 5.1, we observe that
〈
Q2(T)

〉
for ρ̄ = 1.7344 (solid red line)

is much greater than
〈
Q2(T)

〉
for ρ̄ = 1.736 (solid blue line), and similarly,

〈
Q2(T)

〉
for

ρ̄ = 1.736 is greater than Q2(T) for ρ̄ = 1.738 (solid green line), all of which for L =

5000. From which we conclude that the time-integrated bond current fluctuation is non-

monotonic. Although the growth of current fluctuation away from criticality is mainly due

to the increase in the number of particles that contribute more to the bond current fluctuation,

the near-critical divergence of current fluctuation at large times is attributed to the singular

behaviour of the bulk diffusivity D(ρ̄) → ∞ as ρ̄ → ρc and the presence of the centre of mass

conservation law along with density. In other words, as the system approaches criticality

(ρ̄ → ρc), the bulk diffusivity diverges, leading to significant fluctuations in the current even

at large times. Moreover, the growth exponent is found to be α ≈ 1/3 near the criticality.

5.2.2 Instantaneous current fluctuation: Argument of maximal hyperuniformity

In this section, we demonstrate that the exponent governing the decay of instantaneous

current correlation is quite different from other diffusive systems, such as the Manna model,

despite being a diffusive system. Furthermore, the T−1/2 decay of the relative fluctuation of

the integrated current over a bond can also be understood from this correlation function.
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Figure 5.1: Left panel: Relative integrated bond current fluctuation is plotted for different densities as
a function of time for system size L = 1000. Simulation data are plotted in a solid line
for densities ρ̄ = 2 (red line), ρ̄ = 3 (blue line), ρ̄ = 4 (green line). The y-axis denotes
the relative value of

〈
Q2(T)

〉
subtracted from its steady state value at large times, i.e.,

limT≫1
〈

Q2(T)
〉
−
〈

Q2(T)
〉
, which decays as T−1/2, as predicted by Eq.(5.41). The theoret-

ical values of the same quantity are plotted using Eq.(5.39) in the dot-dot-dashed line for
ρ̄ = 2.0 and in the dot-dashed line for ρ̄ = 3.0, and in the dotted line for ρ̄ = 4.0. Right
panel: Integrated bond current fluctuation is plotted as a function of time near criticality
(ρc ≈ 1.732) for system size L = 5000. The simulation data are plotted in solid lines for
densities ρ̄ = 1.7344 (red line), 1.736 (blue line), and 1.738 (green line). The guiding dotted
line demonstrates the growth of bond current fluctuation as T1/3 near critical densities.
Notably, in both away and near criticality the current fluctuation saturates at large time
limit, signifying zero mobility in the system.

The instantaneous bond current correlation, ⟨Ji(t)Ji+r(0)⟩ − ⟨Ji(t)⟩ ⟨Ji+r(0)⟩, can be ob-

tained by differentiating Eq.(5.35) for t ≥ t′ in the following manner,

CJ J
r (t) ≡ ⟨Ji(t)Ji+r(0)⟩ − ⟨Ji(t)⟩ ⟨Ji+r(0)⟩ =

[
d
dt

d
dt′

CQQ
r (t, t′)

]
t′=0,t≥0

, (5.42)

which gives us,

CJ J
r (t) = Γrδ(t)− aD

1
L ∑

q
e−λqDt λ2

q

2
e−iqr. (5.43)

The decay of the current correlation is governed by the second part of the right-hand side of

the above equation. Its asymptotics for t ≫ 1 can be understood by converting the sum into

an integral in the thermodynamic limit using i → x = i/L, where λq can be approximated

as λq → λ(x) ≃ 4π2x2. Then, using the variable transformation z = 4π2x2Dt, we can write

Eq.(5.43) for t ≫ 1 as follows:

CJ J
0 (t) ≃ − a

4πD3/2 t−5/2
∫ ∞

0
e−zz3/2dz = − 3a

16
√

πD3/2
t−5/2. (5.44)
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In Fig. (5.2) the negative instantaneous bond current correlation −CJ J
0 (t) is plotted as a

function of time for different away from criticality densities. Simulation data are plotted as

solid lines for ρ̄ = 2 (red line), ρ̄ = 3 (blue line), and ρ̄ = 4 (green line) for L = 1000. The

corresponding theoretical curves are plotted using Eq.(5.43) for r = 0 for ρ̄ = 2 (black dotted

line), ρ̄ = 3 (black dot-dashed line), ρ̄ = 4 (black dot-dot-dashed line). The guiding line

denotes the t−5/2 decay of the correlation function, as predicted by our theory in Eq. (5.44).

The asymptotic expression of CJ J
0 (t) derived in Eq.(5.44), can also be written as CJ J

0 (t) ∼
−tα−2, where the exponent α captures the dynamic growth of

〈
Q2(T)

〉
in the thermodynamic

limit L → ∞. We can summarize this result for away and near criticality as

CJ J
0 (t) ∼

−t−5/2, α = −1/2 for ρ̄ ≫ ρc,

−t−5/3, α ≈ 1/3 for ρ̄ ≃ ρc.
(5.45)

In the Manna model, the current correlation becomes steeper near criticality compared to

away from criticality, as given in Eq. (2.58). This steeper decay of the correlation function

indicates a faster reduction of dynamical fluctuation, and we identify this phenomenon as

dynamical hyperuniformity.

On the other hand, from Eq. (5.45), we observe that the current fluctuation is steeper

away from criticality than near criticality. However, when comparing with our benchmark

for a normal diffusive system, i.e., CJ J
0 (t) ∼ −t−3/2, as obtained in Eq. (2.57) of Chapter 2,

we find that in the Oslo model near criticality, the decay of the correlation function is still

steeper, specifically t−5/3. Thus, the near critical fluctuations of current still exhibit dynamical

hyperuniformity, while the fluctuations away from criticality achieve the maximum possible

hyperuniformity, becoming maximally hyperuniform.

This result indicates the high importance of conserved quantities in determining the large-scale

fluctuations in interacting particle systems.

We also calculated how the time-integrated bond current fluctuations decays at later times

due to such steep decay of the correlation function. We integrate the CJ J
r (t) in the window

of [−T, T] and obtain,

∫ T

−T
CJ J

0 (t)dt =
1
L

a ∑
q

λqe−DTλq ≃ a
2πD3/2 T−3/2

∫ ∞

0
e−z√zdz =

a
4
√

πD3/2
T−3/2,

(5.46)

which is quite faster compared to the dynamic behaviour of the same quantity computed for

the Manna model in Eq. (2.55), which decays as T−1/2 in the Manna model.

141



10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

-C
0J
J

(t
)

t

ρ = 2
ρ = 3
ρ = 4

t -5/2

Figure 5.2: The negative instantaneous bond current correlation −CJ J
0 (t) is plotted as a function

of time for different away from criticality densities. The simulation data are plotted in
solid lines for ρ̄ = 2 (red line), ρ̄ = 3 (blue line), ρ̄ = 4 (green line). The corresponding
theoretical curves are plotted using the Eq.(5.43) for r = 0 for ρ̄ = 2 (black dotted line),
ρ̄ = 3 (black dot-dashed line), ρ̄ = 4 (black dot-dot-dashed line). All data is taken for
system size L = 1000. The guiding line denotes the t−5/2 decay of the correlation function
as predicted by our theory in Eq. (5.44).
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5.2.2.1 Fluctuating current and its relation to total current in the system

Now we discuss the dynamic properties of the fluctuating part J ( f l)
i (t) in the instantaneous

bond current, which has already been defined in eq.(5.8) and whose strength Γr appears in

the actual current correlation functions (e.g., see Eqs.(5.35) and (5.43)). In Eq. (2.62), we have

proven the generic expression:

CJ ( f l)J ( f l)

r (t, t′ = 0) ≡ CJ ( f l)J ( f l)
r(t) = δ(t)Γr(ρ̄), (5.47)

where Γr is the same as given in Eq. (5.32). This implies that although the fluctuation of

current across a single bond is nonzero (as shown by setting r = 0 in Eq. (5.32)):

Γ0 = 2a(ρ̄), (5.48)

the total integrated fluctuating current is exactly zero, as indicated by:

L−1

∑
r=0

Γr = 0. (5.49)

Furthermore, we can also study the steady-state variance
〈

Q̄2(L, T)
〉
−
〈

Q̄(L, T)
〉2 of the

cumulative (space-time integrated) actual particle current Q̄(L, T) = ∑L−1
i=0 Qi(T) across a

system of size L and up to time T. Using the instantaneous current, this quantity can be

written as

Q̄(L, T) =
L−1

∑
i=0

Qi(T) =
∫ T

0
dt

L−1

∑
i=0

Ji(T) =
∫ T

0
dt

L−1

∑
i=0

J ( f l)
i (T). (5.50)

The equality in the above equation can be obtained by noting that J (d) is the local difference

of the activity operator and, when taking the sum over the total system size, it cancels exactly.

Thus, the fluctuation of Q̄(L, T) can be written exactly the same as that of Eq. (2.72):

lim
L→∞

〈
Q̄2(L, T)

〉
LT

= ∑
r

Γr = 0. (5.51)

From the above relation, one can conclude that in the Oslo model, the mobility, which is

given by the fluctuation of the total integrated current in the system, is zero. This result also

justifies our earlier finding of current fluctuation as
〈
Q2(T)

〉
∼ Tα with α = 0 when T ≫ L2.

The gradient of bond current, particularly in the region where T ≫ L2, provides us with a

measure of mobility, as given in Eq. (1.43).
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Figure 5.3: Intensive fluctuation of the excess bond current is shown as a function of relative density
∆ = ρ̄− ρc (ρc ≈ 1.732) for a system size of L = 1000 and T = 100, represented by the solid
blue line. Additionally, we plot twice the activity 2a as a function of ∆ in the same plot,
represented by the dotted black line, which exhibits an excellent match with the intensive
excess current fluctuation as described by Eq. (5.53).

To verify eq.(5.48) in simulation, let us first define a time-integrated fluctuating current up

to time T,

Q( f l)(T) =
T∫

0

dtJ ( f l)
i (t). (5.52)

Then, using Eq. (5.32) we obtain, a fluctuation relation, which immediately connects the

scaled current fluctuation and the density-dependent activity,

1
T

〈(
Q( f l)(T)

)2
〉

= 2a(ρ̄). (5.53)

In Fig. 5.3, we plotted the simulation data of
〈(

Q( f l)(T)
)2
〉

/T across a bond and up to

time T = 100 as a function of the relative density ∆ = ρ − ρc, shown as a solid blue line. We

observe an excellent agreement with twice the activity, represented by the black dotted line,

as given in Eq. (5.53).

5.2.2.2 Power spectrum

Similarly, as in the earlier chapters, using the Wiener-Khinchin theorem [122] the spectral

density of instantaneous current fluctuations can be obtained by taking the Fourier transform

of the correlation function associated with those fluctuations. The power spectrum of the
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bond current fluctuation in the steady state, SJ ( f ) can be obtained by Fourier transforming

the two-point correlation function given in Eq.(5.43) along with r = 0 as follows,

SJ ( f ) =
∫ ∞

−∞
dtCJ J

0 (t)e2πi f t =
a(ρ̄)

L ∑
q

λq
4 f 2π2

D2λ2
q + 4 f 2π2 . (5.54)

In the limit of large system size, L ≫ 1, the asymptotic behaviour of the above sum when

1/L2 ≪ f ≪ 1, can be obtained by approximating the above sum by the following integral,

SJ ( f ) ≃ 2a
∫ 1

2

1
L

dxλ(x)
4π2 f 2

λ(x)2D2 + 4π2 f 2 , (5.55)

where in the continuum limit, we perform the substitution q → 2πx, which leads to λ(x) ≈
4π2x2. Then by using the variable transformation, x =

√
f y1/4/

√
2π

√
D, we convert the

above integral into the following in the limit L → ∞ and obtain,

SJ ( f ) = f 3/2 a
√

π√
2D3/2

∫ ∞

0

dy
y1/4(1 + y)

= a
π3/2

D3/2 f 3/2. (5.56)

However, as discussed in Sec. 5.2.2 in detail, in the power spectrum, we also identify the

appearance of both dynamic hyperuniformity and dynamic maximal hyperuniformity. The

functional dependence of SJ ( f ) can be written as:

SJ ( f ) ∼ f ψJ , (5.57)

where

ψJ

= 3
2 for ρ̄ ≫ ρc,

≈ 2
3 for ρ̄ ≃ ρc;

(5.58)

we derived ψJ = 3/2 away from criticality, and from simulation, we obtained ψJ ≈ 2/3

near criticality.

Compared to normal diffusive systems, where we have derived ψJ = 1/2, the near-

criticality value of ψJ satisfying ψJ ≈ 2/3 > 1/2 signifies the presence of dynamic hyper-

uniformity in the Oslo model. Moreover, ψJ = 3/2 ≫ 1/2 away from criticality indicates the

presence of maximal dynamic hyperuniformity in current fluctuation, as the power spectrum

decays with decreasing frequencies, it characterizes how fast or slow current fluctuation is

vanishing. The steeper the decay, the faster the vanishing.
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In simulations, we compute the power spectrum by discretizing the instantaneous cur-

rent into small temporal intervals, typically denoted as δt, and then calculate the Fourier

transform as follows,

J̃n;T = δt
T−1

∑
k=0

Ji(k)e2πi fnk, (5.59)

where fn = n/T for T ≫ 1. Finally, we define the power spectrum of a bond current as

SJ ( fn) = lim
T→∞

1
T
⟨|J̃n;T|2⟩, (5.60)

where fn = n/T for T ≫ 1. The limit as T tends to infinity represents an average over an

infinitely long time period. In the large system size limit, L → ∞ the convergence of the

discrete sum in Eq.(5.60) to its continuum limit is expected, as expressed in Eq.(5.54).

In the left panel of Fig. (5.4), we plot the power spectrum SJ ( f ) as a function of the fre-

quency f for away from criticality densities ρ̄ of 2 (red), 3 (blue), and 4 (green) in solid lines.

The corresponding theoretical curves, obtained using Eq. (5.54), for the corresponding densi-

ties are plotted in dashed, dot-dashed, and dot-dot-dashed lines, respectively. As the density

increases, the theoretical curves rapidly converge to the simulation data. The guiding line

denotes the f ψJ , with ψJ = 3/2 decay of the power spectrum as f → 0, as predicted by

Eq. (5.56). In the right panel of the same plot, we present the simulation data of the power

spectrum for near-critical densities ρ̄ = 1.7344 (green line), 1.736 (blue line), and 1.738 (red

line) for L = 5000. The longest power-law regime is governed by ψJ ≈ 2/3, indicating less

fluctuating behaviour of the current compared to away from criticality densities.

5.2.3 Tagged particle diffusion

In this section, we examine the variance of the displacements Xα(T) of a tagged particle α

over a temporal interval [0, T].

Since a particle can only hop a distance of +1 or −1 from the toppled site, the variance

of the total hop length ⟨X2
α(T)⟩ depends solely on the number of topplings experienced by

the tagged particle within this time interval, denoted as N(h)
α (T), as shown in the following

equation,

⟨X2
α(T)⟩ = N(h)

α (T). (5.61)
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Figure 5.4: The power spectrum of the bond current is plotted as a function of frequency. Left panel:
This corresponds to the density regime away from criticality (ρc ≈ 1.732). Simulation data,
taken with L = 1000, are plotted as solid lines for ρ̄ = 2 (red), ρ̄ = 3 (blue), and ρ̄ = 4
(green). Theoretical lines, obtained from Eq.(5.54), are represented by dotted, dot-dashed,
and dot-dot-dashed lines for the same densities, respectively. The guiding line denotes the
f ψJ , with ψJ = 3/2 decay of the power spectrum as f → 0, as predicted by Eq. (5.56).
Right panel: This corresponds to the power spectrum of current to the density regime near
criticality. Simulation data, taken with L = 5000, are plotted as solid lines for densities
ρ̄ = 1.738 (red), 1.736 (blue), and 1.7344 (green). The guiding lines demonstrate the power
spectrum initially decays linearly, followed by f 2/3 decay as the frequency approaches the
minimum value.

By summing over all the tagged particles of the system, the total variance can be written in

terms of twice of the total topplings N(tp)(T) during that interval as

∑
α

⟨X2
α(T)⟩ = ∑

α

N(h)
α (T) = 2N(tp)(T), (5.62)

as at each toppling two particle jumps out the site. The number of total toppling in the

system, N(tp)(T), on average, is equal to the number of active site density a(ρ̄) times corre-

sponding spacetime volume,

N(tp)(T) = a(ρ̄)LT. (5.63)

Due to the homogeneity of the system, we can express the left-hand side of Equation (5.62) as

the total number of particles multiplied by the variance of a particle tagged
〈

X2(T)
〉
. Using

Equation (5.63), we can rewrite Equation (5.62) as follows,

N⟨X2(T)⟩ = 2a(ρ̄)LT or ⟨X2(T)⟩ = 2
a(ρ̄)

ρ̄
T. (5.64)
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The self-diffusion coefficient Ds(ρ̄) can be defined in terms of
〈

X2(T)
〉

in the steady state

as

〈
X2(T)

〉
= 2Ds(ρ̄)T, (5.65)

comparing which with Eq.(5.64), we obtain the exact expression of self-diffusivity in terms

of the activity and the corresponding global density ρ̄ as

Ds(ρ̄) =
a(ρ̄)

ρ̄
. (5.66)

In Fig. 5.5, we plot the mean-square fluctuation of tagged particle displacement up to time

T (represented by the solid red line) as a function of the relative density ∆. The notation〈〈
X2(T)

〉〉
= ∑α

〈
X2

α(T)
〉

/N signifies averaging over trajectories and particles. The simula-

tions (solid red line) show excellent agreement with the theoretically obtained self-diffusion

coefficient Ds(ρ̄) (shown as the dashed black line) as defined in Eq.(5.66). Additionally, we

display the bulk-diffusion coefficient D(ρ̄) = a′(ρ̄) as a function of ∆ = ρ̄ − ρc (depicted by

the dot-dashed blue line) obtained from simulation, using Eq.(5.5). Notably, the behaviour of

the bulk-diffusion coefficient contrasts with that of the self-diffusion coefficient Ds(ρ̄) near

criticality. Since, near criticality activity of the system tends to zero rapidly, so does the self

diffusion coefficient, whereas due to the anomalous transport in this density regime, it goes

to infinity. Away from criticality, both diffusivities go to zero but in different manners.

One should note that the self-diffusion coefficient of the Manna sandpile, which we de-

rived in Eq. (2.88), is the same as the one we derived in Eq. (5.66). In the Manna model,

activity a(ρ) also has the meaning of mobility, so we can also relate Ds(ρ̄) to the total current

fluctuation of the system. However, in the Oslo model, the mobility χ = 0, and thus, the total

integrated current, so a(ρ̄) does not have the meaning of a transport coefficient.

5.2.4 Power spectrum of mass fluctuations

In this section, we study the properties of fluctuations in the mass of a subsystem Ml(t) =

∑l=1
i=0 mi(t), for which we begin with the unequal time and unequal space correlation func-

tion of the mass of a single site in steady state for t ≥ 0, Cmm
r (t, 0) = ⟨mi(t)mi+r(0)⟩ −

⟨mi(t)⟩ ⟨mi+r(0)⟩ ≡ Cmm
r (t). It is evident that due to the microscopic dynamics, which allows

for the change in mass of three sites simultaneously, more than single site spatial correlation

is expected in the steady state.
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Figure 5.5: We plot the mean-square fluctuation of tagged particle displacement up to time T (solid
red line) as a function of relative density ∆, where the double angular braces

〈〈
X2(T)

〉〉
=

∑α

〈
X2

α(T)
〉

/N denote the average over trajectories as well as particles. Simulations (solid
red line) show excellent agreement with the theoretically obtained self-diffusion coefficient
Ds(ρ̄) (dashed black line) as in Eq.(5.66). We also plot the bulk-diffusion coefficient D(ρ̄) =
a′(ρ̄) as a function of ∆ = ρ̄ − ρc (dot-dashed blue line), using Eq.(5.5) from simulation,
which has a contrasting behaviour as compared to the self-diffusion coefficient Ds(ρ̄).

The evolution equation of Cmm
r (t) can be written as

d
dt

Cmm
r (t) = ∑

k
∆i,k ⟨âk(t)mi+r(0)⟩ , (5.67)

which further can be simplified using Eq.(5.20) that gives us,

d
dt

Cmm
r (t) ≃ D(ρ̄)∑

k
∆r,kCmm

k (t). (5.68)

Solving the above equation using Fourier representation, we obtain,

C̃mm
q (t) ≃ e−DλqtC̃mm

q (0), (5.69)

where C̃mm
q is the Fourier transformation of Cmm

r . C̃mm
q (0) represents the Fourier transform

of the equal-time correlation function. This correlation function can be found by solving the

equation, that is obtained from the condition dCmm
r /dt = 0 using Eq.(5.20), in steady state,

which gives us

d
dt

Cmm
r (t, t) ≃ D ∑

k
∆0,k ⟨mkmr⟩+ Br = 0, (5.70)
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where the source term Br is given in Eq.(C.9). The corresponding generating function G′(z) =

∑∞
z=0 Cmm

r (t, t)zr, can be derived in a similar way to Eq. (C.10), by multiplying the above

equation by zr and taking the sum over r from 0 to ∞, which finally gives us,

G′(z) =
a
D

− a
2D

z; (5.71)

see Appendix C.2 for details. This generating function tells us that equal-time mass-mass

correlation in the steady state has a nearest neighbour contribution, and can be expressed as

Cmm
r (0) =

a
D

δ0,r −
a

2D
(δ0,r−1 + δ0,r+1) . (5.72)

The Fourier transform of the above correlation function is given by,

C̃mm
q (t, t) =

a
2D

λq. (5.73)

We put the above equation into Eq.(5.69) to obtain,

C̃mm
q (t) ≃ e−Dλqt a

2D
λq, (5.74)

and finally, using the inverse Fourier transform we got the correlation function Cmm
r (t) as

Cmm
r (t) ≃ 1

L
a

2D ∑
q

e−iqre−Dλqtλq. (5.75)

We now compute the temporal correlation and power spectrum of the subsystem mass

Ml(t) = ∑l−1
r=0 mr(t) for l < L following Ref.[108]. The equal-time correlation function for

mass CMl Ml (t, 0) ≡ CMl Ml (t) can be written using the following expression,

CMl Ml (t) = lCmm
0 (t) +

l−1

∑
r=1

(l − r)(Cmm
r (t) + Cmm

−r (t)). (5.76)

Substituting Eq.(5.75), in the above equation, we get the dynamic correlation of subsystem

mass as

CMl Ml (t) ≃ 1
L

a
2D ∑

q
e−Dλqtλql , (5.77)

the equal-time part of which gives us the fluctuation of subsystem mass can be written as a

function of global density ρ̄ using the transport coefficient bulk diffusivity D and active site

density a(ρ̄) as,

CMl Ml (0) = σ2
Ml
(ρ̄) =

〈
M2

l
〉
− ρ̄2l2 =

a
D

, (5.78)
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for l ≪ L in the limit L → ∞. The insensitivity of the fluctuation of the mass of the subsystem

to the size of the subsystem l, or the fixed amount of fluctuation that arises solely from the

boundary sites, is a distinct property of maximal hyperuniform systems [111, 112]. This

behaviour is due to the correlation structure of the mass at equal time, derived in Eq. (5.72),

where the nearest-neighbor correlation exactly cancels the correlation of a mass of the same

site. As a result, when we take the sum over this correlation function to calculate, σ2
Ml
(ρ̄) the

fluctuations only come from the boundary sites of a subsystem and do not depend on the

size of the subsystem.

Moreover, comparing Eq.(5.37) and Eq.(5.78) we propose a new fluctuation relation for the

Oslo model, given as

lim
T→∞

lim
L→∞

〈
Q2(T)

〉
= lim

l→∞
lim
L→∞

σ2
Ml
(ρ̄), (5.79)

which in the thermodynamic limit L → ∞ equates the large time integrated bond current

fluctuation in the limit T → ∞ with the subsystem mass fluctuation for l → ∞ and l/L ≪ 1.

To check the fluctuation relation Eq. (5.79) numerically, in the left panel of Fig.5.6 we plot〈
Q2(T)

〉
, obtained from simulation, for L = 1000 and T ≫ 1 in solid violet line. The cor-

responding simulation data for σ2
Ml
(ρ̄) are shown in a dashed green line for L = 1000 and

l = 500, both as a function of relative density ∆ = ρ̄ − ρc. The equality between the two data

sets, for the away and near-criticality density regime, indicates the validity of the fluctuation

relation (5.79).

In the right panel, we plot the scaled fluctuation of the subsystem mass σ2(Ml)/l, as a

function of the subsystem size l. Simulation data for ρ̄ = 4 (violet line), 2 (green line) and

1.74 (blue line) are shown for L = 5000, while ρ̄ = 1.735 (orange line) and 1.734 (red line)

are plotted for L = 10000. Away from the criticality, it indicates l−1 decay of the scaled

fluctuation or the maximal possible hyperuniformity in a one-dimensional system, verifying

our theoretical result obtained in Eq. (5.78). In contrast, near criticality the decay becomes

much slower, approximately l−0.6, as obtained from simulations, indicating hyperuniform

fluctuations. Comparing the exponent λ = 1/2 reported in [65] to characterize σ2
Ml
(ρ̄)/l ∼

l−λ, we observe a slight difference between the reported value and the one we obtained

here. This discrepancy can be attributed to the finite size of the system we considered and

the finite difference between ρ̄ and ρc, which remains finite even for the minimum possible

value for which we were able to collect data. The transition from maximal hyperuniformity

(λ = 1) to hyperuniformity (λ ≈ 0.6) of the density fluctuation indicates an increase in the

fluctuations of the system near criticality, both in mass and current, as they are related by

Eq. (5.79). This observation is consistent with our earlier results on instantaneous current

fluctuation and power spectrum obtained in Sec. 5.2.2 and 5.2.2.2.
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Figure 5.6: Left panel: Comparison of bond current fluctuation
〈
Q2(T)

〉
for T ≫ 1 and σ2

Ml
(ρ̄) is

plotted as a function of relative density ∆ = ρ̄ − ρc. Simulation data for current fluctuation
is shown in a solid violet line for L = 1000. Corresponding simulation data for σ2(Ml) is
shown in a dashed green line for L = 1000 and l = 500, which shows excellent agreement
with the bond current fluctuation, confirming our theoretical prediction of Eq. (5.79). Right
panel: Scaled mass fluctuation, σ2

Ml
(ρ̄)/l, as a function of subsystem size, l, is plotted.

Simulation data for ρ̄ = 4 (violet line), 2 (green line), and 1.74 (blue line) are shown
for L = 5000, whereas ρ̄ = 1.735 (orange line) and 1.734 (red line) are plotted for L =
10000. Away from criticality, it indicates l−1 decay of the scaled fluctuation of maximal
hyperuniformity as given in Eq. (5.78). Near criticality, the decay becomes much slower,
approximately l−0.6, as obtained from simulations, indicating hyperuniform fluctuations.

To check our results with simulation, we computed the power spectrum of temporal corre-

lation of subsystem mass by taking the Fourier transform of CMl Ml (t), which can be written

as

SMl ( f ) = lim
T→∞

T∫
−T

dt CMl Ml (t)e2πi f t =
1
L

a
2D ∑

q

2λqD(ρ̄)

λ2
qD(ρ̄)2 + 4π2 f 2 λlq. (5.80)

Similarly, like the current power spectrum, this expression can also be written as an integral

for the large system size limit L ≫ 1 by taking the continuum limit i → x = i/L. In the

limit of the size of the large subsystem l ≫ 1 and l/L ≪ 1, we can also approximate

λlq ≃ 2. Furthermore, using the variable transformation, x =
√

f y1/4/
√

2π
√

D, the mass

power spectrum is given by,

SMl ( f ) ≃ 2a
D

1
4
√

2π3/2
√

D
√

f

∫ ∞

0

dy
y1/4(1 + y)

=
a

2
√

πD3/2
f−1/2. (5.81)
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But due to the transition from maximal hyperuniformity to hyperuniformity as we ap-

proach ρ̄ → ρc, the frequency dependence of SMl ( f ) ∼ f−ψM changes as follows,

ψM

= 1
2 for ρ̄ ≫ ρc,

≈ 4
3 for ρ̄ ≃ ρc.

(5.82)

We obtain ψM ≃ 4/3 from simulation near criticality, which is still slower than the ψM = 3/2

observed in normal diffusive systems. Away from criticality, ψM = 1/2 ≪ 3/2, demonstrat-

ing a very slow relaxation of the power spectrum and indicating a prolonged temporal corre-

lation in the mass of the subsystem. The slower the decay, the more pronounced the growth

of hyperuniformity. Furthermore, the exponents ψJ and ψM that govern the behaviour of

the power spectrum of current and mass satisfy the relation ψM = 2 − ψJ , as reported in Eq.

(2.111) in Chapter 2. This relationship holds both away from and near criticality, resulting

from the large-scale diffusive dynamics of the model.

In the left panel of Fig. (5.7), we plot the mass power spectrum obtained for the subsystem

size l = 500 and the system size L = 1000 as a function of the frequency f , represented by

solid lines, for density values away from the criticality: ρ̄ = 2 (red), 3 (blue), and 4 (green).

The corresponding theoretical curves, obtained using Eq. (5.80), are plotted for densities

ρ̄ = 2 (dot-dot-dashed line), ρ̄ = 3 (dot-dashed line), and ρ̄ = 4 (dotted line). In the higher

density limit, our analytical result nicely captures the simulation data and the decay of the

mass power spectrum follows f−1/2 in accordance with our analytical prediction given in Eq.

(5.81).

In the right panel, we present similar data, but for the size of the subsystem l = 2500 and the

size of the system L = 5000, plotted for the near-critical density values of ρ̄ = 1.7344 (green

line), 1.736 (blue line), and 1.738 (red line). We observe that, near criticality, the exponent

ψM changes from 1/2 to 4/3 in the low-frequency regime, indicating the transition from the

hyperuniform to maximal hyperuniform state away from criticality.

5.3 summary and conclusions

In this chapter, we study the dynamical properties of the Oslo model, which has two con-

served quantities: center-of-mass conservation and density conservation. This additional con-

servation law drastically changes the dynamic properties of the system both in the near- and

away-criticality regimes compared to the other three models studied in Chapters 2, 3 and 4,

which have only one conserved quantity. The main results of this chapter are as follows.

(I) Saturation of fluctuations in the time-integrated bond current
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Figure 5.7: The power spectrum of the subsystem mass is plotted against frequency. Left panel: Simu-
lation data of the power spectrum for subsystem size l = 500 and system size L = 1000
are plotted for density values away from criticality, namely ρ̄ = 2 (red), 3 (blue), and 4
(green) as solid lines. The corresponding theoretical lines, obtained using Eq. (5.80), are
plotted for densities ρ̄ = 2 (dot-dot-dashed line), ρ̄ = 3 (dot-dashed line), and ρ̄ = 4 (dot-
ted line), confirming that away from criticality, the mass power spectrum decays as f−1/2

at low frequency in accordance with our analytical prediction given in Eq. (5.81). Right
panel: The same data, obtained from simulation for system size L = 5000 and subsystem
size l = 2500, are plotted for near-critical density values ρ̄ = 1.7344 (green line), 1.736
(blue line) and 1.738 (red line). As the density approaches the critical value, the decay of
the power spectrum tends to a power law of f−4/3 in the low frequency regime, as shown
by the guiding line indicating the hyperuniformity of the system.

We calculated the fluctuations of the time-integrated bond current,
〈
Q2(T)

〉
, which

away from the criticality saturates to the value a/D (D = a′ is the bulk diffusivity) as

T → ∞ followed by L → ∞. Interestingly, the speed of saturation to this value is so fast

that we find a power law behaviour when we plot the relative fluctuation of
〈
Q2(T)

〉
with respect to its saturation value, that is, limT→∞ limL→∞

〈
Q2(T)

〉
−
〈
Q2(T)

〉
, which

decays as T−1/2, in agreement with our theory.

Near criticality, the fluctuation property undergoes significant changes. The fluctuation

limT→∞ limL→∞
〈
Q2(T)

〉
saturates at a certain value and this value gradually increases

as we approach critical densities, indicating a non-monotonic behaviour of
〈
Q2(T)

〉
in

the limit T → ∞, L → ∞. Near criticality, in the early time regime T ≪ Lz, the current

fluctuation increases as
〈
Q2(T)

〉
∼ Tα with α ≈ 1/3.

(II) Power spectrum of current and maximal dynamic hyperuniformity

We calculated the corresponding power spectrum of the instantaneous current, unlike

the previous models, where the power spectrum decays as f ψJ with ψJ = 1/2 as

the frequency approaches zero away from the criticality, in this case the Oslo model

demonstrates ψJ = 3/2 away from the criticality. This indicates that the correlation

of the current is negative for t > 0 and decays as −t−5/2, which is much faster com-

pared to previous models, where the correlation decays relatively slowly as −t−3/2
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for away from criticality densities. As a result, there is extensive suppression of cur-

rent fluctuation in the Oslo model, leading to what we identify as maximal dynamic

hyperuniformity away from criticality.

Near criticality, the power spectrum is governed by ψJ ≈ 2/3, indicating that the

suppression of fluctuation is less pronounced compared to the similar phenomenon in

the regime of far from critical density. However, the suppression of current fluctuations

is still faster than in a purely diffusive system. Therefore, we categorize this behaviour

as dynamic hyperuniformity.

(III) Subsystem mass fluctuation and a new fluctuation relation

We find that the static fluctuation of the mass of the subsystem
〈

M2
l

〉
− ⟨Ml⟩2 is inten-

sive, similar to the saturation value of the integrated current, limT→∞ limL→∞
〈
Q2(T)

〉
.

In fact, both quantities are the same in the limit L → ∞ and l → ∞, where l/L ≪ 1,

i.e.,
〈

M2
l

〉
− ⟨Ml⟩2 = limT→∞ limL→∞

〈
Q2(T)

〉
. This is a new fluctuation relation, that

connects the static fluctuation of mass and dynamic fluctuation of current.

To study the corresponding dynamic correlation of mass, we calculated the power spec-

trum near and away from the critical regimes. Our theory captures the decay f−ψM of

the power spectrum away from criticality with ψM = 1/2, which is in good agreement

with the simulations. Near criticality, we obtain ψM ≈ 4/3 from the simulation, indi-

cating a faster decay of the correlation of the mass of the subsystem in time and the

transition from maximal dynamic hyperuniformity, when ρ̄ ≫ ρc, to hyperuniformity,

when ρ̄ ≃ ρc. The exponents ψJ and ψM satisfy the relation ψM = 2 − ψJ both in the

near- and away-critical density regimes.

(IV) Self diffusion coefficient of a tagged particle

We calculated the self-diffusion coefficient Ds, which has the same expression as in

the Manna sandpile model studied in Chap. 2, given by a(ρ̄)/ρ̄. We verified this result

with simulations, and it shows excellent agreement with the simulated data.

155



6
S U M M A RY O F T H E T H E S I S

In this thesis, we conducted a comprehensive investigation of dynamical fluctuations in

four variants of one-dimensional "fixed-energy / conserved" stochastic sandpile models with

periodic boundary conditions. These models include the Manna sandpile, Manna sandpile

with single particle toppling, activated random walk, and Oslo ricepile model. Earlier, it was

assumed that all these stochastic sandpile models belonged to the same universality class

based on their conserved quantities and dynamics. However, our study revealed distinct

fluctuation properties in these models, which are determined by their microscopic rules.

Despite this, all the models exhibit a diffusive hydrodynamic behaviour, at least away from

criticality.

Now, let’s summarize our findings for both types of models with single and double con-

served quantities as follows:

• Dynamic correlations and their power spectrums: emergence of dynamic hyperuniformity

In our study of all models, we calculated the dynamic correlations of time-integrated

bond current and mass, as well as the corresponding power spectra, which are simply

the Fourier transform of the temporal correlation functions. In the thermodynamic

limit, L → ∞, the asymptotic behaviour of the time-integrated bond current fluctuation〈
Q2(T)

〉
is Tα, correspondingly the power spectrum of current SJ ( f ) and subsystem

mass SM( f ) are written as f ψJ and f−ψM , respectively. All three exponents, α, ψJ , and

ψM, are related by α = 1−ψJ and ψJ = 2−ψM, characterizing the fluctuation relation

both near and away from criticality. The "normal" behaviour of this asymptotics can be

straightforwardly found in the Manna model with one particle transfer rule.

– The Manna model with one particle transfer.

Due to the particular dynamics, this model does not violate the detailed balance

condition and hence satisfies time-reversal symmetry, leading to the absence of

any anomalous fluctuations both near and far from criticality. The steady state

measure is known for this model, allowing for the exact calculation of the critical

density, which is ρc = 1.
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In the thermodynamic limit, our calculations yield the dynamic exponents α =

1/2, ψJ = 1/2, and ψM = 3/2, capturing the growth of time-integrated current

fluctuation, frequency dependence of the power spectrum of current and mass,

respectively. This set of critical exponent values serves as a benchmark for normal

diffusive fluctuation, against which we compare the fluctuation in other models.

Notably, the power spectrum of current goes to zero as the frequency f → 0,

meaning that the instantaneous current correlation has only positive correlation

at t = 0. For t > 0, the correlation becomes negative and decays as t−3/2, resulting

in subdiffusive growth of the time-integrated current.

– The Manna model with two particle transfer.

In the famous Manna model, two particles are transferred to the nearest neigh-

bours, leading to the violation of the detailed balance condition. As a result, the

steady state measure is not known for this model. The breaking of time-reversal

symmetry gives rise to anomalous fluctuations, making the system more interest-

ing.

The dynamical exponents governing the fluctuation properties are calculated as

α = 1/2− µ, ψJ = 1/2+ µ, and ψM = 3/2− µ, where µ represents the anomalous

fluctuation near criticality. We derive µ = (β + 1)/2ν⊥z, where β, ν⊥, and z are

the order parameter, correlation length, and dynamical exponents, respectively.

Near criticality, we find µ ≈ 0.24, while away from criticality, fluctuations behave

similarly to normal diffusive systems, with µ = 0.

Since µ > 0 near criticality, we observe that cumulative bond current fluctuations

grow much more slowly as Tα over time T, where α = 1/2 − µ. This decay of

fluctuation is identified as dynamic hyperuniformity, a phenomenon similar to the

spatial hyperuniformity extensively studied by Torquato et al. Furthermore, the

emergence of dynamic hyperuniformity implies that the current power spectrum

decays more steeply as f → 0, while the decay of the mass power spectrum

becomes slower.

– Model of activated random walkers.

Firstly, it’s worth noting that although the large-scale behavior of the model is

diffusive, the dynamics are not solely governed by the active site density anymore.

Instead, the density of active particles, which enters the diffusion equation, plays

a crucial role. Thus, making the hydrodynamic structure of the model becomes

different from what was observed in the previous cases. Moreover, the model

violates detailed balance, leading to the generation of anomalous fluctuations near

criticality.
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The dynamical exponents that govern the fluctuation properties are still calculated

as α = 1/2 − µ, ψJ = 1/2 + µ, and ψM = 3/2 − µ, the expression of µ remains

the same, µ = (β + 1)/2ν⊥z remains the same. Since the hydrodynamics is now

governed by the density of active particles, the critical exponents should also be

characterized by the critical behaviour of the same quantity. Unfortunately, the

values of these critical exponents could not be found in the literature, so we had

to obtain µ ≈ 0.1 from simulations. This value is quite different from what has

been obtained for the Manna model with two-particle transfer.

Overall, these observations highlight the distinct nature of the fluctuation prop-

erties in this model compared to previous ones, emphasizing the importance of

microscopic rules and hydrodynamic structures in determining the behaviour of

fluctuations near criticality.

– The Oslo model.

Let’s now discuss the Oslo model, which exhibits quite different fluctuations com-

pared to the Manna and ARW models due to the presence of an extra conserved

quantity, despite following the same hydrodynamic equation as the Manna model

with two-particle transfer. When we calculated the behaviour of dynamical fluctu-

ations in the Oslo model away from criticality, we find that ψJ = 3/2, indicating

a decay of instantaneous current correlations (which are negative) as t−5/2 when

t > 0. Consequently, the power spectrum exponent mass is obtained as ψM = 1/2,

and this result agrees well with our simulation data. Furthermore, because of

momentum conservation, unlike the models with single conserved quantity, the

current fluctuation does not grow for an infinite time, instead, after initial growth

of the fluctuation,
〈
Q2(T)

〉
becomes a plateau at a value of a/D. Actually, we

calculated the relative decay of current fluctuation w.r.t. a/D, which is given by

a/D −
〈
Q2(T)

〉
∼ T−1/2.

However, our theoretical approach fails to capture the anomalous behaviour of

current and mass fluctuations near criticality. From simulations, we found that

ψJ ≈ 2/3, implying that the decay of instantaneous current correlation becomes

slower as t−5/3 compared to the decay away from criticality. As a result, the time-

integrated bond current fluctuation is suppressed, and we obtain
〈
Q2(T)

〉
∼ Tα

with α ≈ 1/3, which is still less than the α = 1/2 observed in the diffusive case.

To characterize the hyperuniformity in this model, we particularly use the ex-

ponent ψJ . Near criticality, ψJ ≈ 2/3 > 1/2, and thus identify the fluctua-

tions are dynamically hyperuniform. On the other hand, away from criticality,

ψJ = 3/2 ≫ 1/2, indicating a strong suppression of dynamic fluctuations. In this

regime, we identify the state as a maximal dynamic hyperuniform state. Thus, in
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the Oslo model, dynamic fluctuations behave completely opposite to what we ob-

served in the previous model, where fluctuations away from criticality were more

pronounced than those near criticality. Here, it is the opposite, with fluctuations

being more prominent near criticality.

• Derivation of the fluctuation relations in nonequilibrium steady states.

In the nonequilibrium Manna model (Eq. (2.98)) and in ARW (Eq. (4.72)) with a single

conserved quantity, we have derived that the scaled subsystem mass fluctuation equals

the intensive spacetime-integrated current fluctuation in the infinite volume limit, di-

vided by twice the bulk diffusivity. This relation can similarly be written in terms of〈
Q2(T)

〉
as

lim
T→∞

lim
L→∞

L
2T
〈
Q2(T)

〉
= D(ρ) lim

L→∞
lim
l→∞

σ2
Ml
(ρ)

l
, (6.1)

where σ2
Ml
(ρ) is the steady state fluctuation of mass of a subsystem size l for global

density ρ̄. On the other hand, due to the maximal hyperuniformity in the Oslo model,

we obtained in Eq. (5.79) that

lim
T→∞

lim
L→∞

〈
Q2(T)

〉
= lim

l→∞
lim
L→∞

σ2
Ml
(ρ̄), (6.2)

• Transport of a tagged particle, self-diffusion coefficient.

The diffusive transport of a tagged particle is the most unifying feature in all of these

sandpile models, which is equal to the activity divided by the global density, upto some

model dependent parameters, and goes to zero as the system approaches criticality.

Furthermore, in the Manna-type models, we also proved that self-diffusivity can be

obtained from current fluctuation also.

• Mobility and driven hydrodynamics.

In the introduction of this thesis, we mentioned the derivation of mobility, defined as

the gradient of
〈
Q2(T)

〉
for T ≫ L2, where L is large but finite. Using the theoretical

methods developed in this thesis, we were able to calculate
〈
Q2(T)

〉
in the limit of

large T. As a result, we performed a formal theoretical derivation of mobility and also

equated it with the intensive fluctuation of spacetime integrated current. This allowed

us to derive a Green-Kubo type formula for nonequilibrium systems.

In the case of the Oslo model, we found that
〈
Q2(T)

〉
becomes flat when T ≫ L2,

leading to a mobility of zero. This result was expected in the Oslo model due to the

conservation of the centre of mass.
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Furthermore, for stochastic models with a single conserved quantity, we used the pre-

scription of macroscopic fluctuation theory to show that the expression of mobility,

which appeared as the transport coefficient in the drift current, is the same as the one

we computed from the current fluctuation in the periodic boundary setting. This pro-

vided verification of the nonequilibrium Green-Kubo type relation that was proved in

this thesis.

• Existence of three scaling functions, capturing the dynamic fluctuations and power spectrums

away from criticality.

The away from criticality behaviour of the sandpiles exhibits diffusive dynamics, and

we have shown that the fluctuations properties can be described using two transport

coefficients, bulk diffusivity D and mobility χ, along with the size of the system L. By

rescaling the time-integrated current fluctuation as D
〈
Q2(T)

〉
/2χL, we found that it

can be written in terms of a system-independent scaling function G(DT/L2), as given

in Eq. (3.65). In the thermodynamic limit L → ∞, this scaling function exhibits an

asymptotic behaviour of G(y) ∼ y1/2.

Similarly, rescaling the current power spectrum as LSJ ( f )/2χ allows us to write it as

a universal scaling function S( f L2/D), as given in Eq. (3.78). Likewise, rescaling the

power spectrum of the subsystem mass as D2S(Ml)( f )/2χL3 allows us to write it as

a scaling function of KM( f L2/D), as given in Eq. (3.109), where f L2/D is the scaling

variable in the last two cases.

In Chapter 3, where no anomalous fluctuations occur, these three scaling functions cap-

ture the scaled collapses of
〈
Q2(T)

〉
, SJ ( f ), and SMl ( f ), as defined here. In the case

of ARW in Chapter 4, we utilized these scaling functions to plot the scaled
〈
Q2(T)

〉
in

Fig. 4.3, scaled SJ ( f ) in Fig. 4.4, and scaled SMl ( f ) in Fig. 4.7 as functions of their re-

spective scaling variables. We observed that these scaling functions indeed capture the

corresponding fluctuations and power spectra away from the criticality. However, near

criticality, the deviation from the scaled collapse indicates the emergence of dynamic

hyperuniformity, rendering the scaling functions invalid in this regime.

We also compactly present the results in the following table format.

6.1 final conclusion

Characterization of universality classes for nonequilibrium active-absorbing phase transi-

tions in sandpile models has been a subject of debate for a long time [129–131]. It is gen-

erally believed that due to the presence of an additional conservation law (density) in the
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Observables The Manna
model - 1

The Manna
model - 2

ARW Oslo

Bulk diffusivity: D a′(ρ̄) a′(ρ̄)
2

u′(ρ̄)
2(1+λ)

a′(ρ̄)

Mobility: χ a(ρ̄) a(ρ̄)
2

u(ρ̄)
2(1+λ)

0

Self diffusivity: Ds
a(ρ̄)

ρ̄
a(ρ̄)
2ρ̄

u(ρ)
2(1+λ)ρ̄

a(ρ̄)
ρ̄〈

Q2(T)
〉
∼ Tα

α = 1
2 − µ

µ = 0, ρ̄ ≫ ρc

µ ≈ 0.24, ρ̄ ≃ ρc
µ = 0

µ = 0, ρ̄ ≫ ρc

µ ≈ 0.1, ρ̄ ≃ ρc

a/D −
〈
Q2(T)

〉
∼ T−1/2, ρ̄ ≫ ρc

α ≈ 1
3 , ρ̄ ≃ ρc

SJ ( f ) ∼ f ψJ

ψJ = 1
2 + µ

ψJ = 1
2 , ρ̄ ≫ ρc

ψJ ≈ 0.74, ρ̄ ≃ ρc
ψJ = 1

2
ψJ = 1

2 , ρ̄ ≫ ρc

ψJ ≈ 0.6, ρ̄ ≃ ρc

ψJ = 3
2 , ρ̄ ≫ ρc

ψJ ≈ 2
3 , ρ̄ ≃ ρc

SM( f ) ∼ f−ψM

ψM = 3
2 − µ

ψM = 3
2 , ρ̄ ≫ ρc

ψM ≈ 1.26, ρ̄ ≃ ρc
ψM = 3

2
ψM = 3

2 , ρ̄ ≫ ρc

ψM ≈ 1.4, ρ̄ ≃ ρc

ψM = 1
2 , ρ̄ ≫ ρc

ψM ≈ 4
3 , ρ̄ ≃ ρc

Table 6.1: List of critical exponents related to dynamical fluctuations for different models that we
studied in this thesis. In particular, Manna model - 1 refers to the Manna model with two
particle transfer, whereas Manna model - 2 refers to the Manna model with one particle
transfer.

sandpile models, the critical behaviour is different from directed percolation (DP); although

there are counterclaims that the Manna sandpile belongs to the DP [130]. Indeed, initially

stochastic sandpile models with isotropic particle transfer were hypothesized to belong to

the conserved directed percolation (C-DP) or the "Manna universality class", irrespective of

the details of their microscopic dynamics. Since most studies rely heavily on simulations,

differences in critical behaviour are mainly attributed to system size limitations; on the other

hand, the field-theoretic descriptions were not rigorously derived and phenomenological;

therefore, they cannot really be expected to capture the subtlety involved with the minute

variations of dynamical details [129, 131]. In these scenarios, our studies of dynamic fluctu-

ations near criticality in stochastic sandpile models suggest that there may not be a single

universality class for stochastic isotropic sandpiles, and microscopic details are important.

We found that even though the Manna sandpile (with two-particle transfer) and the Oslo

sandpile model satisfy the same hydrodynamic equation, their dynamic fluctuations are ac-

tually diverse. For example, near criticality, the current fluctuations in the Oslo model, which

in fact possesses two conserved quantities, increase compared to that away from criticality,

while in the Manna model, the fluctuation decays compared to that away from criticality. As

can be seen in Table 6.1, the dynamic exponents are also quite different for the Manna and

Oslo sandpiles. The difference in exponents cannot be simply accounted for by the number of

conserved quantities present in the model if one considers the following. The ARW model,

which is an Abelian variant of the Manna model, has a different hydrodynamic structure

from the Manna sandpile, and the dynamical exponent µ through which all dynamic fluctu-

ations can be characterized has a value of µ ≈ 0.24 for the Manna model and µ ≈ 0.1 for

the ARW model. Thus, the change in microscopic dynamics can indeed induce a change in
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the properties of critical dynamic fluctuation. Indeed, our studies have strong evidence that

there might not be a single universality class even for the stochastic (isotropic) sandpiles. The

exact fluctuation properties depend not only on how many conserved quantities are present

in the model but also on the microscopic details of the dynamics.

Moreover, although the Manna, ARW, and Oslo models violate detailed balance (even

in the periodic boundary case), they are shown, albeit within our truncation scheme, to

possess equilibrium-like fluctuation response relations. With the derivation of the two most

important transport coefficients, bulk diffusivity (D) and mobility (χ), one could enquire

about the possibility of dynamic phase transitions in the open boundary limit, by using a

rigorous fluctuating hydrodynamic formalism such as the macroscopic fluctuation theory

(MFT). Alternatively, one can explore the calculation of current fluctuations in the driven

dissipative case, which could potentially be solved using the techniques developed in this

thesis.
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A P P E N D I X
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A
T H E M A N N A S A N D P I L E

a.1 some algebraic identities and special integrals

We can deduce several algebric properties of λn, which are the following,

L−1

∑
n=1

λnl

λ2
n
=

1
12

l(l − L)
(
l2 − lL − 2

)
; (A.1)

L−1

∑
n=1

1
λn

=
L2 − 1

12
; (A.2)

L−1

∑
n=1

λnr

λn
= r(L − r); (A.3)

l−1

∑
r=1

2(l − r)(2 − λrn) = 2
(

λln − lλn

λn

)
. (A.4)

L−1

∑
n=1

λnl = 2L, for l = 1, 2, . . . . (A.5)

Eq.(A.2) is a special case of eq.(A.1) for l = 1.

The integrals appeared in the context of asymptotic analysis, i.e., in eq.(2.79) and later in

eq.(A.31) have very generic solutions in terms of hypergeometric functions. Generically, we

can write those integrals in the following form,

I(y) =

y∫
0

dz
z−k

1 + z
=

y1−k
2F1(1, 1 − k; 2 − k;−y)

1 − k
, (A.6)
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where 2F1 is the hypergeometric function [132], defined as

2F1(a, b; c; z) =
Γ(c)

Γ(b)Γ(c − b)

1∫
0

dt tb−1(1 − t)c−b−1(1 − tz)−a. (A.7)

In the limit of y → ∞, we have,

lim
y→∞

I(y) =
√

2π for k =
1
4

,
3
4

. (A.8)

We have used the above result in eqs. (2.79), (A.31) to obtain the asymptotic for of the power

spectrum of current and subsystem mass respectively.

a.2 asymptotic analysis

In this section, we provide the calculation details of the results eq.(2.49), (2.55), (2.57), (2.70), (2.104),

presented in the main text.

a.2.1 Time-integrated bond current fluctuation

We now derive the asymptotic approximation of the time-integrated bond current correlation

using eq.(2.49). We can write the unequal-time time-integrated bond current correlation as

CQQ
0 (t, t′) =

2a(ρ̄)
L

t′ + 2a(ρ̄)a′(ρ̄)
1
L ∑

q

1 − e−λqa′(ρ̄)t′

λ2
qa′2

λq

(
1 +

λq

4

)
−

a(ρ̄)a′(ρ̄)
1
L ∑

q

1 − e−λqa′(ρ̄)t′ + e−λqa′(ρ̄)t − e−λqa′(ρ̄)(t−t′)

λ2
qa′2

λq

(
1 +

λq

4

)
(A.9)

In the infinite system size limit L → ∞, we write the above sum in the following integral

form,

CQQ
0 (t, t′) ≃4a′(ρ̄)a(ρ̄)

1/2∫
0

dx
1 − e−λ(x)a′(ρ̄)t′

λ(x)2a′(ρ̄)2 λ(x)
(

1 +
λ(x)

4

)

− 2a′(ρ̄)a(ρ̄)
1/2∫
0

dx
1 − e−λ(x)a′(ρ̄)t′ + e−λ(x)a′(ρ̄)t − e−λ(x)a′(ρ̄)(t−t′)

λ2(x)a′2(ρ̄)

× λ(x)
(

1 +
λ(x)

4

)
. (A.10)
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Note that the integral in the above equation can be expressed in terms of an integral of the

form as given below,

a(ρ̄)a′(ρ̄)
1/2∫
0

dx
1 − e−λ(x)a′(ρ̄)t′

λ2(x)a′2(ρ̄)
λ(x)

(
1 +

λ(x)
4

)
≃ a(ρ̄)

√
t′

2
√

πa′(ρ̄)
, (A.11)

where, for t ≫ 1, we have defined x =
(
y/4π2a′(ρ̄)t′

)1/2 and used λ(x) ≃ 4π2x2 and
∞∫
0

dy y−3/2(1 − e−y) = 2
√

π, to explicitly calculate the integral. Using eq.(A.11) in each of

the relevant terms of the rhs in eq.(A.10) and then after some straightforward algebraic

manipulations, we obtain the following asymptotic form of the time-dependent integrated

bond-current correlation,

CQQ
0 (t, t′) ≃ a(ρ̄)√

πa′(ρ̄)

(√
t +

√
t′ −

√
|t − t′|

)
. (A.12)

Now, by putting t′ = t ≡ T, the above asymptotic leads to the first part (i.e., corresponding

to the limit 1 ≪ T ≪ L2) of eq.(2.49) in the main text.

a.2.2 Time-dependent instantaneous current correlation

The steady state unequal-time correlation of instantaneous bond current CJ J
0 (t, 0)

= ⟨J0(0)Jr(t)⟩ − ⟨J0(0)⟩ ⟨Jr(0)⟩, for t ≥ 0, is given by the following expression as derived

in main text (see eq.(2.54))

CJ J
0 (t, 0) = δ(t)3a(ρ̄)− a′(ρ̄)a(ρ̄)

1
L ∑

q
e−a′(ρ̄)λqtλq

(
1 +

λq

4

)
. (A.13)

First, we perform the time integral in a finite time domain [−T, T] as given below,

T∫
−T

CJ J
0 (t, 0)dt = Γ0(ρ̄)−

2a(ρ̄)
L ∑

q

(
1 +

λq

4

)
+ 2a(ρ̄)

[
1
L ∑

q
e−λqa′(ρ̄)T

(
1 +

λq

4

)]
,

(A.14)

which, using the relations eq.(A.5) and Γ0(ρ̄) = 3a(ρ̄) as in the main text in eq.(2.63), we

simplify the above sum as

T∫
−T

CJ J
0 (t, 0)dt =

2a(ρ̄)
L

+ 2a(ρ̄)

[
1
L ∑

q
e−λqa′(ρ̄)T

(
1 +

λq

4

)]
. (A.15)
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Now, first taking the infinite-system size limit, i.e., the limit L → ∞, we can further write the

sum as an integral,

lim
L→∞

T∫
−T

CJ J
0 (t, 0)dt = 4a(ρ̄)

1/2∫
0

dx e−λ(x)a′(ρ̄)T
(

1 +
λ(x)

4

)
, (A.16)

where q = 2πx. Now using λ(x) ≃ 4π2x2,
∫ ∞

0 dy e−yy−1/2 =
√

π and a variable transforma-

tion x = y1/2/2π
√

a′(ρ̄)T, we can explicitly calculate the integral as in eq.(A.16) as

lim
L→∞

T∫
−T

CJ J
0 (t, 0)dt ≃ a(ρ̄)

π
√

a′(ρ̄)T

∞∫
0

dy e−yy−1/2 =
a(ρ̄)√
πa′(ρ̄)

T−1/2, (A.17)

which is the result in the main text in eq.(2.55). Finally, by taking the limit T → ∞, we get

∞∫
−∞

CJ J
0 (t, 0)dt = 0, (A.18)

which is the result presented in main text in eq.(2.56).

Similarly, we can find the asymptotic form of cJ J
0 (t, 0) presented in main text in eq.(2.57).

In the limit L → ∞, the temporal current correlation cJ J
0 (t, 0) for t > 0 can be written as an

integral, as given below

cJ J
0 (t, 0) ≃ −2a′(ρ̄)a(ρ̄)

1/2∫
0

dx e−a′(ρ̄)λ(x)tλ(x)
(

1 +
λ(x)

4

)
. (A.19)

Now, again using λ(x) ≃ 4π2x2 and a variable transformation x = y1/2/2π
√

a′(ρ̄)T, we

calculate the above integral as

cJ J
0 (t, 0) ≃ − a(ρ̄)√

4π2a′(ρ̄)
t−3/2

∞∫
0

dy
√

ye−y, (A.20)

where we have ignored the subleading term O
(
t−5/2). Finally, using

∞∫
0

dy
√

ye−y =
√

π/2,

we get the result presented in main text in eq.(2.57),

cJ J
0 (t, 0) ≃ − a(ρ̄)

4
√

πa′(ρ̄)
t−3/2. (A.21)
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a.2.3 Spacetime-integrted current fluctuation

Here we derive the asymptotic dependence of eq.(2.69) on subsystem size l and time T (see

eq.(2.70)); first by taking the limit T ≫ 1 and l ≫ 1 and then followd by the reverse order

of limit l ≫ 1 and T ≫ 1. In both cases, we take infinite system size limit L → ∞, therefore

l/L → 0 is always satisfy.

a.2.3.1 Case I: T ≫ 1, l ≫ 1

In this case, we write eq.(2.69) in the following simplified form,

〈
Q̄2(l, T)

〉
=

2a(ρ̄)Tl2

L
+ 2a(ρ̄)a′(ρ̄)

1
L ∑

q

1 − e−a′(ρ̄)λqT

λ2
qa′2

(
1 +

λq

4

)
λql . (A.22)

In the limit L → ∞, the sum in the above equation can be converted in to the following

integral,

〈
Q̄2(l, T)

〉
≃ 4a(ρ̄)a′(ρ̄)

1/2∫
0

dx
1 − e−a′(ρ̄)λ(x)T

λ2(x)a′2

(
1 +

λ(x)
4

)
λ(lx). (A.23)

Using the approximation λ(lx) ≃ 4π2l2x2 for finite subsystem size l and a variable transfor-

mation x = y1/2/2π
√

a′(ρ̄)T, we get

1
lT
〈

Q̄2(l, T)
〉
≃ a(ρ̄)

π
√

a′(ρ̄)
l√
T

∞∫
0

dy (1 − e−y)y−3/2 =
2a(ρ̄)√
πa′(ρ̄)

l√
T

, (A.24)

where we use
∫ ∞

0 dy (1− e−y)y−3/2 = 2
√

π. This result appeared in eq.(2.70) of the main-text.

a.2.3.2 Case II: l ≫ 1, T ≫ 1

To compute the asymptotic form in this limit, we use the approximation λ(lx) ≃ 2 to write

eq.(2.69) in the following form,

1
lT
〈

Q̄2(l, T)
〉

c ≃ 2a(ρ̄) +
a(ρ̄)

l
−

8a(ρ̄)a′(ρ̄)
lT

1/2∫
0

a′(ρ̄)λ(x)T − 1 + exp (−λ(x)a′(ρ̄)T)
λ2(x)a′2(ρ̄)

(
1 +

λ(x)
4

)
. (A.25)
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Again using the variable transform x = y1/2/2π
√

a′(ρ̄)T and
∫ ∞

0 dy (y − 1 + e−y)y−5/2 =

4
√

π/3, we get

1
lT
〈

Q̄2(l, T)
〉

c ≃2a(ρ̄) +
a(ρ̄)

l
− 2a(ρ̄)a′(ρ̄)

lT

∞∫
0

dy
(
y − 1 + e−y)y−5/2 T3/2

π
√

a′(ρ̄)

=2a(ρ̄) +
a(ρ̄)

l
− 8a(ρ̄)

3

√
a′(ρ̄)

π

√
T

l
, (A.26)

which also appeared in eq.(2.70).

a.2.4 Temporal-correlation of subsystem mass

The asymptotic form of subsystem mass temporal correlation CMl Ml (t, 0), appeared in eq.(2.104)

is derived here. At t = 0, CMl Ml (t, 0) is maximum and after that, it decays as a function of

time t. So, in order to extract the temporal dependence of CMl Ml (t, 0), we write eq.(2.102) as

CMl Ml (0, 0)− CMl Ml (t, 0) =
1
L ∑

q

(
1 − e−λqa′(ρ̄)t

)(
1 +

λq

4

)
λlq

λq
, (A.27)

which, in the limit L → ∞, l ≫ 1, can be written as

CMl Ml (0, 0)− CMl Ml (t, 0) ≃ 4
1/2∫
0

dx
a(ρ̄)
a′(ρ̄)

(
1 − e−λ(x)a′t

)(
1 +

λ(x)
4

)
1

λ(x)
. (A.28)

The above equation can be further simplified using the approximation and exact results of

the previous sec. A.2.3.1 and we get

CMl Ml (0, 0)− CMl Ml (t, 0) =
a(ρ̄)√
a′(ρ̄)π2

t
1
2

∫ ∞

0
dy y−

3
2
(
1 − e−y) = 2a(ρ̄)√

πa′(ρ̄)
t

1
2 . (A.29)

Thus we derived eq.(2.104) of the main-text.

a.2.5 Power spectrum of subsystem mass fluctuation

In order to find the asymptotic form of the power spectrum of subsystem mass fluctuation

SMl ( f ), in the limit L → ∞ and l ≫ 1, we write eq.(2.106) as

SMl ( f ) ≃ 8a(ρ̄)
a′(ρ̄)

1/2∫
0

λ(x)a′(ρ̄)
λ2(x)a′2(ρ̄) + 4π2 f 2

(
1 +

λ(x)
4

)
1

λ(x)
. (A.30)
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Using the variable transform defined in eq.(2.78) and λ(x) = 4π2x2, the above equation can

be written in the following simplified form,

S̃Ml ( f ) ≃ a
2π2

√
2πa′(ρ̄)

f−3/2 ×
∞∫

0

y−3/4

1 + y
dy =

a
2
√

π3a′(ρ̄)
f−3/2, (A.31)

where, we used eq.(A.8) and ignored the term of O
(

f 1/2). Thus we derive eq.(2.106), ap-

peared in the main-text.

a.3 evolution equations of correlation functions

a.3.1 Different time current-current correlation

The stochastic update rules for the different-time and different-space product function of

currents Qi(t)Qj(t′), can be written for t > t′ as

Qi(t + dt)Qj(t′) =



events probabilities

(Qi(t) + 1)Qj(t′) 1
2 âi(t)dt

(Qi(t) + 2)Qj(t′) 1
4 âi(t)dt

(Qi(t)− 1)Qj(t′) 1
2 âi+1(t)dt

(Qi(t)− 2)Qj(t′) 1
4 âi+1(t)dt

Qi(t)Qj(t′) 1 − Σ dt ,

(A.32)

where Σ = 3(âi(t) + âi+1(t))/4. Using these rules, we write the evolution equation of the

two point current-current correlation function as

∂

∂t
CQQ

r (t, t′) =
〈
[â0(t)− â1(t)]Qr(t′)

〉
=
[
CâQ

r (t, t′)− CâQ
r−1(t, t′)

]
, (A.33)

which has appeared in eq.(2.22) in the main-text.
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a.3.2 Different time mass-current correlation

The stochastic update rules for the different-time and different-space product function of

mass and current mi(t)Qj(t′), can be written for t > t′ as

mi(t + dt)Qj(t′) =



(mi(t) + 1)Qj(t′) 1
2 âi+1(t)dt

(mi(t) + 1)Qj(t′) 1
2 âi−1(t)dt

(mi(t) + 1)Qj(t′) 1
4 âi+1(t)dt

(mi(t) + 2)Qj(t′) 1
4 âi−1(t)dt

(mi(t)− 2)Qj(t′) âi(t)dt

mi(t)Qj(t′) [1 − Σdt],

(A.34)

where Σ = 3(âi(t) + âi+1(t))/4 + âi(t). Using these rules, we write the evolution equation of

the two point mass-current correlation function as

∂

∂t
CmQ

r (t, t′) =
〈
[âL−1(t)− 2â0(t) + â1(t)]Qr(t′)

〉
≃ a′(ρ̄)∑

k
∆r,kCmQ

k (t, t′), (A.35)

which has appeared in the eq.(2.29).

a.3.3 Equal time current-current correlation

In the Manna sandpile, during each toppling two particles can hop to each neighbouring

site independently, and it may simultaneously create current at two neighbouring bonds. In
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the following, we write the update equation of the two point product function of integrated

current,

Qi(t + dt)Qj(t + dt) =



events probabilities

(Qi(t)− 1)
(
Qj(t) + 1

) 1
2 âi+1δi+1,j dt

(Qi(t)− 1)
(
Qj(t)− 1

) 1
2 âi+1δi,j dt

(Qi(t) + 1)
(
Qj(t) + 1

) 1
2 âiδi,j dt

(Qi(t) + 1)
(
Qj(t)− 1

) 1
2 âiδi−1,j dt

(Qi(t)− 1)Qj(t) 1
2 âi+1(1 − δi+1,j − δi,j)dt

(Qi(t) + 1)Qj(t) 1
2 âi(1 − δi−1,j − δi,j)dt

Qi(t)
(
Qj(t)− 1

) 1
2 âj+1(1 − δi−1,j − δi,j)dt

Qi(t)
(
Qj(t) + 1

) 1
2 âj(1 − δi+1,j − δi,j)dt

(Qi(t) + 2)
(
Qj(t) + 2

) 1
4 âiδi,j dt

(Qi(t)− 2)
(
Qj(t)− 2

) 1
4 âi+1δi,j dt

(Qi(t) + 2)Qj(t) 1
4 âi
(
1 − δi,j

)
dt

Qi(t)
(
Qj(t) + 2

) 1
4 âj
(
1 − δi,j

)
dt

(Qi(t)− 2)Qj(t) 1
4 âi+1

(
1 − δi,j

)
dt

Qi(t)
(
Qj(t)− 2

) 1
4 âj+1

(
1 − δi,j

)
dt

Qi(t)Qj(t) (1 − Σ dt),

(A.36)

where Σ dt is the probability of happening all the events, mentioned in the update rules

in the time-interval t and t + dt. Using this update rules and eq.(2.26), we can write the

evolution equation of the equal-time correlation function of current as

d
dt

CQQ
r (t, t) =Γr(t) + ⟨[â0(t)− â1(t)]Qr(t)⟩c + ⟨Q0[âr − âr+1]⟩c

≃Γr(t) + a′
[
cmQ

r (t, t)− cmQ
r−1(t, t)

]
+ a′

[
cmQ

L−r(t, t)− cmQ
L−r−1(t, t)

]
. (A.37)

where,

Γr ≡ Γi,j =
3
2

δi,j ⟨âi+1 + âi⟩ −
1
2

δi+1,j ⟨âi+1⟩ −
1
2

δi−1,j ⟨âi⟩ . (A.38)

The solution of eq.(A.37) appeared in eq.(2.46) in the main-text.
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a.3.4 Mass and integrated current correlation

The update rules of the temporal evolution equation of the product function of mass and

integrated current, are given as

mi(t + dt)Qj(t + dt) =



events probabilities

(mi(t) + 1)
(
Qj(t)− 1

) 1
2 âi+1δi,j dt

(mi(t) + 1)
(
Qj(t) + 1

) 1
2 âi+1δi+1,j dt

(mi(t)− 2)
(
Qj(t)− 1

) 1
2 âiδi−1,j dt

(mi(t)− 2)
(
Qj(t) + 1

) 1
2 âiδi,j dt

(mi(t) + 1)
(
Qj(t)− 1

) 1
2 âi−1δi−2,j dt

(mi(t) + 1)
(
Qj(t) + 1

) 1
2 âi−1δi−1,j dt

(mi(t)− 2)
(
Qj(t) + 2

) 1
4 âiδi,j dt

(mi(t) + 2)
(
Qj(t) + 2

) 1
4 âi−1δi−1,j dt

(mi(t) + 2)
(
Qj(t)− 2

) 1
4 âi+1δi,j dt

(mi(t)− 2)
(
Qj(t)− 2

) 1
4 âiδi−1,j dt

(mi(t) + 1)Qj(t) 1
2 âi+1

(
1 − δi,j − δi+1,j

)
dt

(mi(t) + 1)Qj(t) 1
2 âi−1

(
1 − δi−1,j − δi−2,j

)
dt

(mi(t)− 2)Qj(t) 1
2 âi
(
1 − δi,j − δi−1,j

)
dt

(mi(t) + 2)Qj(t) 1
4 âi+1

(
1 − δi,j

)
dt

(mi(t)− 2)Qj(t) 1
4 âi
(
1 − δi−1,j

)
dt

(mi(t)− 2)Qj(t) 1
4 âi
(
1 − δi,j

)
dt

(mi(t) + 2)Qj(t) 1
4 âi−1

(
1 − δi−1,j

)
dt

mi(t)
(
Qj(t) + 1

) 1
2 âj
(
1 − δi,j − δi,j−1 − δi,j+1

)
dt

mi(t)
(
Qj(t)− 1

) 1
2 âj+1

(
1 − δi,j − δi,j+1 − δi,j+2

)
dt

mi(t)
(
Qj(t) + 2

) 1
4 âj
(
1 − δi,j − δi,j+1

)
dt

mi(t)
(
Qj(t)− 2

) 1
4 âj+1

(
1 − δi,j − δi,j+1

)
dt

mi(t)Qj(t) (1 − Σdt),

(A.39)
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where clearly (1 − Σdt) is the probability of happening nothing. Using these rules, we write

the evolution equation of the two point mass and integrated current correlation as

d
dt

CmQ
r (t, t) = fr(t) + ∑

k
∆r,kCâQ

k (t, t), (A.40)

where fr(t), the source term of the equal time mass-integrated current correlation, which, in

the steady state can be written as

fr(t) =
[
Cmâ

r (t, t)− Cmâ
r+1(t, t)

]
+

7a(ρ̄)
2

δ0,r+1 −
7a(ρ̄)

2
δ0,r +

a(ρ̄)
2

(δ0,r−1 − δ0,r+2). (A.41)

The Fourier transform of eq. (A.40) is used to get eq.(2.35) in the main-text.
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a.3.5 Mass-mass correlation function

The equal time mass-mass correlation function is important to calculate the mass-activity

correlation function and the power spectrum of subsystem mass. The update rules are the

following,

mi(t + dt)mj(t + dt) =



events probabilities

(mi(t) + 1)
(
mj(t) + 1

) 1
2 âi+1δi,j dt

(mi(t) + 1)
(
mj(t)− 2

) 1
2 âi+1δi+1,j dt

(mi(t) + 1)
(
mj(t) + 1

) 1
2 âi+1δi+2,j dt

(mi(t)− 2)
(
mj(t) + 1

) 1
2 âiδi−1,j dt

(mi(t)− 2)
(
mj(t)− 2

) 1
2 âiδi,j dt

(mi(t)− 2)
(
mj(t) + 1

) 1
2 âiδi+1,j dt

(mi(t) + 1)
(
mj(t) + 1

) 1
2 âi−1δi−2,j dt

(mi(t) + 1)
(
mj(t)− 2

) 1
2 âi−1δi−1,j dt

(mi(t) + 1)
(
mj(t) + 1

) 1
2 âi−1δi,j dt

(mi(t) + 1)mj(t) 1
2 âi+1

(
1 − δi,j − δi+1,j − δi+2,j

)
dt

(mi(t)− 2)mj(t) 1
2 âi
(
1 − δi−1,j − δi,j − δi+1,j

)
dt

(mi(t) + 1)mj(t) 1
2 âi−1

(
1 − δi−2,j − δi−1,j − δi,j

)
dt

mi(t)
(
mj(t) + 1

) 1
2 âj+1

(
1 − δi,j − δi,j+1 − δi,j+2

)
dt

mi(t)
(
mj(t)− 2

) 1
2 âj
(
1 − δi,j−1 − δi,j − δi,j+1

)
dt

mi(t)
(
mj(t) + 1

) 1
2 âj−1

(
1 − δi,j−2 − δi,j−1 − δi,j

)
dt

(mi(t) + 2)
(
mj(t) + 2

) 1
4 âi+1δi,j dt

(mi(t) + 2)
(
mj(t)− 2

) 1
4 âi+1δi+1,j dt

(mi(t)− 2)
(
mj(t) + 2

) 1
4 âiδi−1,j dt

(mi(t)− 2)
(
mj(t)− 2

) 1
4 âiδi,j dt

(mi(t) + 2)mj(t) 1
4 âi+1

(
1 − δi,j − δi+1,j

)
dt

(mi(t)− 2)mj(t) 1
4 âi
(
1 − δi−1,j − δi,j

)
dt

mi(t)
(
mj(t) + 2

) 1
4 âj+1

(
1 − δi,j − δi,j+1

)
dt

mi(t)
(
mj(t)− 2

) 1
4 âj
(
1 − δi,j−1 − δi,j

)
dt ,
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continued,

mi(t + dt)mj(t + dt) =



events probabilities

(mi(t)− 2)
(
mj(t)− 2

) 1
4 âiδi,j dt

(mi(t)− 2)
(
mj(t) + 2

) 1
4 âiδi+1,j dt

(mi(t) + 2)
(
mj(t)− 2

) 1
4 âi−1δi−1,j dt

(mi(t) + 2)
(
mj(t) + 2

) 1
4 âi−1δi,j dt

(mi(t)− 2)mj(t) 1
4 âi
(
1 − δi,j − δi+1,j

)
dt

(mi(t) + 2)mj(t) 1
4 âi−1

(
1 − δi−1,j − δi,j

)
dt

mi(t)
(
mj(t) + 2

) 1
4 âj−1

(
1 − δi,j − δi,j−1

)
dt

mi(t)
(
mj(t)− 2

) 1
4 âj
(
1 − δi,j+1 − δi,j

)
dt

mi(t)mj(t) (1 − Σdt),

(A.42)

where (1 − Σdt) is the probability of happening nothing. From these update rules, we can

write the evolution equation of Cmm
r (t, t) as

d
dt
〈
mi(t)mj(t)

〉
= ∑

k

〈
mi∆j,k âk + ∆i,k âkmj

〉
c + Bi,j. (A.43)

where

Bi,j =
1
2
⟨3âi−1 + 8âi + 3âi+1⟩ δi,j

− 1
2
⟨4âi+1 + 4âi⟩ δi+1,j −

1
2
⟨4âi−1 + 4âi⟩ δi+1,j

+
1
2
⟨âi+1⟩ δi+2,j +

1
2
⟨âi−1⟩ δi−2,j, (A.44)

is the source of the equal-time mass correlation. In the steady state, where ⟨âi(t)⟩ = a(ρ̄), we

can write Bi,j as a translationally invariant form, Bi,j ≡ Br as

Br = 7a(ρ̄)δ0,r − 4a(ρ̄)(δ0,r+1 + δ0,r−1) +
a(ρ̄)

2
(δ0,r+2 + δ0,r−2). (A.45)

Equation (A.43) has appeared in eq.(2.39) in the main-text. Using the steady state condition,

we must have d
〈
mimj

〉
c /dt = 0, which implies,

2
[
Cmâ

r−1 − 2Cmâ
r + Cmâ

r+1
]
+ Br = 0. (A.46)
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Eq.(A.46) can be solved by considering the following generating function,

G(z) =
∞

∑
r=0

Cmâ
r zr. (A.47)

We multiply both side of eq.(A.46) with zr and sum over r to get,

G(z) =
4Cmâ

0 − 4zCmâ
1 − za[(z − 8)z + 14]
4(1 − z)2 , (A.48)

where we use the identities,

∞

∑
r=0

Cmâ
r−1zr = Cmâ

1 + zG(z),

∞

∑
r=0

Cmâ
r+1zr =

G(z)− Cmâ
0

z
. (A.49)

As we are dealing with truncated correlation functions, in the limit z → 1, we must have

limz→1 G(z) < ∞. Using a new variable w → 1 − z, we write eq.(A.48) as

G(w) =
1

4w2

[
a(ρ̄)w3 + 5a(ρ̄)w2 + (a(ρ̄) + 4Cmâ

1 )w +−7a(ρ̄) + 4Cmâ
0 − 4Cmâ

1
]

(A.50)

For the convergence of G(w) in the limit w → 0, we set

a(ρ̄) + 4Cmâ
1 = 0;−7a(ρ̄) + 4Cmâ

0 − 4Cmâ
1 = 0, (A.51)

leading to the following exact relations,

Cmâ
0 =

3a(ρ̄)
2

, (A.52)

Cmâ
1 = − a(ρ̄)

4
. (A.53)

Finally, putting eq.(A.52) in eq.(A.48) we get the generating function

G(z) =
3a(ρ̄)

2
− a(ρ̄)

4
z. (A.54)
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B
A C T I VAT E D R A N D O M WA L K M O D E L

b.1 equal-time mass and integrated current correlation function

The update rules of the function mi(t)Qi+r(t) can be written as following,

mi(t + dt)Qi+r(t + dt) =



events probabilities

(mi(t) + 1) (Qi+r(t) + 1) 1
2(1+λ)

âi−1mi−1δi−1,i+rdt

(mi(t) + 1) (Qi+r(t)− 1) 1
2(1+λ)

âi+1mi+1δi,i+rdt

(mi(t)− 1) (Qi+r(t)− 1) 1
2(1+λ)

âimiδi−1,i+rdt

(mi(t)− 1) (Qi+r(t) + 1) 1
2(1+λ)

âimiδi,i+rdt

(mi(t) + 1)Qi+r(t) 1
2(1+λ)

âi−1mi−1 (1 − δi−1,i+r) dt

(mi(t) + 1)Qi+r(t) 1
2(1+λ)

âi+1mi+1 (1 − δi,i+r) dt

(mi(t)− 1)Qi+r(t) 1
2(1+λ)

âimi (1 − δi−1,i+r) dt

(mi(t)− 1)Qi+r(t) 1
2(1+λ)

âimi (1 − δi,i+r) dt

mi(t) (Qi+r(t) + 1) 1
2(1+λ)

âi+rmi+r

(1 − δi,i+r − δi,i+r+1) dt

mi(t) (Qi+r(t)− 1) 1
2(1+λ)

âi+r+1mi+r+1

(1 − δi,i+r − δi,i+r+1) dt

mi(t)Qi+r(t) (1 − Σdt).

(B.1)
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From the update rules, we obtain the temporal evolution equation of ⟨mi(t)Qi+r(t)⟩ as

d
dt

⟨mi(t)Qi+r(t)⟩ =
〈{

J (d)
i−1(t)−J (d)

i (t)
}
Qi+r(t)

〉
+ fi,i+r(t), (B.2)

where the microscopic diffusive current J (d) is defined in Eq.(4.20) and the source of the

above correlation function, fi,i+r(t) is given as

fi,i+r(t) =
1

2(1 + λ)
⟨âi−1mi−1 + âimi⟩ δi−1,i+r −

1
2(1 + λ)

⟨âi+1mi+1 + âimi⟩ δi,i+r

+
1

2(1 + λ)
⟨mi (ûi+r − ûi+r+1)⟩ . (B.3)

In the steady state fi,i+r(t) does not depend on the index i, and we have,

fr(t) =
1

(1 + λ)
u(ρ̄) (δ0,r+1 − δ0,r) +

1
2(1 + λ)

(
Cmû

r (t, t)− Cmû
r+1(t, t)

)
. (B.4)

Thus, taking the steady state representation of Eq.(B.3) we can derive Eq.(4.31) of the main

text.
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C
T H E O S L O R I C E P I L E

c.1 equal-time mass and integrated current correlation function

To obtain the Eq. (5.24) of Chapter 5, using the update rules of the function mi(t)Qi+r(t)

given as

mi(t + dt)Qi+r(t + dt) =



events probabilities

(mi(t) + 1) (Qi+r(t) + 1) âi+1δi+r,i+1dt

(mi(t) + 1) (Qi+r(t)− 1) âi+1δi+r,idt

(mi(t) + 1) (Qi+r(t) + 1) âi−1δi+r,i−1dt

(mi(t) + 1) (Qi+r(t)− 1) âi−1δi+r,i−2dt

(mi(t)− 2) (Qi+r(t) + 1) âiδi+r,idt

(mi(t)− 2) (Qi+r(t)− 1) âiδi+r,i−1dt

(mi(t) + 1)Qi+r(t) âi+1 (1 − δi+r,i+1 − δi+r,i) dt

(mi(t) + 1)Qi+r(t) âi−1 (1 − δi+r,i−1 − δi+r,i−2) dt

(mi(t)− 2)Qi+r(t) âi (1 − δi+r,i − δi+r,i−1) dt

mi(t) (Qi+r(t) + 1) âi+r

(1 − δi+r,i − δi+r+1,i − δi+r−1,i) dt

mi(t) (Qi+r(t)− 1) âi+r+1

(1 − δi+r,i − δi+r+1,i − δi+r+2,i) dt

mi(t)Qi+r(t) 1 − Σdt,

(C.1)
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where Σdt is the sum of probabilities of all previous events. This update rules gives us the

following evolution equation of the correlation of equal-time mass and current,

d
dt

⟨mi(t)Qi+r(t)⟩ = ∆i,k ⟨âk(t)Qi+r(t)⟩+ fi,r(t); (C.2)

the source term fi,r(t) has the following representation,

fi,r(t) = ⟨mi(t)âi+r(t)⟩ − ⟨mi(t)âi+r+1(t)⟩+

⟨âi+1⟩ (δi+r,i+1 − δi+r,i) + ⟨âi−1⟩ (δi+r,i−1 − δi+r,i−2)− 2 ⟨âi⟩ (δi+r,i − δi+r,i−1) ,

(C.3)

and in the steady state, it will simply be,

fr(t) =Cmâ
r (t, t)− Cmâ

r+1(t, t) + a {3 (δ0,r+1 − δ0,r) + (δ0,r−1 − δ0,r+2)} . (C.4)

This completes the derivation of Eq.(5.24).

The corresponding correlation function Cmâ
r (t, t) is derived in the following section.
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c.2 equal-time mass-mass correlation

To obtain Eq. (5.26) in the main text of Chapter 5, we write the evolution equation of the

equal-time and unequal space mass-mass correlation function using the following update

rules,

mi(t + dt)mi+r(t + dt) =

events probabilities

(mi(t)− 2) (mi+r(t)− 2) âiδi,i+rdt

(mi(t)− 2) (mi+r(t) + 1) âiδi+1,i+rdt

(mi(t)− 2) (mi+r(t) + 1) âiδi−1,i+rdt

(mi(t) + 1) (mi+r(t) + 1) âi−1δi,i+rdt

(mi(t) + 1) (mi+r(t)− 2) âi−1δi−1,i+rdt

(mi(t) + 1) (mi+r(t) + 1) âi−1δi−2,i+rdt

(mi(t) + 1) (mi+r(t) + 1) âi+1δi,i+rdt

(mi(t) + 1) (mi+r(t)− 2) âi+1δi+1,i+rdt

(mi(t) + 1) (mi+r(t) + 1) âi+1δi+2,i+rdt

(mi(t)− 2)mi+r(t) âi (1 − δi+1,i+r − δi,i+r − δi−1,i+r) dt

(mi(t) + 1)mi+r(t) âi−1 (1 − δi−1,i+r − δi,i+r − δi−2,i+r) dt

(mi(t) + 1)mi+r(t) âi+1 (1 − δi+1,i+r − δi,i+r − δi+2,i+r) dt

mi(t) (mi+r(t)− 2) âi+r (1 − δi,i+r+1 − δi,i+r − δi,i+r−1) dt

mi(t) (mi+r(t) + 1) âi+r+1 (1 − δi,i+r+1 − δi,i+r+2 − δi,i+r) dt

mi(t) (mi+r(t) + 1) âi+r−1 (1 − δi,i+r−1 − δi,i+r − δi,i+r−2) dt

mi(t)mi+r(t) 1 − Σdt,

(C.5)

where Σdt is the sum of probabilities of all previous events. The corresponding evolution

equation of Cmm
r (t, t) can be written using the above update rules as

d
dt

Cmm
r (t, t) = ∑

k
∆i,k ⟨âkmi+r⟩+ ∑

k
∆i+r,k ⟨mi âk⟩+ Bi,i+r, (C.6)
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where Bi,i+r is the source part of this correlation, given as

Bi,i+r =δi,i+r (4âi + âi−1 + âi+1)− 2δi−1,i+r (âi + âi−1)− 2δi+1,i+r (âi + âi+1) +

δi−2,i+r âi−1 + δi+2,i+r âi+1. (C.7)

In the steady state we must have d
dt Cmm

r (t, t) = 0 and using the translation symmetry, Eq.(C.6)

can be written as

2
(
Câm

r−1 − Câm
r + Câm

r+1
)
+ Br = 0, (C.8)

where

Br = 6a(ρ̄)δ0,r − 4a(ρ̄) (δ0,r+1 + δ0,r−1) + a(ρ̄) (δ0,r+2 + δ0,r−2) . (C.9)

We can solve Eq.(C.8) by multiplying both sides by zr and defining the generating function

G(z) = ∑∞
r=0 zrCâm

r . Imposing the convergence of G(z) < ∞ when z < ∞, we can write the

generating function as

G(z) = a(ρ̄)− a(ρ̄)
2

z. (C.10)

From the generating function of above, we write the correlation function Câm
r as

Câm
r = a(ρ̄)δ0,r −

a
2
(δr+1 + δr−1) , (C.11)

and thus we prove Eq. (5.26).
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c.3 equal-time current-current correlation

To derive Eq. (5.30), we write the evolution equation of the equal-time unequal-space corre-

lation of integrated current using the following update equation,

Qi(t + dt)Qi+r(t + dt) =



events probabilities

(Qi(t) + 1) (Qi+r(t) + 1) âi(t)δi,i+rdt

(Qi(t) + 1) (Qi+r(t)− 1) âi(t)δi−1,i+rdt

(Qi(t)− 1) (Qi+r(t)− 1) âi+1(t)δi,i+rdt

(Qi(t)− 1) (Qi+r(t) + 1) âi+1(t)δi+1,i+rdt

(Qi(t) + 1)Qi+r(t) âi(t) (1 − δi,i+r − δi−1,i+r) dt

(Qi(t)− 1)Qi+r(t) âi+1(t) (1 − δi,i+r − δi+1,i+r) dt

Qi(t) (Qi+r(t) + 1) âi+r(t) (1 − δi,i+r − δi,i+r−1) dt

Qi(t) (Qi+r(t)− 1) âi+r+1(t) (1 − δi,i+r − δi,i+r+1) dt

Qi(t)Qi+r(t) 1 − Σdt,

(C.12)

where Σdt is the probability of happening nothing in the time interval dt. The corresponding

dynamical equation can be written as

∂

∂t
CQQ

r (t, t) = Γi,i+r(t) +
〈
J (d)

i (t)Qi+r(t)
〉
+
〈
Qi(t)J (d)

i+r )(t)
〉

, (C.13)

where Γi,i+r is the source of the equation or correlation functions can be written as

Γi,i+r(t) = âi(t) (δi,i+r − δi−1,i+r) + âi+1(t) (δi,i+r − δi+1,i+r) . (C.14)

In the steady state, this source function can be written as

Γr(t) = a(ρ̄) (2δ0,r − δ0,r+1 − δ0,r−1) , (C.15)

which is the derivation of Eq. (5.32) in the main text.
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